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PR3SFACE. 


The want of a text-book on Astronomy adapted to the require- 
ments of our Universities, and embodying the practice and 
the theories of the present time, has long been severely felt. 
It was hoped that the author’s partial translation of Briinnow’s 
Spherical Astronomy would have helped materially to supply 
this want, or would at least have given to College and private 
tutors an excellent model which they might have used with 
proper modifications as the basis of their lectures. Whether 
this lias been the case or not the author has had no opportunity 
of determining, but, on the urgent representations of several 
scientific friends, that a book was still wanting which should 
embody the methods of modern Astronomy as practised in 
England, and be put into a shape fit for the immediate use 
of students of the Universities, he has been induced to under- 
take the treatise which is now offered to the public. 

The princip’al object of the writer has been to include, both 
in the practical and theoretical portions of the volume, all the 
mathematical processes which will enable the reader to under- 
stand the operations of a modern Observatory furnished with 
the ordinary meridional and extrameridional instruments, so 
that he might readily acquire, if called upon to do so, by actual 
practice in an observatory, the additional and more minute 
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details which occur in the making and reducing of observations. 
It has not been attempted therefore, in the description of the 
instruments, to enter minutely into the details of the construc- 
tion of their separate parts farther than is necessary to give 
with accuracy the mathematical theory of their use. In fact, 
the study of such details is only to be accomplished satisfac- 
torily by the familiar inspection and actual use of the instru- 
ments, and will be very speedily mastered by any one who 
has previously gained a good knowledge of the general prin- 
ciples of their construction. On the other hand, it is hoped 
that there is scarcely a process which is used at Greenwich, 
or our other great English Observatories, which is left unex- 
plained, and that a student will be enabled, by the help 
of this treatise, and by suitable tables, to reduce every class 
of observations which will be found in their annals, or to 
examine the accuracy of their results. 

With regard to arrangement, that has been followed which 
appeared the most logical, and which would suggest itself most 
naturally to a person desirous of pursuing the study of Prac- 
tical Astronomy. After the elementary notions of the planes 
of reference, as deduced from diurnal and annual phenomena, 
and a statement of the principal terms or definitions of the 
science, the next step would obviously be to explain the 
methods and to describe the instruments by means of which 
the positions of celestial objects can be observed with reference 
to these planes; and then to investigate the method of trans- 
forming from any system of co-ordinates or planes of reference 
to any others. Next in order would come the consideration 
of the most obvious of the phenomena arising from the earth’s 
diurnal rotation and annual motion; and that of the sensible 
measures of time as fundamentally connected with these phe- 
nomena. After this would follow the various corrections which 
are necessary to determine for ultimate use the places of the 
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heavenly bodies as freed from all the errors (including those 
arising from the variations of the planes of reference) which 
would make their observed places different as observed at differ- 
ent stations and at different times. And, lastly, would follow the 
consideration of the orbits described by the planets, as deduced 
from observation, with such specific notices of the peculiarities 
of particular planets as admit of mathematical treatment, and 
as belong to the subject of Practical Astronomy. 

It has been thought advisable not to overload the book 
with examples of actual computation, for fear of giving it a 
repulsive appearance in the eyes of the mathematical student. 
It is hoped, however, that a sufficient number has been given 
to exhibit the way in which the mathematical formulae are 
reduced to numbers in particular cases, and choice has generally 
been made of those formulae which are either necessary for the 
use of the astronomer, or which serve to develope some pecu- 
liarity in the mode of computation. 

The mathematical processes by which the various formulae 
have been deduced, are always those which appeared to give 
tlie result in the simplest way by geometrical considerations, 
and without any regard to the severe symmetry which is aimed 
at in Briinnow’s Astronomy ; but, in all cases of the variation 
of elements, the . Differential Calculus has been freely used 
wherever it could be employed advantageously. Occasionally 
there may be a little novelty in some of the methods, though 
in general those in ordinary use have been employed, unless 
a shorter or more convenient process occurred to the author for 
effecting particular operations. It is believed, for example, that 
the direct method proposed for finding the ‘‘ Geocentric Position 
of the Corresponding Point” in the treatment of occultations 
of stars by the Moon, does away with the necessity for the 
indirect method used at Greenwich, and an example is given 
to shew the facility of use of the formula employed. 
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ASTRONOMY, 


CHAPTER I. 

DEFINITIONS AND FIRST PRINCIPLES. 

1 . Spherical Astronomy may be defined to be the science 
which teaches how to detetmine for any given instant the posi- 
tion in space of any given heavenly body. It therefore natu- 
rally divides itself into •two distinct parts, speculative and 
practical. The speculative portion of the science admits of 
being considered quite independently of the practical, and shews 
how by Mathematical treatment the positions of bodies in the 
visible sphere of the heavens may be expressed with reference to 
certain assumed systems of spherical co-ordinates, and how their 
positions may be transferred from one system of co-ordinates to 
another. The practical portion of the science shews by what 
means and by what instruments the positions of the bodies are 
really determined with reference to one assumed system of co- 
ordinates, chosen on account of the facilities which it affords 
in connexion with diurnal phenomena. It would matter little, 
therefore, in what order these two divisions of the subject are 
treated, but it will perhaps conduce to clearness if the practical 
portion of the subject be taken first, because that would be the 
order in which a practical astronomer must really consider the 
two parts of the subject. 

2. Definitions. In defining the position of any object 
considered as a point, it is usual to refer it cither to a system of 
rectangular co-ordinates, or to the intersections of three planes 
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SPHERICAL co-ordinates: 


mutually at right angles, and intersecting at a point called the 
origin of co-ordinates. But, for the purposes of astronomy it 
is in general (though not always) more convenient to refer posi- 
tions to spherical co-ordinates. Imagine a sphere with its centre 
arbitrarily chosen, but passing through the object whose position 
is required. Through the centre of the sphere let any great 
circle be drawn, and another great circle passing through the 
object and the poles of the first great circle, and therefore at 
right angles to it. If a point be taken arbitrarily on the first 
of these circles, then the angular distance between it and the 
point at which this circle is intersected by the second will deter- 
mine the plane in which the object lies, and the arc of the 
second circle intercepted between the object and the first circle 
will determine its position in that plane. These two arcs or 
angles are the two spherical co-ordinates of the object, and 
are manifestly all that are requisite for determining its posi- 
tion. The connexion between the two systems of co-ordinates 
here treated of (namely, rectangular and spherical) is of great 
importance for the advanced student of astronomy, and is given 
in a most masterly way in the Introduction to Brunnow’s 
Spherical Astronomy*. 

The position of the object thus determined ought rather to 
be called the direction of the object, since the reference to the 
two co-ordinate planes is only angular and leaves the distance 
quite indeterminate. With regard to the fixed stars, of which 
the distances are immeasurably great, these angular measures are 
all which are necesi^ary to determine what are called their 
places; for the planets, of which the distances from the earth 
are comparable with the earth’s distance from the sun (which is 
usually taken as the unit of linear measure), these distances 
must be determined by other considerations. 

3. The first point then for consideration is the choice of an 
origin of co-ordinates and of a system of co-ordinate planes to 
which the places of celestial objects are to be referred, and this 
is by no means arbitrary, but is determined for us by the pheno- 

• Briinmcntii Spherical Astronomy translated by the Bev. E. Main. Deighton 
and Bell, i860. 
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mena of the daily motions of all the heavenly bodies. The 
point of reference for all objects external to ihe earth is evi- 
dently the earth itself, and primarily that point of its surface 
at which the observer is situated. Ultimate^ all observed 
phenomena relating to the planets must be referi^ to the centre 
of the earth ; but as observations can be made oSnly on the sur- 
face, the position of the observer on it must primarily be 
assumed as the centre of his visible sphere of the heavens or 
origin of co-ordinates. 

4. The phenomena of the daily motion of the sphere of 
the heavens offer the most convenient planes of reference pass- 
ing through the observer’s position, that is, the centre of this 
sphere. These phenomena are of the following nature. 

5. Imagine a person to stand in a position in which he can 
have an uninterrupted view of the shy. Then, after he has 
made himself familiar with the positions of the stars which are 
visible to him, he will find, on directing his eyes towards the 
western horizon, that the stars in that direction successively 
disappear or set, while, on looking towards the east, new ones 
successively appear above the horizon, and those which were at 
first very close to the horizon rise at successive instants higher 
above it. A little closer observation will shew him that all 
the stars obey this law of motion from east to west, and that all 
apparently move in parallel planes. Again, if the same star be 
watched on successive nights, it will be found that the interval 
of time taken by any one of them in departing from any point of 
the heavens and returning to it again, is sensibly constant. A 
continuation of such observations made with greater accuracy, 
will shew that all the stars apparently move uniformly about an 
axis passing through the observer’s position, and the nicest or 
most refined observations would fail to detect any deviation from 
the law of uniform rotation. 

Now there are but two ways of accounting for this apparent 
and uniform rotation of the heavens. Either the whole heaven 
does really revolve from east to west, carrying with it the stars 
in such a way as to preserve their relative positions unaltered ; 
or the earth moves round an axis in the contrary direction, that 

1—2 
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is, from west to east, with a velocity sensibly uniform. The 
first hypothesis is evidently attended with such enormous diffi- 
culties as to be rejected at once ; and it therefore follows that 
the apparent diurnal motions of the heavenly bodies are pro- 
duced by a real rotation of the earth round an axis, always 
remaining sensibly parallel to itself and with a uniform velocity. 

6. The points at which this axis of rotation meets the visible 
sphere of the heavens are called the North and South Poles of 
the heavens ; and the plane perpendicular to it passing through 
the centre of the earth {assumed for the present to be spherical) 
is called the Celestial Equator^ 

This gives us at once one system of spherical co-ordinates, 
by means of which the positions of all bodies can be assigned 
in the sphere of the heavens; the two co-ordinates of the 
place of any object being its angular distance from the equator 
(called its Declination^ North or South, accordingly as it is North 
or South of the Equator), and its angular distance, (when 
referred to the Equator by a great circle perpendicular to that 
plane,) from a point chosen arbitrarily on it. 

When this point is so chosen as to be coincident with the 
position of the sun, when on the equator, or at the vernal 
equinox, this latter co-ordinate is called the Bight Ascension of 
the object. 

7. If the course of the sun were attentively watched through- 
out the year, there, would be no difficulty (without the considera- 
tion of any theory of his motion) in discovering that his centre 
describes a great circle in the heavens. This circle is called the 
Ecliptic; the two points at which it cuts the equator are called 
the Vernal and Autumnal Equinoxes; and the inclination of the 
ecliptic to the equator is called the Obliquity of the Ecliptic. 

The plane of the ecliptic furnishes of course another system 
of co-ordinates ; the angular distance of an object above or below 
this plane being called its North or South Geocentric Latitude; 
and its distance (when referred by a perpendicular arc to the 
ecliptic) from the vernal equinox being called its Geocentric 
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8. There is still another system of co-ordinates arising 
from the observer’s position on the surface of the earth. Assuming 
the earth to be a sphere (either exactly or approximately), the 
tangent plane to its surface at the point forming the position of 
the observer is called the Horizon; and the points at which a 
perpendicular to this plane would cut the sphere of the heavens, 
are called respectively the Zenith and Nadir of the place of obser- 
vation, the zenith being the point over head, and the nadir the 
opposite point. This plane, the horizon, is another, though a 
local plane of reference ; and the angular distance of an object 
above it is called its Altitude^ while the angular distance from 
the zenith is called its Zenith distance. 

It is plain also that the altitude is the complement of the 
zenith distance, or 

altitude + zenith distance = 90®. 

9. The great circle passing through the zenith of the 
observer’s position and the poles is called the Meridian of the 
place ; and it cuts the horizon in two points called the North and 
South points oOhe horizon. If also we draw through the place 
of observation Tline on the horizon perpendicular to the trace 
of the meridian on it, it will meet the heavens in two other 
points, called the East and West points of the horizon. These 
four points of the horizon are called the Cardinal Points, 

The angular distance of an object (referred to the horizon 
by an arc perpendicular to it) from the south or north point 
is called its Azimuth^ and is the second co-ordinate in this 
system. 

10. The whole of the preceding account of the three sys- 
tems of co-ordinates will be rendered more intelligible by the 
accompanying diagram. 

C is the position of the observer, or the centre of the visi- 
ble sphere of the heavens. ZGN is the vertical line passing 
through (7, coincident with the direction of the plumb-line or of 
the force of gravity at G ; and the plane HO at right angles to 
ZC^ and parallel to the plane of a fluid at rest, is the horizon. 
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ZCN cuts tlic visible sphere of tlie heavens at the zenith, Z, 
and at the nadir, N. 

PP' is the direction of the axis of rotation of the earth, and 
P and P the north and south poles. 

EQ h the plane of the celestial equator||at right angles 
to PP. 

Thus the plane PZP, passing through the poles and the 
zenith, is the plane of the meridian; cutting the horizon in II 
the south point, and 0 the north point. 

One of the first important consequences which we derive 
from the preceding considerations is this, that the altitude of the 
pole is equal to. the latitude of the place of observation. 

This is almost self-evident, since the latitude of the place 
is represented by the angle ZGE, and this is equal to PCO or 
to the elevation of the pole. 

Hence PCZ is equal to the complement of the latitude of 
the place or to the colMitude, 

11. Let now B be the apparent position, at any hour of the 
day, of an object describing in its diurnal course the small 
circle 8!'BB\ parallel to the equator. Draw through it the great 
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circles P8M', Z8M, meeting the equator in M* and the horizon 
in M, 

Then is Z8 the zenith distance of the object and 8M is 
its altitude, and if these quantities be denoted by z and a, 

Again, P8 is the north polar distance (A), and 8M' is the 
north declination (S) ; and A + S = 90°. 

Also, if we join CM, then the angle HOM will be the azi- 
muth [A) of the body measured from the south point towards 
the east. But it is usual to consider azimuths from the south 
point of the horizon positively towards the west, and therefore 
the azimuth of the object thus measured will be 360°— aHGM, 

Again, if T be the position of the first point of Aries or 
the Vernal Equinox on the equator, then is the arc TEM' the 
right ascension (a) of the object. 

Finally, the angle ZP8 which measures the time which 
must elapse before the object arrives at the point 8' on the 
meridian is called the Hour- Angle (A). 

If now we imagine the object to be on the meridian at E, 
then its right ascension will be denoted by TE. But repre- 
sents the hour-angle of the first point of Aries ; and therefore 
the hour-angle of the first point of Aries is equal to the right 
ascension of any object when on the meridian. 

12. Definition. If a clock be so regulated as to exhibit 
on its dial the hour-angles of the first point of Aries at succes- 
sive times, or, which is the same thing, if its reading is 
0^. 0“. 0® when that point passes the meridian, and it is so regu- 
lated as to go exactly 24 hours in the interval which elapses 
between the time of a fixed star leaving the meridian and 
returning to it again, it is said to keep sidereal time. 

Hence the right ascension of an object is determined by 
the sidereal time at which it comes to the meridian. 

Eemark. The First Point of Aries is an imaginary point, 
and therefore its transits across the meridian cannot be ob- 
served, but, supposing the fixed stars to have no proper motion 
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(or a known proper motion for whicli a correction can be made), 
the transits of the same star on successive days, if the times can 
by any means be observed in chch^time^ will give the daily rate 
of the clock, or its loss or gain in the interval of 24 sidereal 
hours. 

Such transits are observed by an instrument called the 
Transit-Instrument^ and from observations made with this in- 
strument are the Eight Ascensions of all objects ultimately 
deduced. 


13. The method of determining the other co-ordinate of the 
position of an object, namely its North Polar Distance or its 
Declination, by meridian observations, will be readily understood 
from what has preceded. 

Imagine that the transit instrument, by which the right 
ascensions of objects are determined, is provided with a hori- 
zontal wire as well as with vertical wires in the focus of its 
telescope, and that it carries on its axis a graduated circle 
whose plane is parallel to that of the meridian. If this circle 
be provided with microscopes or verniers for reading off its 
divisions, it is plain that it will give immediafely dliferences of 
polar distances of objects observed on the horizontal wire of 
the telescope by the simple difference of its readings. But if 
we could by any means find the reading of the circle corre- 
sponding to the pole (technically called the Polar-point)^ then 
we should obtain immediately the absolute North Polar Dis- 
tances of all objects by the subtraction of the Polar-point from 
all other readings. By observations of North Polar Distance 
of Polaris, above and below the pole, we might do this, but 
there would be various, difficulties in the way which make it 
far preferable to endeavour to find the reading of the circle cor- 
responding to the zenith (called technically the zenith-point) 
instead of that corresponding to the pole. As the zenith is a 
point in the vertical line, or the line at right angles to the 
plane assumed by the surface of a fluid at rest, the use of a 
mercurial horizon is sufficiently obvious for determining its 
position, and we need at present only indicate the nature of the 
observations which must be made with it for this purpose, 
namely, those, of the reflected images of stars. 
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Let AB represent the horizontal surface of a quantily of 
mercury in a trough, and let the rays from a star 8, reflected 
from the surface at 7, proceed up the tube of a telescope TE, 
to which is solidly attached a vertical graduated circle whose cen- 



tre is G. The reflected image will he seen by the observer in the 
field of the telescope almost as distinctly (under good circum- 
stances) as the image when viewed directly, and the star can be 
observed on the horizontal wire, and the circle can be read. Draw 
now the horizontal line C(?, and 08' parallel to 8L Then the 
angle OGI is equal to the angle CIA, and the angle 8' GO 
equal to the angle 8IB. But BIB is equal to GIA ; therefore 
8' GO is equal to OGI, We have therefore the reading of the 
circle for a position corresponding to a star situated beneath the 
horizon, by an angle equal to the star’s apparent altitude. If 
then we can, at the same transit of the star, or before it has 
gone far from the centre of the field of the telescope, observe it 
again by direct vision and read the circle a second time, we have 
the reading corresponding to the apparent altitude of the star, 
or to a point as much above the horizon as the other was below 
it. Hence half the sum of these two readings will be the read- 
ing corresponding to the horizon, or the horizontal foint, and if 
this be increased or diminished by SO", the result will give the 
eenith-foint. 

It is usual in the course of a night’s work to observe several 
stars in this manner, and the mean result for the zenith-point 
(generally combined with the results for other nights) will give 
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the zenith*point with much greater accuracy than a single 
result. 

It is plain that, after the zenith-point has been found, the 
apparent zenith distances of all objects will be found by sub- 
tracting its value from the corresponding circle-readings. 

14, The instrument which enables us in this way to observe 
both Right Ascensions and Zenith Distances is called a Transit-- 
Circle. Till recently however two separate instruments, re- 
quiring two observers, have been used in England for this 
purpose, namely, the Transit Instrument and the Mural Circle ; 
and, in what follows, it must be observed that all the explana- 
tion which is given of the mode of use of the Transit Circle 
for observation of zenith-distance, will apply generally to the 
Mural Circle, though we shall not refer more distinctly to this 
latter instrument, which may be considered to be getting into 
disuse. 


15. Before closing this chapter it will be necessary to 
allude to another very important instrument used in astronomy, 
namely the Equatorial Instrument. Though the right ascensions 
and the declinations of objects can be observed with very great 
precision by the use of the Transit Circle, or of the Transit 
Instrument and Mural Circle used as separate instruments, yet 
there is this disadvantage, that they can be observed only in one 
portion of the heavens, namely, on the meridian of the place of 
observation, and therefore any given object can be observed 
only for a small pbrtion of the year, and the observations on 
any given day will be prevented by the smallest cloud in that 
portion of the heavens, or by any trifling accident or want of 
care or prudence in the observer. 

It is plain then that an instrument which would enable us to 
follow an object in the heavens, and to observe it at any time 
of the night as long as it is above the horizon, is almost 
indispensable for certain classes of objects, such as recently dis- 
covered planets and comets, even though the observations may 
not be of the same degree of accuracy as those made with the 
meridian instruments, and the daily motion of the heavens or 
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the rotation of the earth on its axis furnishes us with the means 
of constructing such an instrument. 

Imagine a telescope capable of turning freely on an axis 
passing through a rod or support which is itself paralM to the 
earth’s axis of rotation, and which turns freely round two fixed 
pivots, the two axes of rotation being at right angles to each other. 
Then, if a star be seen in the telescope, it may be followed in 
its diurnal course by simply turning the folar axis, and if a 
circle be firmly attached to the telescope and its plane be 
parallel to its optical axis, and it be furnished with microscopes 
or verniers for reading its graduations, it may easily be made 
to furnish approximately the polar distances of objects. For 
the observation of right ascensions it is necessary that another 
graduated circle be firmly attached to the polar axis, and that 
it be read by one or more microscopes or verniers. If this circle 
be divided into 24 equal spaces so as to represent hours of time, 
and subdivided so as to represent minutes, and if one of the 
microscopes read 0^. 0*“. 0® for objects on the meridian, then the 
readings for any other object will represent its angular distance 
from the meridian, or its hour-angle. Supposing now that the 
eye-piece of the telescope is furnished with wires as in the case 
of the transit instrument, the sidereal time of transit of this 
object can be observed by a clock, and the difference between 
this time of transit and the hour-angle will be the right ascen- 
sion of the object. An instrument thus constructed is called an 
Equatorial. 

16. There is still another way of determining the position 
of an object, namely, by referring it to the meridian and horizon 
of the place of observation, and this requires still another in- 
strument called the Altitude and Azimuth Instrument, or the 
Altazimuth. 

This instrument in its simplest form consists of a fixed, 
horizontal, divided circle, called the Azimuth Circle, and of a 
vertical-divided circle, firmly attached to the telescope of the 
instrument, called the Vertical Circle. The frame which carries 
the telescope and vertical circle revolves on a vertical axis, and 
carries the microscopes or verniers for reading both circles, while 
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the telescope itself revolves on a horizontal axis, the pivots 
resting in T’s, carried by the same frame. 

In the next chapter a fuller account will be given of the 
mode df use of these and the other instruments referred to in 
this chapter, and they have been introduced in this place, that 
the student may have a clear notion of the need and use of them 
in connexion with two of the systems of co-ordinates previously 
mentioned. 



CHAPTEE IL 


INSTRUMaJS-TS. 


The Teansit-Instrument. 

1. It will be assumed in this chapter that the reader is 
acquainted with the construction of an astronomical telescope; 
but it will be useful to mention the peculiarities of such tele- 
scopes as are required in connexion with astronomical instru- 
ments. 

For a telescope used as a transit instrument the object-glass 
should be achromatic, and well corrected for spherical aberration. 
The available diameter of the object-glass is called its aperture^ 
and its focal length is the distance from the object-glass at 
which the inverted image of an object is formed. At this 
distance, or in this section of the tube of the telescope, is placed 
a frame across which very thin wires (usually formed of spider’s 
webs) are stretched at sensibly equal distances. This is called 
the wire-frame, and usually carries five or seven vertical wires (but 
always an odd number, so that one of them shall be the centre 
wire). The eye-piece used for viewing the image of the object 
observed and the wires, is a Ramsdefi s, or positive eye-piece of 
two lenses, and is fixed in a small tube attached to a slider 
which passes across the end of the large tube of the telescope, 
for the purpose of observing the object as it passes the side 
wires (that is, as seen by oblique pencils) in the middle of the 
field of view*". In addition to the fixed wires there is usually 
one parallel to them, moveable by a micrometer, and nearly in 
the same plane, so as just to pass them without actual contact, 
for the purpose of observing the amount of the error of colli- 
mation. There are also two parallel horizontal wires, at a small 


This improyement was introduced by Dr Maskelyne in the last century. 



14 TRANSIT-INSTRUMEFT. 

distance from each other, for the purpose of defining the middle 
of the field of view. 

The preceding description applies generally to the astro- 
nomical telescope as it is used in connexion with instruments ; 
hut in the transit instrument it is made to turn on a horizontal 
axis consisting generally of two cones of metal firmly fastened 
to opposite sides of the middle of its tube, and terminating in 
two accurately cylindrical steel pivots whose axes must he in 
the same straight line. The excellence of the instrument con- 
sists chiefly in the stiffness of the telescope and the axis, as, 
if there should he sensible flexure in either, arising from the 
weight, it would he comparatively worthless for refined obser- 
vations. It is also necessary that the pivots he accurately 
cylindrical with their axes in the same straight line. 

2. For the mounting of the telescope thus constructed as a 
transit instrument, two massive piers are provided* sunk deep 
in the earth, and resting either upon hard gravel or, if the 
foundation he not suflSiciently firm, upon a hed of concrete. The 
horizontal section of each is nearly a square, two of the sides 
being pretty accurately parallel to the plane 6f the meridian. 
On the inner surfaces, opposed to each other, are fixed frames of 
metal, carrying what are called the Y’s for the supports of the 
pivots, the pivots lying in them, as seen in section 
in the accompanying diagram. The Y’s should be 
exactly equal and similar, and their forks should be 
in the same horizontal line. They are generally made capable 
of being moved, both vertically and horizontally, by means of 
screws working in the frames that carry them ; but, after the 
instrument has been Once well adjusted, they should rarely, if 
ever, be touched. Sometimes counterpoises are employed to 
take off part of the pressure of the instrument from the Y’s, 
and consequently to diminish the friction. 

For observations of objects at night it is necessary that the 
field of the telescope should be illuminated to render the wires 
visible. For this purpose one of the pivots is perforated, and 

* In all that follows we must be understood to refer to the instruments 
of fixed observatories, where the instruments are of considerable size and weight. 
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the light of a lamp, or gas flame, is made to pass through it to a 
ring-reflector placed obliquely at the centre of the axis inside 
the tube of the telescope. This reflector can be acted upon by 
means of a rod by the observer at the eye end of the telescope, 
so as to have greater or less inclination to the axis of the tube. 
If the inclination to the axis be 45®, nearly the whole of the 
light will be reflected down the tube of the telescope; but if the 
reflector be at right angles to the axis, none will be reflected, or 
the field will be dark. The observer can therefore accommodate 
the light to the degree of brightness or faintness of the object to 
be observed. 

On looking into the eye-piece of the telescope when it is 
adjusted to distinct vision the field of view will have the follow- 
ing appearance, supposing that there are seven vertical fixed 
wires, and two parallel wires at right angles to the others for 
defining the middle of the field of view. 



Since the telescope inverts objects, a star (unless it be on 
the meridian below the pole) will appear to pass by the diurnal 
motion from right to left in the direction of the arrow, and 
therefore will pass the wires marked in the figure in the direc- 
tion J5, (7, i), O. If, however, the telescope be taken 
out from the Y’s and then replaced with the pivots in the 
reversed positions, that is, with the previously eastern pivot 
west, &c., then the wires also would be reversed, so that Q 
would take the place of -4, F oi jB, &c. It is therefore necessary 
to note for distinction the position of the illuminated pivpt. 
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whether east or west, before commencing a series of observations, 
and to name the wires J?, <7, &c. in the order in which stars 
cross them, for that position of the telescope. 

3. On the Errors of Adjmtment of the Transit-Instrument. 
From the preceding description it will be evident that, when a 
transit instrument is in perfect adjustment, if the transits of all 
objects be referred to a point in the field of view (generally 
either a point of the central wire, or of the line corresponding to 
the mean of wires), then the line joining this point and the 
optical centre of the object-glass, which we may call the line of 
sight {gesichts linie)^ must, in the rotation of the telescope round 
its axis, trace out the plane of the meridian of the place of 
observation. 

This will imply the three following conditions : 

1. The line of sight must describe a great circle, and must 
therefore be at right angles to the axis of rotation; and the 
angle made by the actual line of sight and a line perpendicular 
to the axis of rotation is called the Error of Gollimation ; while 
the plane passing through the optical centre of the object-glass 
perpendicular to the axis of rotation is called the Plane oj 
Gollimation. 

2. The axes of the cylindrical pivots must be in the same 
straight line, and this line must be horizontal, the Etror oj 
Level being the angle made by it with the horizontal line, when 
the axis is not perfectly levelled. When the axis is perfectly 
level, the line of c(^llimation describes a great circle passing 
through the Zenith and Nadir, but not necessarily through the 
poles. 

3. Supposing the instrument to have been adjusted for 
errors of collimation and level, then the line of collimation must 
be made to move in a plane passing through the poles, and the 
angle made by the plane of the great circle in which it actually 
moves, with the meridian, is called the Azimuthal Error. 

We will consider these errors in their order. 

4. Eekoe op Collimation. For determination of the 
error of collimation of the central wire there is used either t 
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fixed mark or a collimating telescope, the latter being generally 
a small transit-instrument with a wire-cross in its principal 
focus, serving as a mark at an infinite distance. When fixed 
marks are used, it is necessary to have two, one on the north 
and the other on the south side, to eliminate the effects of a 
possible shift in the position of the axis caused by the process of 
reversion. 

As frequent mention will be made of micrometers in the 
whole of the descriptions of instruments which follow, this will 
be the proper place for introducing such an account of their 
construction as will enable the student to understand their mode 
of use. The kind of micrometer which is most commonly used 
is that called the wire-micrometer. It consists of a frame across 
which is stretched a system of wires, the frame being so placed 
when applied to a telescope or reading microscope that the wires 
shall be in the plane passing through the common focus of the 
object-glass and eye-piece. When it is applied to a reading 
microscope the wires consist of two which form a cross, and, in 
use, a division of the circle, of which the reading is required 
under the microscope, is made to bisect this cross. Sometimes, 
however, two parallel wires are used in reading microscopes 
instead of a cross~wuQ, When the micrometer is applied to a 
transit-instrument there is only a single wire, which moves 
parallel to the vertical or transit wires. An equable motion is 
given to the frame carrying the wires by means of a screw, and 
of course the goodness of the micrometer will depend chiefly 
on the uniformity of the thread of the screw. On the prolonga- 
tion of the axis of the screw is placed a divided circle, or head^ 
which serves to measure the angle or the fractional part of a 
revolution through which the screw has been turned, while 
there is generally an index, or comJ, for determining the 
number of whole revolutions which have been made from the 
assumed zero of the micrometer. In a treatise like the present, 
it would be useless to enter into the practical details of con- 
struction of various kinds of micrometers. It is sufficient for 
the theoretical student to understand that its measuring wire 
can be moved forward uniformly by means of the screw, and 
that the angular space through which it has been moved can be 
accurately deduced from the reading of the divided head. 


M. A. 
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Imagine now that in one position of the axis of the instru- 
ment (with illuminated pivot east for example) the micrometer- 
wire has been made to bisect the mark or wire-cross, and let the 
reading be r, expressed in revolutions and parts of the micro- 
meter. Then let the instrument be lifted out of its Y’s, and the 
axis reversed. Now, the line joining the centres of the pivots 
being at right angles to the line of colUmation, the point of 
reference, or selected point, of the micrometer-wire will, in the 
rotation of the telescope, describe a circle round this imaginary 
line, and therefore, after reversion, the mark and the micrometer- 
wire will be at equal distances on opposite sides of it ; hence, if 
the micrometer-wire be again placed upon the mark, and the 
reading be /, it is plain that the reading for the line of collima- 

tion will be — — If this should be also the reading of the 

micrometer-wire when it is brought into coincidence with the 
central wire, then the central wire coincides with the line of 
collimation ; but if the reading be then is tlie error of colli- 

mation — i?, expressed in revolutions and parts of the 

micrometer, and this can be reduced to arc when the value of 
a revolution of the micrometer is known. 

In some observatories it is usual to reduce all transits to 
what is called the mean of the wires that is, to the transits 
over an imaginary line very near to but not necessarily coin- 
ciding with the centre wire, and such that the time of a 
star’s transit over it is the mean of the times of transit over 
the wires. If this be done in the reduction of the observa- 
tions, the error of collimation must also be estimated with 
respect to this imaginary line, and the preceding value of the 
error will require correction for the difference between the posi- 
tion of the central wire and the position of the mean of wires. 
This will necessitate the discussion of the methods for finding 
the intervals of the wires before proceeding to the Errors of 
Level and Azimuth. 

There is also another trifling correction to be applied to the 
error of collimation, arising from diurnal aberration; but this 
can be understood only after the general theory of the aberration 
of light has been discussed. 
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6 . To determine the Intervals of the Wires of a Transit 
Instrument. 

A skilful optician will insert a system of wires at very nearly 
equal distances from each other, but it is always necessary to 
determine by observations the actual intervals. This is done, 
when it is practicable, by combination of several observations of 
Polaris, or some other stars near the pole, the transits being 
observed over each of the wires, and the mean of the wires 
calculated in each instance. 

By subtracting the transits over the separate wires succes- 
sively from this mean, we shall obtain for each observation of 
Polaris the intervals in time by which the transit over each wire 
precedes or follows the transit over the mean of wires ; and any 
number of such transits can be combined by taking the mean of 
the separate observation of each interval. 

But, as these intervals depend on the apparent North Polar 
Distance of the star, and as this varies several seconds in the 
course of a year on account of precession, nutation, and aberra- 
tion, it is necessary also to take the mean of the North Polar 
Distances, for the times of observation, and to consider that the 
mean of the intervals deduced from all the observations corre- 
sponds to this mean North Polar Distance. 

From these results it is very easy to deduce the angular 
distance in space of each wire from the mean of all. Let us 
take for example the wire A, (fig. on p. 15). It will be suffi- 
ciently correct to suppose that the mean of the wires coincides 
with the meridian. ^ 

Let 8 be the star on the wire AS^ and PN the 
meridian represented by the mean of wires, (P 
being the Pole). Draw the perpendicular arc MS 
on PM. Then if t be the interval in seconds of 
time from wire A >8 to the mean of wires, the 
angle MP8, or the hour-angle, in seconds of space 
= 15^, corresponding to the North Polar Distance 
of the star, P8 (= A). 

Also MS is the angular distance of the wire AS from mean 
of wires. 
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Hence we have 

sin M8 = sin 15^ X sin A (a), 

whence M8 can be found. 


If A == 90® in the above equation, 

M8^m, 


or 


e = 


15 • 


Hence, if the values of M8 for the different wires be divi- 
ded by 15, we have the intervals of transit, for an equatorial 
object, between each wire and the mean of wires. 

Having thus found the equatorial intervals, we may con- 
versely find the intervals for any star by the use of the equa- 
tion (a). 

For example, if the star be at a considerable distance from 
the pole (10® is a safe limit), we may put the arcs for the sines 
in the equation, and we have 

M8 1 
15 ^sinA’ 

equatorial interval 
"" sin A 


If the star is too near to the pole to allow of this, we have 


sin 15^ == 


15exsin 1"= 


sinifyS 
sin A ’ 


and therefore 


sin M8 

15 sin A X sin 1" * 


The preceding results for the time occupied by a star in 
passing by the diurnal motion from any wire of a transit- 
instrument to the centre wire or the mean of wires, are true only 
for objects which have no proper motion, such as the fixed stars. 
For planets, and in particular for the moon, the formulae above 
given require to be modified by the introduction of another 
factor. 
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For a planet, or for the sun, let I be the number of seconds 
of increase of Eight Ascension in the time during which the 
planet is carried by the diurnal motion from one meridian to 
another, differing by one hour of terrestrial longitude*. Then, 


in t seconds, the increase of Eight Ascension will be — . x J, 

3600 


an? therefore the interval of transit is increased by this quan- 
tity, and the interval itself becomes 




I 

3600 



And it is usual to prepare a table of values of the factor 


3600 + J 
3600 ’ 


and of its logarithm, for limiting values of /. 


For the moon another factor is necessary on account of the 
difference of her distance from the centre of the earth, and from 
the position ^Qhe observer on the surface. 

Thus, leffS be the position of the ^observer on the earth’s 
surface ; Z the geocentric zenith j M the moon. Then, to the 



* The student will readily see that this is not the same as the motion in 
an hour of time. 
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ERROR OF LE7EE 


observer at the velocity of the apparent motion of the moon 
arising from diurnal rotation will be greater than at the centre 
(7, in the proportion of CM to AM, or of sin ZAM to sin Z GM^ 
or of sin geocentric zenith distance to sin apparent zenith dis- 
tance, and therefore the time in which the moon describes a given 
angle in coming to the meridian, will be diminished in the same 
proportion. Hence, in reducing imperfect transits, we shall have 

to apply the additional factor p-P* ; 

^ sin App. Z.D. 

correction will become in the case of the moon, 


and the whole 


Equat. Interval 3600 + / sinGeoc. Z.D. 
sin N.P.D. ^ ^ sin App. Z.D. ' 


6. Effect of Error of Gollimation upon the time of transit 
of an object over the mean of wires. 

From what has preceded it is evident that if the error of 
collimation (estimated ^sitive in seconds of spajjprhen it is to 
be added to the time of transit, that is, when the object passes 
the mean of wires sooner than it passes the line of collimation) 
be c, the correction to the time of transit, will be 


15 sin N.P.D. 


7. Error of Level, Supposing the imaginary line repre- 
senting the mean of wires to have been made to coincide with 
the line of collimation, or, which is better, that the transits 
have been corrected according to the preceding methods for the 
difference, the mean of wires will now, in the revolution of the 
telescope round its axis, trace out a great circle in the heavens. 
If however the axis (that is, the line forming the cylindrical 
axis of the pivots) be not horizontal, this great circle will not 
pass through the zenith, and the next consideration is to make 
it do this, either by destroying the error of level of the axis, or 
by correcting it. 



DESCRIPTION OF SPIRIT-LEVEL, 


23 


The amount of the error of level (always estimated in se- 
conds of space, and positively when it makes stars pass the 
wires too soon, that is, when the western pivot is too high) is 
generally determined for the transit-instrument by a spirit-level. 
This instrument consists of a hollow tube of glass slightly 
curved and nearly filled with a fluid, the space which is un- 
occupied with fluid when the tube is held horizontal with its 
convex side upwards, being called the bubble. It is evident 
then that the slightest tilt of the tube will cause the bubble to 
be displaced in the tube, and to run towards that end of it which 
is elevated. For measuring the amount of this tilt, the tube is 
set in a frame to which is attached an ivory divided scale placed 
immediately above the bubble, and the values of the divisions of 
the scale corresponding to elevation or depression of the end of 
the level are determined for each instrument either by an instru- 
ment called a level jivover^ or by some other means. It is usual 
to make the zero (or 0 degrees) of the scale correspond to a 
point near the centre of the bubble, so that the divisions increase 
towards each end; and this wc shall assume to be the case in 
what follows. Levels applied to transit-instruments are either 
hanging levels or striding levels. In the former case they are 
provided with arms above the level terminating in hooks, by 
which they can be hung on to the pivots of the transit-instru- 
ment, in the latter case they are furnished with legs terminating 
in a kind of foot, by which they are made to stand upon the 
pivots of the instrument. In both cases they are provided with a 
cross levels or small level of moderate sensibility placed near one 
end at right angles to the length of the glass tube, to insure that 
the level itself shall always take up the same position relatively 
to verticality. It must be understood that the process of level- 
ling is one of the utmost importance and delicacy, as even the 
observer’s breath or the warmth of his body will tend to alter 
the length of the bubble, and therefore to vitiate the result. 
The two kinds of level here described are pictured accurately 
enough in the accompanying diagrams. 

In what follows we will confine ourselves to the considera- 
tion of the striding level, as this is generally adopted for modern 
instruments. 

Imagine it to be placed upon the pivots of the transit- 
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instrument, and, for the present, suppose the pivots to be exactly 
cylindrical and equal. 



If the level be accurately adjusted, the centre of the bubble, 
which corresponds to the highest point of the curvature of the 
glass tube, if it be accurately made, should be made to correspond 
to the zero of the scale (or origin of co-ordinates) when the level 
is placed upon a perfectly horizontal surface. If this were the 
•case, it is evident that, on being placed on a surface not quite 
horizontal, the distance of the middle point of the bubble from 
the zero would give the error of level of the surface in terms of 
scale divisions. 

This, however, is not generally the case, and must not be 
assumed. Generally then suppose that, with cross level west, 
the reading of the west end of scale is and that of the east 
end is e^. Then it is plain that the distance of the centre of the 
bubble from the zero of the scale measured towards the west, is 

— — K Let now the zero of the scale be farther west than 

iS 

the true zero by a, measured in scale-divisions. Then the 
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distance of the centre of the bubble from the true zero will be 
a, and this will represent the elevation of the west end 


— e, 


of the axis to which the level is applied. Let this be I, mea- 
sured in scale divisions ; 


w. 


^ + a = Z. 


.( 1 ). 


Let now the level be reversed end for end, and let and 
be the readings of the west and east end of the bubble. 

We have, therefore, 




2 


ii 


= Z (2); 


and 2l 



9 


a„d;- a±5 - -(«.+0 . 

or, elevation of west end of axis = sum of west readings dimi- 
nished hy sum of east readings divided hy 4, 

If we were to take another complete observation of the 
level, that is, two observations in reversed positions, we should 
obtain a similar result, and any number of such might be com- 
bined together and the mean taken. 

Therefore generally, if n be the number of complete obser- 
vations of the level in reversed positions, we shall have 

, %w — 

If one division of the scale be equivalent to n seconds, 
then the errors of level expressed in seconds of space will be In. 


8. To determine hy the spirit-level the inequality of the pivots 
of a transit-instrument. 

If the process of levelling explained above were applied to 
a line or plane it would give accurately the inclination of the 
line or plane to the horizon ; but it is evident that the process 
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INEQUALITY OF PIVOTS, 


explained above will give the inclination of the line forming the 
axis of the cylindrical pivots of the transit-instrument correctly 
only in the case in which the pivots are equal. 

If the pivots be not equal, let the radius of the eastern one, 
which we will assume to be the unilluminated or unperforated, 
be called r, and of the western or illuminated pivot 
r + a. Let also the angle formed by the forks of 
the level be 2% and that of the Y’s of the transit- 
instrument 2i\ Let, finally, the angle of the western 
Y be higher than that of the eastern Y by h. 

Then the height of the angle of the eastern fork of 
the level above the angle of the eastern Y of the 
instrument will be 

T (cosec i + cosec ^'), 

and the height of the western fork above the west- 
ern Y will be 

S + (/• + a) (cosec i + cosec i'). 

The difference of these quantities is 

6 + a (cosec i + cosec ^'), 

and, if the distance between the pivots, or the length of the axis, 
be taken as the unit of distance, this expression will give the 
angular elevation of the western fork of the level above the 
eastern fork, or the quantity which is measured by reading the 
level in reversed positions. 

Let this level result be c. 

Then i + a (cosec i + cosec %) = c. 

Let now the transit-instrument be reversed, so that the illu- 
minated pivot becomes east. Then we shall by levelling again 
have a similar equation, 

& — a (cosec i + cosec i') = c\ 

T C — C 

and . . ct • 

2 (cosec i + cosec i ) 

Also the real difference in the heights of the centres of the 
pivots, when the illuminated end is west, is 
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7 , c + c,(c — c) cosec ^ 

J -f a cosec i = — — h — - — ' . ; 

2 2 cosec t + cosec t 





cosec i 

cosec i + cosec % ’ 


and, when the illuminated end of the axis is east, the difference 
of height will be 




a cosec i ' = 


c + c' 
2 


c — c' cosec % 

2 * cosec i + cosec % 


= c + 



cosec i 

cosec i H- cosec i ’ 


9. To determine the effect of the error of level on the time of 
transit of an ohjecL 


z 



Let the western pivot be high by I seconds, and, in the 
accompanying diagram, let P, Z, H be respectively the pole, 
tlie zenith, and the horizontal point in the meridian PZH. 
It is plain that the line of collimation of the telescope will 
describe a great circle meeting the horizon in the meridian, 
but with an inclination of I” to the east of it. Let H8‘ be this 
great circle, and 8' the place of a star on it. Draw 8’ 8 at 
right angles to HZ. 

Then 88* = Z x sin H8 = I cos Z8; 

and time of describing 88' 

“ 15 ain P8^ 

I coaZ8 I cosZ.D. south 
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10. Effror of Azimuth. The effect of the application of 
the errors of collimation and level is to make the line of colli- 
mation trace out a great circle of the heavens passing through 
the zenith. It is, lastly, necessary to make it pass through the 
pole, or to find what is the deviation from the meridian in 
azimuth. 

Let the eastern pivot be too far north so as to make the 
telescope deviate to the east of the meridian by a seconds. Let, 
as before, PZ8 be the meridian, and Z8' the great circle traced 
out by the line of collimation, and transited by a star at 8\ 
Draw 8' 8 perpendicular to PZ8. 


p 



Then angle 8ZH = a, 

8H=^a^mZ8, 

and time of describing 88' - . 

16 sinJN.r.D. 

This is the effect on the time of transit of a star whose 
zenith distance south is Z8. 

•11. It will be well, before going farther, to collect the 
preceding results in one formula. 

Let a star pass the mean of wires at clock-time i, and let its 
zenith distance be Z, and its N.P.D. be A. Let also the error 
of the clock on sidereal time be St (seconds) slow. 

Then if the errors of collimation, level, and azimuth be re- 
spectively c, Z, and a, the true sidereal time of transit over the 
meridian is 

c 1 I QOS z a Bin z 
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or, if 7 be the co-latitude, since » = A — 7, 

15 sin A 15 sin A 15 sin A ’ 


We have shewn how the errors of colliraation and level are 
found by purely mechanical means, and it remains now to shew 
how the Error of Azimuth is found by observations of stars. 


In the first place the factors of the respective errors, namely, 

1 cos (A — 7) , sin (A— 7) , , , , 

7 -=—^ — — 7 " ^ — a" easily tabulated, 

15 sin A 15smA 15 sin A * 


since they are merely functions of the latitude of the place, and 
of the polar distances of the stars. Imagine then that a table 
has been made of the factors of the azimuthal errors for small 
intervals of N.P.D, so that for any star it may be readily taken 
out at sight. Let the factor of azimuthal error be generally 
called Zj or let 


sin (A — 7) 
15 sin A 


12. The best mode of determining the value of the azi- 
muthal error is by consecutive transits of a star near the pole, 
and there are three stars which for northern latitudes are par- 
ticularly valuable for this purpose ; namely, Polaris, 8 Ursse 
Minoris, and XUrsae Minoris. Polaris being a star of little 
lower than the second magnitude can be well seen in the day- 
light, and therefore its consecutive transits above and below 
the pole can be observed all the year round. 

Let now t be the clock-time of transit of Polaris above the 
pole corrected for collimation and level, and t' + 12^ of the next 
consecutive transit below the pole ; 

a, the required error of azimuth, 

St\ the clock’s loss in 12**, 

8a, the increase of JR A of Polaris in 12**, through preces- 
sion, &c. 

Z^ and Z^, the factors of azimuthal error for Polaris above 
and below the pole. 



30 DETERMINATION OF ERROR OF AZIMUTH. 


* / A \ * 

Then since 15 sin evidently (A being less 

than 7) be negative for Polaris above the pole, and positive for 
the same star below. 


Therefore the correction to t will be and the cor- 

rection to i will be + Z,/i. 


Hence we shall have the equation 

12^ “1“ ^ -4“ 8 ^ —■ 80 c 4" Z^ X Gt — ^ X = 12*^, 


or 4- X a = ^ M 4- 8a, 


and 


a = 


^ - 8^' 4- 

-^1 + ^2 


The method explained above requires no knowledge of the 
right ascension of the star, and is therefore preferable to all other 
methods, since, when the azimuthal error is thus independently 
determined, it can be used for the determination of the R. A. of 
Polaris fundamentally, that is without reference to any cata- 
logued place. 

When consecutive transits of Polaris cannot be observed, 
the best method is by observation of two stars near the pole, one 
at its transit above the pole and the other below, the transits 
being nearly simultaneous. 

If a and 12** 4- a' be the right ascensions of two such stars, 
t and t their times of transit, and and Z^ the factors for 
azimuthal errors; then, the corrected times of transit being 
t’-Z^y.a^ and the clock-error given by the first 

star will be 

a — ^ 4- X a, 


and that given by the second will be 

ot! Z^x a, 

and^these must be equal (neglecting the rate). 


Hence 


- — Qt' — — (g ~ 


^1 + ^2 

If a second circumpolar star cannot be obtained, a south star 
whose right ascension is well determined will do nearly as well. 
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The former method is followed at Oxford, the latter at Green- 
wich, when consecutive observations of Polaris have not been 
made. 


13. The three instrumental errors of the transit-instrument 
having thus been found, and the corresponding corrections in 
time having been applied to the transits (which can be done for 
large numbers of observations very expeditiously by means of 
sliding- scales properly prepared), we obtain the true cloch-times 
of transit of all objects over the meridian. 

Now in the Nautical Almanac are given, for intervals of ten 
days, the Apparent Eight Ascensions and Declinations of about 
150 stars, derived chiefly from the Greenwich Observations, and 
receiving from time to time minute corrections from the in- 
creased number of observations and the more refined methods 
of making and reducing them, so that at the present time the 
places of these fundamental stars are given with an accuracy 
which scarcely admits of increase. A certain number of these 
fundamental stars arc observed with the transit-instrument, toge- 
ther with the other objects requiring observation, and the com- 
parison of the corrected clock-time of transit across the meridian 
of each of these stars with its tabular right ascension gives an 
error of the clock on sidereal time (see page 7). If there were 
no errors of observation these clock-errors should be precisely 
equal, or should differ only by the amount of the clock-rate (loss 
or gain) in the interval. But since all observations are liable 
to error, partly due to the temperament of the observer and 
partly to atmospheric o®feumstances, it is usual, as in all other 
similar determinations, to take the mean of the individual clock- 
errors as representing the errors at the time corresponding to 
the mean of the sidereal times of transit of the separate stars. 
If these normal clock-errors be compared on successive nights, 
the daily rate of the clock will be obtained, 

14. Conversely, the error for a given time and the daily 
rate of the transit-clock being known, the errors can be calcu- 
lated for the times of transit of all other objects and applied to 
them, by which means the apparent right ascensions of all these 
objects will be determined. 



32 


USJES OF THE TRANSIT-INSTRUMENT. 


15- It will be seen from the preceding account of the 
transit-instrument that it has two distinct uses, namely, 1st for 
the determination of time ; and, 2ndly, for 4he determination of 
the right ascensions of celestial objects. It gives sidereal time 
by determining the error of the clock adjusted approximately 
to sidereal time, by comparison of the clock-times of transit of 
fundamental stars with their tabular right ascensions ; and from 
the sidereal times it is plain that mean solar times can be cal- 
culated, because there is a fixed relation between the two, 
though this relation remains to be discussed in a following 
chapter. Again, it gives the right ascensions of all observed 
objects by enabling us to compare their right ascensions with 
those of the fundamental stars by the method previously ex- 
plained. 

16. In concluding this account of the transit-instrument, 
there is one important remark to be made. The instrument, 
correctly speaking, determines only differences of right ascension 
of celestial objects, by enabling us to observe accurately the 
differences of their times of transit by the clock. If, however, 
we could discover accurately the absolute right ascension of one 
of the observed objects, then the right ascensions of all the rest 
would become known; and this was the method employed in the 
last century by Dr Maskelyne. He used a Aquilae as his funda- 
mental star, and compared all others with it. But the consi- 
deration of the method of deducing absolute right ascensions, or 
of settling the place of the equinox, m^t be left to a succeeding 
chapter. 


17. We must not omit another important use which can 
be made of the transit-instrument for the determination of the 
latitude of an observatory, by placing it so that the line of 
collimation of its telescope shall move in the plane of the prime- 
vertical instead of the meridian. 

Let P be the pole, Z the zenith, and 8 the position of a 
known star on the prime-vertical Z8. Then is the angle PZ8 
a right angle. If the tabular right ascension of the star be a. 
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and t the time of its transit across ZS before the meridian 
passage ; then the hour-angle 

ZP8 = a^t. 

p 

Also since cos ZP8 = tan PZ cot P8, 

tan PZ = cos ZP8 tan P8y 

or tan colatitude = 
cos star’s hour-angle x tan N.P.D. 

We will now proceed to discuss the errors 
to which a transit-instrument placed in the 
prime-vertical is subject. 

These are precisely similar to those which require correction 
when the instrument is in the plane of the meridian, namely, 
error ofcolUmation^ error of level of horizontal axis, and error of 
azimuth. 

The first two of these can be determined precisely in the 
same manner as for the transit-instrument in the plane of the 
meridian, and we will proceed to estimate the effect of them on 
the time of a star’s transit over the prime-vertical. 



Let the line of collimation describe the 
small circle Z 8' parallel to Z8M, then is 8'L, 
perpendicular to ZM, the error of collimation, 
= c (suppose). 

Let also 8' 8 be a portion of the small circle 
described by the star round the pole. Then is 
angle 8'P8 fifteen times the error of time of 
transit (=15S<), 


Hence 158^ = 


88 ' 

sin P/S’ 


and 88'== 


8L 


cos P8Z 



c 

sin P cos P^’ 


(since PZM is a right angle) ; 


M. A. 


3 
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15 sin P sin P8 cos PZ 
c 

15 sin Z8 cos PZ 

c 

15 sin Z.D. X cos colatitude * 


Again, for error of level (= 1 ) ; let the 
line of collimation describe the great circle 
Z'H^ coinciding with Z8H at the horizontal 
point H. Let as before 88' be the small 
arc described by the star, and 8L perpen- 
dicular to Zll. Then Z'Z=^ I ; 

and 8'L ^ I cos Z8. 


Hence 88=^ 


8L 

cos 88 L 


_ I cos Z8 
^ cos F8Z^ 


and angle 


8P8==l6St=r 


88 

sin PS 


i[^os Z8 
PS cos PSZ 



I cos ZS 

sin PS tan ZS cot PS 


~ tan ZS cos P8 


__ I 

tan ZS cos PZ ’ 


or ht = 


I I 

15 tan Z.U. x cos colat. ' 
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Finally, for error of azimuth, let the 
line of collimation describe the vertical 
circle ZH' near to the prime-vertical 
ZII\ II' and JET being points in the hori- 
zon ; let a be the error of azimuth = angle 
H’ZH. 

Then 8'L = a sin Z8^ 
a sin ZS 


and S' 8 = 
and 158^ 


cos P8Z ^ 

a sin Z8 
sin PS cos PSZ 

a sin Z8 

sin PS tan Z8 cot PS 

a cos ZS 
'Tos P/8 



or ht - 


15 * cos colat. * 


Let now a star be observed with the illuminated end of the 
axis of the telescope pointing towards the north, and let the 
axis point to the west of north by the quantity a"; let also 
the north pivot bo high by I", so as to bring western stars too 
early on the wires ; finally let the central wire or the mean of 
wires lie too far south, so as to bring stars too early on the 
wires. Then if T be elock-time of transit over mean of wires, 
AT the amount of clock-error (additive); and t the true side- 
real time of transit of a star over the west prime-vertical, we 
shall have (using the suffix w to denote this prime-vertical, and 
z to denote the zenith-distance) 

f — 7^ 4- A 7^ j 5 I ^ 

tt» w " 15 sin z cos colat. 15 tan z cos colat. 


15 cos colat. ’ 
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and, far a star on the east prime-vertical, 

c 




l 


15 sin z cos colat. 15 tan z cos colat. 


15 cos colat. * 


If now the instrument be reversed, so that the illuminated 
pivot be south, then it will be easily seen that the effect of 
error of collimation will be to make stars come too late on 
the wire, or that its sign must be changed; but that the effects 
of the error of level and of azimuth are in the same direction as 
before, namely, that stars pass too early. 

Hence the equation will become 

^ r 

l-J z=: TJ + A TJ — 1 - 

**'15 sin z cos colat. 15 tan z cos colat. 


+ 


for a star on the west prime-vertical, 
and 2;' + A!r/ + 


15 cos colat. 

X 


15 sin z cos colat. 15 tan z cOs colat. 


1 5 cos colat. ’ 


for a star on the east prime-vertical, V denoting the result of the 
levelling after reversion. 

2b find the effect of error of level on the colatitude^ and on 
the decimation of a star observed with the transit-instrument in 
the ^rime-vertical. 


If I be the error of level (the south pivot being too high), 
the telescope when pointed upwards to the meridian will be 
directed to a point between the pole and the zenith, and distant 
from the latter by the quantity I' {I seconds). This point we 
may call the instrumental zenith ; and, if we subtract I" from the 
true colatitude (7), the quantity 7 — Z" must be used in the 
equation for determining the N.P.D. of a star, namely in the 
equation 


tan N.P.D. = 


tan colat. 
cos hour-angle * 
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But, if the true colatitude has been used in this equation, 
the effect of the error Z" on the N.P.D. may be thus inves- 
tigated. 

Let 7 = colatitude, 

P = hour-angle, 

N.P.D. = A, 

then tan 7 = cos P tan A ; 


and, differentiating. 


87 cosP 5s A 
— = — o: oA, 
cos^ 7 cos A 


or 


SA = 


cos® A tan A 
cos® 7 * tan 7 


87 


sin 2 A ^ 

— : ^ 

Sin 27 


sin 2A 
sin 27 


1 8 . But the most practically useful way of using the Transit 
Instrument in the prime-vertical for determining the north polar 
distances of stars is that adopted by Professor Struve for the 
large instrument established at Pulkowa. This instrument is 
provided with an apparatus for rapidly reversing it during the 
progress of a series of observations, and his method is as 
follows. 

Having determined the error of level of the axis, the tele- 
scope is directed to a star while it is yet north of the eastern 
prime-vertical, and the transit is observed over each vertical wire 
preceding the central wire. When the star has passed the last 
of these wires, the axis of the telescope is reversed, and the trans- 
its over the same wires are observed again, but of course in the 
reverse order. On the star approaching the western prime- 
vertical the same process is repeated, the transits being observed 
over the same wireSy in the last preceding position of the axis, 
and then with the axis reversed. From these observations the 
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north polar distance of the star is deduced by the following 
process, the observations over each wire being taken separately. 

Let A be the north polar distance of the star, 

h and h! the hour-angles at the transits of the star 
over the same wire in the two positions of the axis, 

c the angular distance of the wire from the line of colli- 
mation. 


Then, if N be the north point of the hori- 
zon, P the pole, Z the zenith, and 8 the star 
on the wire, 

P8 = A, 

NP= 90®— colat. 

= 90®- 7, 

and h = hour-angle = angle ZP8. 


Now co^ NF8^ 


cos NS — cos NP cos PS 
sin NP sin PS 



or cos (90® — c) = sin c = — cos h cos 7 sin A + sin 7 cos A. 


Similarly, for the observation with axis reversed, 
cos (90® -f c) = — sin c = — cos h' cos 7 sin A + sin 7 cos A ; • 

/. 0 = 2 sin 7 cos A — cos 7 sin A (cos h + cos h') 


• Art 'A Jl 7b K — Jb 
= 2 sin 7 cos A — 2 cos 7 sin A cos — ^ — cos — - — . 


^ . 7b' + h hf-^Jb 

or tan 7 cot A = cos — cos — - — . 

This equation will give A, when 7 is known, or will serve 
to find 7 or the colatitude, when A is known. 


If the right ascension of the star is assumed to be known, 
an observation in reversed positions over one prime-vertical will 
be sufficient, because hour-angle = sidereal time — right ascen- 
sion ; but the observations over the other prime- vertical make the 
knowledge of the right ascension unnecessary, since it is evi- 
dent that lb represents half the interval between the first transit 
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east and the second transit west; and h half the interval be- 
tween the second transit east and the first transit west. 

After each reversion of the axis it is necessary to re- 
determine the error of level of the axis, and corrections will 
be necessary for the difference of the errors in the different 
positions; but it is not desirable to enter into minute details. 
If the errors do not differ much, the mean error of level may 
be applied to 7 , or, computing with an uncorrected value of 7 , 
we may apply the suitable corrections for error of level to A. 

19. It is necessary that the instrument be accurately 
adjusted to the prime- vertical. If tliis be not the case the error 
can be found by taking half the sum of the transits cast and 
west over the same wire, which will manifestly give the time of 
transit over the vertical in which the axis of rotation lies. 
This time (corrected for clock-error), when compared with the 
known right ascension of the stars, will give the angle at the 
pole subtended by the amount of azimuthal error. If this 
angle be SP, then we have seen (page 35) that 

- 

cos colat. ^ 

and therefore a = cos colat. x SP. 


The Transit-Cikcle. 

20. In the preceding part of this chapter we have treated 
of the transit-instrument as a separate instrument, and not as 
forming a portion of the transit-circle, an instrument now coming 
into general use. This was necessary, since the transit-instru- 
ment must for many purposes remain a separate instrument, and 
some of its adjustments when thus used are essentially different 
from those of the telescope of the transit-circle. 

For the transit-instrument, for example, it is the general 
practice to determine the error of cpllimation by observations of 
a fixed mark or of the wires in another telescope in reversed 



40 


COLLIMATIOF OF THE TRANSIT^IRCLE, 


positions of the axis of the transit-telescope, and it is also usual 
to determine the error of level by a spirit-level^ 

But these methods of determining the collimation and level- 
errors would not be practicable with the transit-circle, because 
the instrument is generally not capable of being reversed on its 
axis; and the axis is not convenient for the application of a 
spirit-level. It is therefore necessary to use other methods, 
which we will proceed to describe. 

21. First for collimation. 

This is determined by means of two smaller telescopes 
(called collimating telescopes) placed with their optical axes 
very nearly in the same line with that of the telescope of the 
transit-circle, one to the north and the other to the south of it. 
The object-glasses of the telescopes are turned towards each 
other, and therefore towards the instrument ; and in their prin- 
cipal foci are placed, systems of wires, one moveable laterally, 
and the other vertically, by means of micrometer-screws. The 
systems of wires are so arranged that the image of a definite 
point of one of the wires in one system can be easily and accu- 
rately brought into coincidence with that of a similar point of 



the other system, when the wires of one telescope are viewed 
through the other, and then this point may be easily observed 

1 Professor ChalUa has however been in the habit for many years of deter- 
nuning the error of level by means of a coUimating eye-piece. 
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with the central vertical wire of the transit-circle. In the 
Greenwich and Oxford transit-circles the wires consist of two 
pairs of parallel spider-lines at equal distances from each other, 
the one pair being nearly vertical and the other pair nearly hori- 
zontal. ThesS cross each other so as to form a square, as in the 
diagram, the one nearly vertical wire being rather thicker than 
the other, for the sake of distinction. And one of the nearly 
vertical sides of the square formed by the system of wires in the 
other collimating telescope is made to bisect the corresponding 
side of the square in the first system, so as to form two small 
acute right-angled triangles of the equality of which the eye 
can judge exceedingly well. To serve as a fixed mark in the 
meridian for certain other purposes there is another wire in 
each system parallel to the nearly horizontal wires, and placed 
at such a distance that when the squares are correctly placed 
on each other the middle point of the part of it intercepted 
by the two nearly vertical wires is in the same vertical with 
the middle of one of the nearly vertical sides of the square. 
The object of the arrangement is to seeurc unmistakeable points 
of reference in each collimating telescope, which shall admit 
of very accurate observation with the central vertical and the 
horizontal wires of the telescope of the transit-circle. It may 
also be mentioned that, in the use of the telescope of the 
transit-circle, it is found that it is most convenient that the 
whole system of vertical or transit-wires should be moved to- 
gether by means of a micrometer-screw acting on the wire frame, 
instead of having, as in the transit-instrument, the wires fixed, 
and reference to collimators made by a separate micrometer- 
wire. 

Let now N8 represent the common axis of the two pencils 
by which the point N (representing the point of reference of the 
collimating telescopes before referred to) is visible in the field 
of the south collimating telescope, in contact with the similar 
point 8^ visible in the field of the north collimating telescope. 

Let also A OB represent a line parallel to the axis of the tele- 
scope through the optical centre 0 of the object-glass, and a Oh 
the direction of the line of collimation. Then, with the telescope 
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pointing north, let the central wire, by means of 
the micrometer-screw, be brought into coincidence 
with the point N ; and afterwards let the telescope 
be turned round till it points southward, so as 
to view the wires in the south collimator. The 
micrometer-wire (or rather the point of it which 
was in coincidence with N) will now occupy the 
position N\ determined by making the angle 
N' Ob equal to the angle NOa^ that is, to the 
angle 108. If then the reading of the micro- 
meter be taken for coincidence with iV, and the 
screw be turned till it is afterwards in coincidence 
with 8y it is plain that the mean of the two read- 
ings will bring it into coincidence with i, that is, 
with the line of collimation. 



B 


22. The position of the line of collimation ® 

(or the micrometer-reading for coincidence of the ^ 

central wire with this line) being thus determined, 
the level-error can be determined by means of the observa- 
tion of the image of this wire reflected in a trough of mercury, 
in the following manner : 


T^e ordinary positive eye-piece used for observation is 
replaced by another called Bohnenberger’s eye-piece. This is 
an eye-piece with three lenses, arranged in a tube which is 
perforated to allow the light from a gas-flame or lamp to fall 
upon an inclined reflector placed between the field-lens and the 
second lens so as to illuminate the field and to render the wires 
visible. If the telescope be now placed vertical with its object- 
glass downwards and directed to a surface of mercury, the 
reflected images of the wires will be seen nearly in contact with 
their images as seen directly in the field of the telescope. If, 
indeed, the central wire be made to coincide with the line of 
collimation of the telescope, and the axis be accurately level, the 
direct and reflected wires will plainly be in coincidence ;• but if 
there be any error of level, the central vertical wire and its 
reflected image will be seen near each other, and the amount of 
the separation will determine the magnitude of the error of level. 
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Let, for instance, 0 represent a point in the wire put into 
coincidence with the line of collimation; OG the axis of the 
pencil of rays proceeding from 0 to meet the surface of mercury 



AGB in G. Then, if GD be a vertical line, and GO" the axis 
of the reflected pencil, the reflected image of the point 0 of the 
wire will be visible at a point O' in the field of the telescope, 
and the angular separation of 0 and O' will be the double of 
the angle OGB, which plainly is the error of level of the axis; 
the plane of the paper being the vertical east and west plane. 
But practically the position of the point D can be readily found 
by moving the micrometer-screw (and therefore the point 0) 
till it coincides with O', the coincidence evidently taking place 
at D. If, for instance, the reading of the micrometer for coin- 
cidence be r', and that for the position of the line of collimation 
be r, and if one revolution of the micrometer be equivalent to 
n'y then the error of level will be (/ — r) x ti seconds. 

The method which has just been explained for determining 
the errors of collimation and level are equally applicable to the 
transit-instrument and to the transit-circle, but it is not gene- 
rally applied to the former because it would necessitate the 
erection of two fixed telescopes on firm piers, and would therefore 
make the instrument much more expensive. 
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23. We will now proceed to give a more detailed account 
of the transit-circle in its modern form ; and, to fix the ideas, 
we will confine ourselves in general description to that of the 
Radcliffe Observatory of Oxford, which was purchased from 
Mr Carrington, who caused it to be constructed on the model 
of the celebrated instrument at Greenwich. The instrument is 
much smaller and less complicated than that at Greenwich, and 
is therefore more proper for illustration of the general use of 
^such instruments than the latter is. 

The transit-circle now erected at the Radcllffe Observatory 
of Oxford has a telescope of 5^ feet focal length, with an object- 
glass of 5 inches aperture. The axis, which, with the exception 
of the pivots, was cast in one flow of metal, consists of a central 
cube 9 inches in the side, and of two cones with which the 
pivots are mechanically connected. The pivots themselves are 
of 3 J inches diameter. 

The bearings of the pivots, constructed of brass, are of the 
form of the letter Y, of great solidity, and each capable of screw 
adjustment in level, but not in azimuth when once fixed. 

The horizontal axis carries two gun-metal circles, each cast 
in a single flow, of 42 inches diameter. The west circle, on 
its west face, carries a band of gold on its surface, on which 
the fine divisions were laid off at intervals of 5' by Mr Simons’s 
dividing engine. The microscopes (four in number) are, at their 
micrometer ends, that is, on the outsides of the piers, so far 
brought together that the two eye-pieces of a diametral pair are 
24 inches apart. To relieve the bearings and pivots of the 
greater part of the dead weight, friction counterpoises are em- 
ployed. 

The above description of the instrument itself may be suffi- 
cient, but it is necessary to mention its collimating telescopes. 
These are each of 33 inches focal length and of 2f inches aper- 
ture, placed horizontal on separate piers of great solidity, on a 
level with the centre of the cube of the axis of the transit-circle, 
the south one pointing northwards and the north one south- 
wards, nearly in the meridian. The webs, or systems of wires 
in their foci, are of the same pattern as those already described 
in page 41. 
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24. In what has preceded, the nse of the transit-circle for 
observing time and the right-ascensions of objects has been 
sufficiently dwelt upon, the error of collimation being deter- 
mined by means of the two collimating telescopes, and the error 
of level by the observation of the coincidence of the central ver- 
tical wire, with its image reflected in a trough of mercury, by 
the use of Bohnenberger’s eye-piece. The reduction of the 
observations will differ in no important degree from that which 
has been already explained in the case of the transit-instrument. 

25. It remains now only to explain the use of the instru- 
ment for obtaining by observation the other element necessary 
for the determination of the place of a body, namely its north 
polar distance, or its declination. 

It has been explained that one of the circles carried on the 
horizontal axis of the instrument is divided into degrees and 
5-minute spaces, and that four reading microscopes are directed 
to it by which these spaces can be subdivided into seconds and 
fractional parts of seconds. The circular heads of the microme- 
ters are divided into 60 equal parts, and an index projects from 
the fixed body of the microscope to denote the particular second 
and decimal part of the second for any particular reading. They 
are so adjusted that five complete turns or revolutions of the 
screw of the micrometer will carry the wire of the microscope 
from one division of the circle to the next division. This how- 
ever can never be accomplished with perfect accuracy, and in 
practice is not attempted ; but the exact number of revolutions 
and fractions of revolutions corresponding to a space of 5' on 
the circle is called the run of the micrometer-microscope, and 
the difference between this run and 5 exact revolutions is called 
the error of runs^ and the mean error for the four microscopes 
is applied to the mean of the readings as a correction. 

Thus in reducing circle observations we should proceed thus. 
Suppose the case of a single microscope-micrometer. Let its 
reading, when its wire bisects one division, be x”y and, for bi- 
section of the next division, y” {y being greater than x). Then, 
remembering that one revolution corresponds approximately to 

60", it is plain that, ^5 + revolutions are equivalent to 
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Hence one revolution 
6 ' 


5 + 


60 



6 

300’ 


very nearly, if e=^y — sc. 

Therefore, one revolution being a nominal minute and one 
division of the head a nominal second we should have to sub- 

tract the th part of a revolution from each revolution, or 

~ from each nominal minute, or e'" from each 5' space as mea- 
o 

sured by the microscope. 

If then the reading of the microscope-micrometer be r minutes, 
we shall take the proportional part of the error of runs as 

applicable to this reading ; and this will plainly be ~ . 

o 


26. It has been said that the microscopes are placed dia- 
metrically opposite to each other. The effect of this, even when 
only a single pair of opposite microscopes is used, is to obviate 
erriyrs of excentricity of the circle. 

The centre of the circle is, properly speaking, the centre of 
its divided rim, but it turns on an axis which may not be and 
commonly is not coincident with this centre. 

Thus, in the accompanying diagram let C be the centre 
of the circle, and C' the centre of rotation. Join CC' and 
produce it to AA'. Let now the circle rotate round G' through 
the angle AG'N, the centre G describing the dotted arc 00", 
and coming into the position O". Then it is plain that the 
points of the circle which would, if it were accurately centred, 
have come under the microscopes at B and j?, will have come 
to the points 6 and found by drawing Bh and BV equal and 
parallel to the line joining 00". 

Consider now the points under the two reading microscopes 
at B and B\ The small spaces Bh and BV (each equal and 
parallel to 00") may each be resolved into two, one in the 
direction of the limb of the circle and the other at right angles 
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to it. With respect to the first resolved equal parts the effect 
will be that one microscope will read a greater arc and the 
other an arc less by the same quantity than they would have 
read if the circle were centrically placed, and therefore that 



the mean of their readings will be the same as if there were 
no cxcentricity. The effect of the second resolved motion will 
be that the point B will be brought nearer to the microscope 
at B, and the point H carried farther from the microscope at 
H by the same quantity, so that the mean error of runs will not 
be altered. Hence the angle through which the circle has been 
turned round the point C’ will be as accurately measured as if 
there were no excentricity, or the effect of cxcentricity is elimi- 
nated by taking the mean of the readings of two opposite 
microscopes. 

27. Another important consideration in the treatment of 
observations made with the circle is the correctness of the 
divisions. Formerly the dividing was performed by hand, 
and the errors were far less reducible to law than those in 
which the dividing has been performed by a dividing-engine, 
which is the case with many of the best circles of the present 
day. It must never however be assumed that the divisions are 
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faultless, and the examination is one of the most laborious opera- 
tions which an astronomer has to perform. The discussion is 
however of too technical a character and not sufficiently elemen- 
tary for a treatise like the present. 

28. Zenith-Distance Observations. It has been men- 
tioned that the telescope of the transit-circle has generally in 
the plane passing through its focus a wire-frame with a sys- 
tem of fixed vertical wires at equal intervals, moveable by a 
micrometer-screw, and another wire horizontal and moveable 
hj another micrometer; sometimes there is also another and 
fixed horizontal wire, but this is not necessary. In making 
the zenith-distance observation of a star, the instrument is 
set previously to the place of the star by means of the 
pointer connected with its divided circle, and, as the star is 
seen crossing the field of view, it is bisected with the hori- 
zontal wire by turning the head of the micrometer, at the in- 
stant (or nearly so) of its passage across the central vertical 
wire which represents the meridian. Care is always taken in 
fixing the eye-piece on the telescope that the telescope micro- 
meter readings when reduced to arc are always additive to the 
readings of the microscope-micrometers. The concluded circle 
reading will then be : pointer-reading + mean of microscope- 
readings + correction for runs + telescope micrometer reading, 
where the pointer-reading includes the degrees and multiples 
of five minutes (such as 5 ', 10 ', 15 ',. .. 45 ', 50 ', 55 '), and the mi- 
croscope readings include the odd minutes and seconds, by which 
(the mean being taken) the crosses of the micrometer-microscopes, 
when placed upon the proper divisions of the circles, are distant 
from the zeros of the micrometers. 

29. It however frequently happens that the star or other 
object cannot be observed exactly on the meridian, but is bisected 
at an interval of a certain number of seconds of time either 
before or after passing the meridian. This introduces another 
correction technically called the Correction for Curvature^ arising 
from the deflection of the small circle in which the star or 
object, if not on the equator, is moving, and the great circle 
of which the horizontal wire forms a part. 
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To estimate the amount of this correction, let the star be 
observed t seconds before or after its passage over the meridian, 
and let its north polar distance be A. Let, in the annexed 
figure, P be the north pole, and S the place of 
the star near the meridian PN8\ Draw N8 an 
arc of great circle perpendicular to P8\ and 
let the arc 88‘ represent the path of the 
star. Then is the hour-angle NFS = 15t, and 
the arc NS represents the wire by which the 
star is bisected at S, while S' represents the 
point on the meridian where it should have 
been bisected. Hence NS' is the correction for curvature : let 
this be X, 

Now cos P = tan PN cot PS, 

^ tan PN ___ tan (A — x) 

~~ tan A tan A ’ 



or cos (15^) == 


tan A — tan x 1 
1 + tan A tan x ‘ tan A ’ 


or 


^ (I _ tan A tan 05), 

neglecting higher powers, 

= 1 - 


tan X 


sin A cos A ’ 


2 tana? 
sin 2 A * 


Hence tan x = ^ ^ 

225 

or X (in seconds of arc) = sin 2A x x sin 1", 

since we may put the arc for the tangent, the quantities being 
generally very small. 

The preceding formula is applicable to the case wherein tlie 
clock-time has been noted at which the bisection has been made. 
Frequently however it is more convenient, without regard to 
the clock-beats, to bisect the object as it passes one of the side 
vertical wires. 


M. A. 


4 
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Let the time taken by an equatorial star in passing from this 
wire to the central wire be nT, Then, for a star whose north 

nT 

polar distance is A, the time will be and this must be 

^ sin A 

put for t in the preceding formula. 

Hence x = sin 1 x x sin 2A 

4 sin^ A 


225 


T® sin 1'' X n® cotan A, 


225 

where — !r®sin 1" is a known constant, and its numerical value 

ja 

must be calculated. 


30. In the case of a planet, or of the Sun and Moon, when 
observed off the meridian, there is another correction to be 
applied, namely, that for the motion in north polar distance be- 
tween the time of bisection and that of meridian transit. In 
the cases of the Sun and planets, the motion for one hour is 
given in the Nautical Almanac in the Ephemerides of their 
motions, and the proportional part corresponding to the time t 
must be calculated, and is the correction required. Thus, if the 

hourly motion be m, the correction will be x m. 


In the case of the Moon, the motion during the passage 
of the Moon over one hour of geographical longitude is given 
in the section of Moon-culminating stars of the Nautical Al- 
manac, and if this be m, the factor given above for the planets 

must be multiplied by ^p p reason as 

in the case of reduction of imperfect transits of the Moon. 


31. Supposing all the preceding corrections (for runs, 
curvature, and motion) to have been applied, we have the cor- 
rept Concluded Circle Reading^ that is, the value of the mean 
reading of the microscopes, for an object at its bisection on the 
meridian, supposing that five revolutions of each microscope- 
micrometer are exactly equivalent to 5'. Hence, if two or more 
objects be thus observed at their meridian passages, we can ob* 
tain immediately the differences of their north polar distances or 
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north or soutB zenith distances, which are plainly the same as 
the differences of the circle readings. If then we could obtain 
for any one object its absolute apparent zenith distance, we 
should obtain the apparent zenith distances of all other objects. 

Now as the zenith is the point of the heavens marked by the 
direction of gravity at the observer’s station on the surface of 
the earth, it is plain that there are only two ways of observing 
its position, namely, by means of a plumb-line, which gives 
immediately the direction in which gravity acts, or by means of 
the surface of a fluid at rest (mercury, for example) which gives 
the position of the horizon. The former method was formerly 
employed with the old quadrants in use before the introduction 
of the mural-circle; but the latter method is now invariably 
employed. 

There are two ways of observing the circle reading cor- 
responding to the position of the circle when the telescope is 
directed to the zenith, namely, either by observation of the 
images of stars both by direct vision and by reflexion in a trough 
of mercury, or by observing the coincidence of the direct and 
reflected images of the horizontal wire by means of a Bohnen- 
berger’s eye-piece (as previously ^explained for error of level 
of the axis). 

First, for the method by stars. A skilful observer will be able 
with sufficient ease to observe a star at the same transit both by 
reflexion and by direct vision, in the following manner. He will, 
a few minutes before the transit, point the telescope to the direc- 
tion in which the rays coming from the star will enter the 
telescope after reflexion, and arrange the mercury trough. He 
will then wait till the star is near one of the side wires before 
meridian passage, and will bisect it and take the reading of the 
telescope-micrometer, having previously read the circle, which is 
supposed to be clamped. Unclamping the circle, he will then 
rapidly turn it round till the star is visible by direct vision 
(generally near one of the side wires after the transit), and, after 
clamping the circle again, he will bisect and read the telescope- 
micrometer and microscope-micrometers a second time, having 
thus made two complete observations of the star. 


4 — 2 
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From what has been explained in Chapter i. jf. 9, it will be 
plain that if Z be the concluded circle reading for the direct 
observation, and Z* for the observation by reflexion, then the 


reading for the horizontal point will be 


2 ’ 


and for the 


zemth-^point^ 


Z^Z^ 

2 


±90". 


It is usual to observe several stars in different parts of the 
heavens for determining the zenitli-point, and it is especially 
desirable that an equal number should be observed north and 
south of the zenith, to eliminate any errors that may arise from 
flexure of the telescope or unknown errors of divisions of the 
circle, or any thing else that may vitiate a single observation. 

But in addition to star observations, the determination of the 
nadir-point by observing the coincidence of direct and reflected 
images of the wire by means of Bohnenberger’s eye-piece is of 
great importance, since this is an observation which is inde- 
pendent of the weather and the state of the sky, and can be 
made at all times whenever it is considered desirable. 

Having, by combination of star-observations and wire- 
observations, determined the zero of zenith distance or the 
zenith-point with sufficient ac#uracy, (an accuracy which in first 
class instruments may be equal to, or even smaller than, a 
quarter of a second of space), the apparent zenith distances of all 
objects will be obtained by simply subtracting the zenith point 
from the circle readings ; and as this element, the apparent 
zenith distance, that is, the zenith distance of an object as 
affected by refraction, is that which alone is determined pri- 
marily by the instrument, we will for the present assume that 
the account already given of the processes of observation and 
calculation are sufficient. The deduction of the co-latitude of 
the place of observation and of the north polar distances of 
objects involves the application of refraction, and therefore 
cannot properly be treated of till the theory of refraction has 
been explained. 


32» The Equatorial. The Transit Instrument, and the 
Mural or Meridian Circle, produce observations of the greatest 



THE EQUATORIAL. 


53 


possible accuracy, chiefly tlirough the nature of the construction 
of the instruments, which are symmetrical with respect to the 
direction of gravity, and of which therefore the errors of ad- 
justment can be easily determined and remain without much fluc- 
tuation. But, if equal accuracy could be obtained, it is evident 
that an instrument which would enable the observer to follow 
an object in its diurnal course, and give, by direct observation, 
its right ascension and polar distance, would be much more 
natural and convenient. 

Such an instrument is the Equatorial. 

In its simplest form it consists of an axis capable of free 
rotation, supposed to be parallel to the earth’s axis, that is, to 
pass if produced through the poles of the heavens, and of a 
telescope connected with this axis in such a manner as to admit 
of being pointed at any star and then fixed, so that, when the 
axis is turned round, it will follow the star in its diurnal course. 
For the purpose of measuring the angle which the line of colli- 
mation of the telescope makes with the axis, a circle is fixed to it 
either in its own plane or parallel to it ; and for the purpose of 
measuring the angle through which the polar axis has carried 
the telescope out of the plane of the meridian, which is con- 
sidered to be the zero-plane, another circle is attached to the 
polar axis with its plane perpendicular to it, and revolving with 
it. 


These circles are read in the usual way by micrometer- 
microscopes fixed to some part of the pier carrying the instru- 
ment, or to some part of the fixed frame. 

In the English mode of mounting equatorials the telescope 
is in the plane of the polar axis, which consists of a framework 
of rods or hollow metallic columns forming a kind of open 
cylinder, and connected with the pivots which rest in Y’s at the 
upper and lower ends. In the German, or Frauenliofer’s, mode 
of mounting, the telescope is at one extremity of the declination 
axis, that is, of the axis on which the telescope turns; and its 
weight is counterbalanced by heavy weights at the other ex- 
tremity of the declination axis. This necessity of counterba- 
lancing the telescope is of itself a disadvantage, since it in- 
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creases tlie pressure on the Y’s, and therefore the friction which 
resists the turning of the instrument. The great telescope at 
Greenwich, of nearly 18 feet focal length and 13 inches aperture, 
is mounted in the English fashion, and the Heliometer at Oxford 
is an excellent specimen of the German mounting. 

To the general description given above it needs only to be 
added, that the circle which moves with the telescope and which 
serves to measure dedinations or polar distances of objects is 
called the declination circle^ while that which is attached to the 
polar axis is called the hour-circle^ since it serves to measure the 
angular distance from the meridian of the circle in which the star 
is at the time of observation. 


33. The student will readily see, from the preceding account, 
that it is necessary for the perfect adjustment of the instrument 
that the following conditions should be fulfilled : 

1. The polar-axis must point to the true pole of the hea- 
vens, or, in other words, its elevation must be equal to the 
fatitude of the observatory; and the vertical plane passing 
through it must also be the plane of the meridian. 

2. The line of collimation of the telescope must be perpen- 
dicular to the declination-axis. 

3. The declination-axis must be perpendicular to the polar- 
axis. 

4. The index of the hour-circle should point to zero when 
the line of collimation of the telescope is directed to an object 
in the meridian of the place of observation. 

5. The index of the declination-circle should point to zero 
or to 90® when the line of collimation of the telescope is directed 
to the equator. 

We will discuss these errors in their order : 

1. To find the errors of elevation and azimuth of the polar- 
axis. 
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Let P be the pole of the heavens, 
and P the pole of the instrument, 
that is, the point towards which the 
polar-axis is directed. Join PP' by 
an arc of a great circle, and draw a 
perpendicular arc P'N ^on PQ the 
meridian. Then k-P-S^ie error of 
elevation of the axis, and P'N is the 
azimuthal deviation. Let be a star, 
whose N. P. D. is A, and hour-angle ^ 

8PQ = 0. Draw P'ML and NO per- 
pendicular to SP, and NL parallel to 
it. Then, the small triangles P'PN, 

P'MO, &c. being considered as recti- 
linear, MP will be the error of ob- ® 
served N. P. D. of the star, or SA. 

Now MP=^MO OP 
==^LN+ OP 
•^PNsin SPQ^PNcos 8PQ; 
or, if azimuthal deviation = a?, and error of elevation =y, 

X sixi 0 + ^ cos 0 — SA. 

It follows from tlic above, that if the hour-angle = 0, or if 
the star be on the meridian, y = SA ; 

and if the hour-angle = 90® or 6^, x = 8A, 

Hence, to find this error of elevation, a star should be observed 
in reversed positions of the instrument, on or near the meridian ; 
and, to find the azimuthal deviation, a star should be observed 
nearly six hours before or after its meridian passage. 

2. To find the error of collimation of the central wire of 
the telescope. 

Let the transit of an equatorial star be observed in reversed 
positions of the instrument, that is, with the declination-circle 
first east and then w'est, or vice versd. Then it is plain that 
any error in the position of the declination-axis will have no 
effect. Let also the hour-circle be read for each observation. 
Then, if t and t' be tlie times of transit, and H and H' the 
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readings of the hour-circle, the right-ascension of the star will 
he from the two observation^ and 12^. If there 

is no error of collimalion these should be equal, but if other- 
wise the error of collimation will be equal to 

A 

It is plain also that the index error of the hour-circle will be 
eliminated in taking the difference of the observed right-ascen- 
sions. 

3. To find the err^r of position of the declination-axis. 

With declination-circle west, suppose that the west end of 
the axis is too high when the telescope is in the meridian. Let 
the inclination of the axis to tlic horizon in this position be L 
Imagine now the transit of a star whose N. P. D. is A to be 
observed at any hour-angle. The line 
of collimation of the telescope will now 
describe a great circle P' Q lying to the 
east of the corresponding circle of declina- 
tion P^, and passing east of the pole by 
the quantity t, the two circles intersecting 
on the equator at Q, Let P be the pole 
of the heavens, 8' the star on the wire 
describing the small circle S’ 8] 
at right angles to QP\ 

Then 88’^PPmi Q8’ 

^ i cos A, 

and the time of describing 88' 

_ ^cosA 
15 sin A 

= cotan A. 

15 

This then is the error in time caused by the error i of de- 
clination-axis, by which the star will come too early on the 
central wire. Let the right ascension of the star be determined 
thus by the time of transit of the star and the reading of the 
hour-circle, and let this be -4, subject to index-error e, and to 
clock-error c. 
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Then the true right ascension, a = -4 + e + c + cotan A. 

15 

Let now the instrument he reversed, so that the declination-circle 
may he east ; then a similar observation will give the equation 

a = ^' + e + c — cotan A ; 

10 

% % 

u 4 + e + c4*7^,cotanA = + e + ~ cotanA, 

lo lo 

2t 

and /. — cotan A = J[' — -4, 
lo 

, . 15 A' -A 

and t — :: r* 

2 cotan A 

4. When the errors of collimation and declination-axis 
have heen corrected, the index-error of the hour-circle can he 
immediately found hy observing the transit of a star and reading 
the hour-circle. The difference between the observed right 
ascension and the tabular right ascension will be the index- 
error. 

Similarly, for the index-error of the declination-circle, let 
the N.P.D. of a star be observed in reversed positions of the 
instrument and the mean taken. The difference between the 
resulting and the tabular N.P.D. will be the index-error. 

34. The Altitude and Azimuth Instkument, or the 

Altazimuth. 

A brief description of the Altitude and Azimuth Instrument 
is necessary, because of the importance which it has recently 
acquired amongst the instruments of a fixed observatory by the 
admirable use which has been made of that erected at Grreen- 
wich in observations of the moon. 

This instrument, like the equatorial, has two principal axes, 
namely, a vertical axis, the axis of azimuthal rotation, moving 
on an upper and a lower pivot, round which the whole instru- 
ment revolves, and a horizontal axis, carried by the frame of 
the instrument, round which the telescope revolves. Firmly 
connected with the telescope, and parallel to it is a vertical 
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divided circle, with which are connected two microscope-micro- 
meters for reading off zenith distances of objects, while a fixed 
horizontal circle, read by microscope-micrometers carried by the 
revolving frame of the instrument, serves to determine the 
azimuths of objects. 

This instrument is subject to the same classes of errors as 
the transit-instrument, meridian-circle, and equatorial, but its 
errors are precisely analogous to those of the equatorial if we 
bear in mind that the fundamental plane of reference is the 
horizon instead of the equator. 

Thus the error of collimation may be found by observing 
the azimuth of a distant object, or a collimating mark in the 
direction of the horizon in reversed position of the vertical circle, 
half the difference of the readings of the azimuth-circle being the 
error of collimation of the vertical wire with which the observa- 
tion is made. Again, the instrument is supposed to rotate round 
an axis accurately vertical, that is, which would pass through the 
zenith if produced, while the horizontal axis, which carries the 
telescope and the vertical circle, is supposed to be exactly at right 
angles to the azimuthal axis of rotation; and defects in these 
adjustments will introduce errors in the observed azimuths and 
zenith distances precisely analogous to those arising from the 
want of adjustment of the polar-axis and declination-axis of the 
equatorial. Still there are circumstances in the construction of 
each individual instrument which render necessary a specific 
mode of treatment of the observations, and, to fix the ideas, we 
shall confine ourselves to the mode of treatment applied to the 
observations made with the Altazimuth at the Observatory of 
Greenwich, as the whole theory of this class of instruments has 
been best worked out with it. 

35. Of this instrument, which is remarkable as being the 
first of a class which combines the ordinary facility of use with 
extraordinary solidity and firmness, the frame revolving in azi- 
muth, consists of a top and bottom connected by two vertical 
cheeks all of cast iron, while the azimuthal circle upon which 
rests the lower pivot for azimuthal rotation rests upon a solid 



THE ALTAZIMUTH 


69 


cylindrical pier, which is built upon a much larger structure, or 
three-rayed pier, carried up from the foundation. The upper 
pivot for azimuthal rotation is supported by a framework of iron 
triangles, carried by the three-rayed pier; three radial bars, 
supported on the angles of the upper horizontal triangle, carry- 
ing at their point of junction the Y in which the upper pivot of 
the vertical axis turns. Of the four parts constituting the ro- 
tating frame of the instrument, the top and bottom pieces carry 
four levels parallel to the horizontal axis, the bottom carrying 
also in the same flow of metal the tubes for the microscopes 
which read ‘the horizontal circle ; while, of the two vertical 
cheeks, the one carries in one flow of metal the microscopes for 
viewing the vertical circle, and the supports of the levels parallel 
to the plane of that circle. 

Of the other parts, the side of the vertical circle which carries 
the graduated limb, the ends of the telescope, and one of the 
pivots, is cast in one flow of metal, and the other side of the 
circle and its pivot are cast in another flow. 

The numbers of the level-scales increase from one end to the 
other, so that the sum of east and west readings must be taken 
in the reduction of the observations. 

We will take the observations of azimuth and zenith dis- 
tance separately. 

For azimuth let the error of collimation be c\ estimated 
positive when the graduated face of the vertical circle is right. 
Let (in Fig. 1) Z be the zenith, 8 the 
position of a star at an observed time t, 
on crossing the line corresponding to the 
mean of the vertical wires. S' the posi- 
tion on crossing the line of collimation. 

Then 88' = c\ if then ZA and ZM be 
each 90°, and = error of azi- 

muth, it is plain that 

c = SA sin ZS 
= sin z ; 
or SA ^ c.coaecz, 

if z be the zenith distance. Fig. l. Fig. 2. 
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Again, the inclination of the horizontal axis being ?, let the 
line of collimation of the telescope describe the great circle Z'M 
(Fig. 2), (Z'if being = 90®, Z the true zenith, and M a point in 
the horizon). Thus ZM is a vertical circle. Let a star cross 
the mean of wires at time t at 8^ 8' being the corresponding 
position on the vertical circle. Then 

88'=^8M8' cosz 
= Z cos 2 ? ; 

and, if Z8 be drawn and produced to meet the horizon at N 
{NM^hA being the corresponding error of azimuth), then 

88=^MN^m z, 

, 88' I cos z 

sin z sin z 

= Zcot^. 

Hence, for given errors of collimation and level, the resulting 
errors of azimuth vary respectively as the cosecant and the 
cotangent of the zenith distance. 

36. To find by observations of stars the error of collima- 
tion and the error of level of the horizontal axis. 

Let the graduated face of the vertical circle be right, and let 
a star be observed at the time t, of which the azimuth computed 
from the right ascension and declination is A^. Let also be 
the concluded reading of the azimuthal-circle, and a the zero of 
azimuth ; x the error of collimation with sign corresponding to 
this position of graduated circle ; y the level-indication for hori- 
zontal position of horizontal axis (that is, mean of east and west 
scales, or reading for centre of the bubble), and the actual 
level-indication from the reading of the level at the observation ; 
also let Z^ be the star’s zenith-distance. Then will L^’-y re- 
present the error of level, and therefore, assuming the star’s 
place to be correct, we shall have the equation 

(7,.-a+ajcosecZ,.+ (L^-y) cotanZ,. = ^,, 
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Similarly, using I for the suffix when the graduated circle 
is left, and remembering that the errors of collimation and level 
change their signs, we shall have the following equation 

Ci — a — 03 cosec Zi — {Li—y) cotan 
and, by subtraction, 

X (cosec Z^ + cosec Z^ — y (cotan Z^ + cotan Z^ 

= Cl — Cr— (Ai - A^) — {L^ cotan Z^ -f Li cotan Z^ 

— (^Ci — LiCoidA\Zi — A^ — + L^coidinZ^ — A^y 

cosec Z^ + coscc Z. 

or X — — » ^ — y 

cotan Z^ + cotan ^ 

_ { Cl — L iQ^oidiW Zi-A^) - (C^-h cot Z^ - A^ . 

cotan Z^ + CO tan Zi ^ ‘ 

If we denote by small letters the values of A, G, L, and Z 
occurring in the similar equation arising from the observation 
of another star, we shall have 


cosec + cosec Zi 
cotan + cotan Zi ^ 

„ (C; - cotan g; — — (c^ + cotan z^ - 

cotan + cotan 

and these two equations, of which the coefficients may be cal- 
culated numerically for each observation, will by an easy elimi- 
nation give the values of x and y. 

It may be remarked, that it is necessary that a high and a 
low star be used in the two observations, that the differences in 
the coefficients and constants of the equations may be as great as 
possible. 

If a collimator or a fixed mark be used instead of the second 
star, the equation {fi) becomes simpler. Since z^ — zi^z (sup- 
pose) ; and a^ — ai—a (suppose), the equation becomes 

X _^Ci — li cotan z — (c^ -f cotan z) 

cos « ^ 2 cotan z 


— cotang? 

2 cotan z 


1 

2 
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As the error of collimation in general is not subject to change, 
when its value has been well determined, its numerical value 
may be substituted in the equations given above, and the value 
of y only will have to be determined. Thus, in equation (a), 
let accented letters denote the circle-readings corrected for error 
of collimation. Then we shall have 

- ( GJ + A cQt — ( G! — Li cotan Zi — 

^ co tan + CO tan Zi 

When the values of both x and y have been well determined, 
they may be applied to all the observations which have been 
made, and the circle readings thus corrected and compared with 
the computed azimuths of stars whose positions are accurately 
known, will give the zero of azimuth. Finally, by the applica- 
tion of the zero of azimuth to all the concluded circle readings, 
the observed azimuths will be determined. 

In the observation of zenith distances, the only correction 
to be applied is the error of level corresponding to the want of 
verticality of the axis of azimuthal rotation. For the estimation 
of this error two levels are provided parallel to the j)lane of the 
vertical circle, and carried by one of the side cheeks of the re- 
volving frame ; but in theory it is only necessary to consider one. 

The only instrumental constant to be determined by obser- 
vation is the zenith-point, and the process is the following : 

Let the same well-known star be observed in reverse posi- 
tions of the vertical circle, and let and Ci be the circle read- 
ings including the level-indications (that is, the sum of readings 
of east and west scales), and let a be the zenith-point including 
that part of the level-indication which corresponds to the ver- 
tical position of the axis of rotation. Let also Z^ and Zi be the 
computed zenith distances subject to a small error e. 

Then true zenith distance, face right, 

and true zenith distance, face left, 

= cx Gi^ Zi e. 

Hence 2a — ( (7,. + Gij = ^ — iZ)., 

and a = 4 ( Ci) + {Zi — Z^. 
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CoJB* If a collimator mark be used, 

and a=i((7^+6i). 

When the zenith-point has been accurately found and ap- 
plied to the concluded circle readings of all objects observed, 
their apparent zenith distances will then be known, or the other 
element which it is the object of this instrument to observe. 

In a following section it will be shewn how these observed 
azimuths and zenith distances are to be converted into right 
ascensions and declinations. 



€IIAPTER III. 


ON THE TRANSFORMATION FROM ONE SYSTEM OP CO-ORDINATES 
DETERMINING THE POSITION OP AN OBJECT TO ANOTHER 
SYSTEM ; AND ON ITS APPLICATION TO THE EQUATOR AND 
ECLIPTIC. 


1. In the preceding chapter it has been shewn by what 
instruments and by what methods the position of a body on the 
sphere of the heavens is determined. These instruments are 
chiefly the meridian-circle (or its equivalents, the transit-instru- 
ment and mural-circle), the equatorial, and the altazimuth. 
The transit-circle determines with great accuracy the Right 
Ascension and North Polar Distance (or declination) of the 
object by observations made in the plane of the meridian, while 
the equatorial determines the same elements with less accuracy. 
These instruments therefore give elements referred to the equator 
as the fundamental plane. On the contrary, the altazimuth, or 
altitude and azimuth instrument, refers the positions of celestial 
objects to the horizon as the fundamental plane. It is plainly 
necessary therefore to be able to transform from one of these 
systems of co-ordinates to another. 

We will proceed therefore to shew how this transformation 
can be conveniently effected, premising that the inclination of the 
two fundamental planes, namely the equator and the observer’s 
horizon, is equal to the colatitude of the place of observation. 

2. Having given the zenith distance and azimuth of a star^ 
to find its hour-angle and north polar distance or declination. 
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Let the zenith of the place 
of observation ; P the north pole of 
the heavens ; and 8 the star, joined 
by arcs of great circles. Then is 
PZS its azimuth measured from the 
north point of the horizon (= Z ) ; 

ZP8 is the hour-angle (A) ; ZP is the 
co-latitude = 7; -^S^^the zenith dis- 
tance = z; and finally P8 is the 
N.P.D. = A. 

We may mention that the angle at 8 is called parallactic 
angU^ and its calculation is frequently required. 

We have now ZP=^^ angle PJ?S^= and^i8^=« given, 
to find ZP8 = h (the hour-angle), and P8 = A. 

First, we have, by a well-known property of spherical tri- 
angles, 

cot A = sin 7 cot z cosec Z — cos 7 cot Z. 

This gives the hour-angle immediately in terms of the 
azimuth {21) and zenith-distance {z). 

To adapt the formula to logarithmic computation, let cos Z 
= tan cotz, which equation is always possible, 

cot Jh = ^ (sin 7 cot z — cos 7 tan 6 cot z) 

_ cot z sin (7 — (fj 
~ siniT cos ’ 

where (f> is determined by the equation 

tan = cos Z tan z. 



Having determined the hour-angle (A), the N.P.D. (A) may 

be found from the equation 

. * sin z sin Z 

sin A = : — f — , 

sm A 

but, in cases where A is nearly equal to 90®, this equation 
would not give a correct result because the variation of the 
sine of an arc near 90® is so small. We must then use another 
equation; or we may divide the spherical triangle into two 


M. A. 


6 
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riglit-angled triangles by means of a 
perpendicular arc drawn from one of the 
angles on the opposite side, which is 
generally the most convenient method 
in practice. 

Thus, in the spherical triangle ZFS, 
draw SM perpendicular to ZP. 

Then cos tan ZM" cot 
or tan ZM = cos Z tan z, 

which gives the value of ZM. 



Also, 


MP=^y--ZM, 


and 

which gives MS. 
Finally, 
and 


cos MS = 


cos 5 ? 
cosZM’ 


cos A = cos MP cos MS, 
cot P= sin MP cot MS, 


which give A and the hour-angle (A). 

It needs scarcely be mentioned that if a be the Right Ascen- 
sion of the object, t the Sidereal Time of observation, and h the 
hour-angle, a = 15^ — A. 


3. Having given the N.P.D. and Hour-angle, to find the 
azimuth and zenith-distance. 

This can be done by the preceding formulae mutatis mu- 
tandis. 

Thus we have 

cot sin 7 cot A cosec A — cos 7 cot A, 

which can be adapted to logarithmic computation as before, by 
means of the auxiliary angle (f), by the equations 


tan^ = cosA tanA, 
cot A sin( 7 — 
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Also by dividing the triangle ZFS into two right-angled 
triangles as before, we have 

cos P =5 tan MP cot A, 
or tanilfP=cosPtan A, 

sin ZM = tan MS cot Z, 
sin MP=z tan MS cot P, 

whence tan Z— -r” ^^ tan P, 

sm ZM ^ 

and finally, cot = cos -Z' cot ZM. 

These are the formute used at Greenwich for the calculation 
of the Tabular Azimuths and Zenith-distances from the Eight 
Ascensions and North Polar Distances. 

4. Having given the errors of Tabular Azimuth and Zenith’^ 
distance^ to find the corresponding errors of Right Ascension and 
North Polar Distance. 

Let the observed values of Azimuth and Zenith-distance at 
the time t Z and Zy and the Tabular values be Z-^^ hZ and 
z + then are BZ and Sz the errors of Tabular Azimuth and 
Zenith-distance ; and it is required to find the values of Sa and 
SA in terms of them. 

Let the hour-angle be measured 
positively towards the west. Then h 
being the hour-angle, a the right 
ascension, and t the sidereal time of 
observation, and the other notation as 
before, a = 15t — A, and 8a=:— Sh. 

It will conduce to clearness if we 
consider the variations of the ele- 
ments separately. First then, let the 
hour-angle at P be increased by SPS\ 

(=Sa = — SA) in the accompanying 
figure. PS being equal to PS'y draw 
SM perpendicular to ZS produced. 

Then the zenith distance ZS (= z) 
is increased by SM^Bzy 

5—2 




88 TEANSFOMMATIOjS^ OF EMKOK^S Ulf' M.a. ai\u ly.r.u. 


and - 

= — 8A sin A sin ZBP 
= -I- Sa sin A sin >S. 


Again, the Azimuth measured towards the west is increased 
by the angle SZ8* 

^ Jlf/S^^ M^cosiSr 
sin z sin z 


or 


= + 


Sa sin A cos 8 
sin^ 




Sol cos 8 sin A 
sinis 


where the parallactic angle 8 is given by the equation 

. ct sin7BinA 

sin 8 = r . 

smz 

Secondly, let the N.P.D. alone vary, the hour-angle re- 
maining the same, and let it be increased by SA; then in 
the accompanying figure 

(/Sfif being perpendicular to ZS% and 88' = 8A) 
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= SA cos B. 

Finally, angle B'ZB — --hZ 

_ BM 

miz 

__ SB' sin 8 
^ sin z 

_ 8A sin S 
sin z ’ 


or the azimuth is diminished by 

8A sin 8 
sin z ^ 

corresponding to the increase of N.P.D., SA. 

Hence, if 8z and 8Z denote the whole increase of zenith dis- 
tance and azimuth, arising from the increase Sa of right ascen- 
sion and the increase 8A of N.P.D., we have 

Sz=^^ sin B sin A Sa + cos B SA, 

,nd 

Sin z sin z 


For the reduction of a large series of observations it is neces- 
sary to form tables for the coefficients of the variations, or for 
such parts of them as admit of being tabulated. Let then 


sin B —p, 


cos B = qj, 


cos 8 
sin z 


= r, and 


sin B 
sinz 


Then Sz =^—p sin A Sa + ^ 

and SZ= — r sin A Sa — 5 SA. 


Imagine now that, in the course of an evening, several ob- 
servations have been made giving distinct values of hz and SZ, 
then these values will differ from each other considerably, being 
functions of the position of the object with respect to the horizon 
of the place, while Sa and SA will, even for the Moon, remain 
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sensibly constant. Hence by addition we shall have the two 
following final eq[nations: 

2 {dz) = — 2 {p) sin A Sa + S ( 2 ) SA, 
and = (r) sin A Sa - S(s) SAj 


and their solution will give 


~ - sin A {t {p) tis)+t ( 2 ) t (/•)} ’ 


and 


. jS(r)S(g^)-S(^)S(8Z) 
SCp)S(«) + 2(2)S(r) • 


This is the mode of treatment applied to the observations 
of Zenith-distance and Azimuth of the Moon, made at Green- 
wich. 


6. Having given the Eight Ascension and North Polar 
Distance of a star or other heavenly body, to find its geocentric 
latitude and longitude. 

Without entering into any theory of the motion of the Sun 
(or rather of the earth round the Sun), the reader may take for 
granted, as has been previously stated at page 4, that his ap- 
parent motion is performed in a great circle (the Ecliptic) cut- 
ting the celestial equator at two points, named the vernal and 
autumnal equinoxes, distant from each other by 180®. 

We may repeat here that the inclination of the Ecliptic to 
the Equator is called the obliquity of the Ecliptic, and that the 
Great Circle passing through the poles of the Ecliptic and 
Equator is called the Solstitial Golure. 

The obliquity of the Ecliptic is not quite constant, but has a 
small secular inequality arising from the action of the planets, 
amounting to a diminution of about 50'' in a century. It is 
also affected by a periodical inequality, Nutation, to be treated 
of hereafter. Its values are tabulated for every ten days in the 
Nautical Almanac. 

Let TJf and TN be portions of the ecliptic and equator 
projected on the sphere of the heavens, and intersecting each 
other at the vernal equinox or First Point of Aries (T). 
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Let 8 be the position of a star referred to the equator and 
ecliptic by the great circles 8M and 8N perpendicular to them. 



Then is the longitude (Z) of the star, and 8N{\) is its 
latitude. In like manner Tif(=a) is its right ascension and 
8M{=^h) is its declination. Also the angle N^M is the obli- 
quity of the ecliptic (&)). 

Let angle and angle /8^Tlf=- 6^ 

Then in the triangle 8^M we have 
sin TJf = tan 8M cot 

or tan 6 = , which determines d : 

sin a 

also <^ = 0 — G>, 
and cos T/S = cos a cos 8. 

Finally, tan = cos 8^N tan ^8, 


or tan I — cob (f> tan T/S (a), 

and sinX = sin (f> sinTS^ (^). 


Or, we may obtain Z, in terms of a, S, and w, immediately, as 
follows : 

tan Z = tan ^8 cos StN 

= tan ^8 cos {8^M — w) 

= — (cos 8 VM cos CD + sin 8^M sin w) 
cos/STilf^ ' 

= tan a cos cd + tan 8tM sin cd tan a 

. . tanS . , 

= tan a cos ft) + — sin cd tan a 
sma 

== tan a cos cd + tan B sin cd sec a. 
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It will be still more convenient and analogical to consider, 
instead of the triangles given above, the triangle formed by the 
great circles joining the star and the poles of the equator and 



ecliptic. If, for instance, NS and MS be produced to tt and P, 
so that each become 90®, then w and P are the poles of the 
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ecliptic and equator. Join ttP, which is evidently equal to the 
obliquity {a>). 

Also PS = N.P.D. of the star = A = 90° — 8, 

*7rS == ecliptic polar distance of the star e = 90° — X. 
Angle PirS^dO^ ‘-l==^V, 
and angle irPS = 90° + a = a'. 


Hence immediately 


sin P _ sin 'irS 
sin 7r~" sinP/S^ 


cos a _ sin e 
cos I sin A 


( 1 ). 


Again, draw ttM' perpendicular to SP produced, 
then tan PJf ' = tan ttP cos ttPM' 


= tan (0 cos (180° — ttPS) 
= tan eo sin a, 
which gives the value Pilf ' (= ^8), 

and sin wil/' = sin irP sin P, 

which gives 7rM\ 

Also ^if=A + y8. 

Hence cos irS = cos wilf ' cos (A + ^), 
or cos € = cos ttM' cos (A + ^), 


which gives the ecliptic polar distance, and the latitude 
X = 90°-€, 


Finally, 


cos i = cos a 


sin A 
sine ’ 


b7 (1), 


which gives the longitude. Or, we may obtain the longitude in 
terms of the Right Ascension, North Polar Distance, and the 
obliquity immediately by a process similar to that used on 
page (65), and we shall have 

cot V = cot A sin a> cosec a — cos cd cot a', 
or tan I « tan 8 sinco sec a + cos to tan a, as before. 
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Of all the formulae here given for determining the longitude 
and latitude from the Eight Ascension and Declination, those 
given on page 71, and marked (a) and (^), are the most gene- 
rally useful for planetary computations. 


6. Having given the longitude and latitude of a heavenly 
body, to find the Eight Ascension and Declination. 

It is evident that the preceding formulae will apply to this 
problem by making to negative, and by replacing a and S by Z 
and and vice verad. 


Thus, from the formulae on page 71, we shall get 


tan 6 = 


tanX 
sin I ’ 


(j) ^ 0 Ck), 

cos = cos I cos X, 

tana = cos<^ tan^;8^ (7), 

and sin S = sin ^ sin * (S). 


It is not necessary to give the modifications of all the other 
formulae, as they will be useful exercises for the student. 


7. Having given the errors of tabular Eight Ascension 
and Declination, to find the corresponding errors of longitude 
and latitude. 

This is precisely similar to the problem for finding the 
errors of Eight Ascension and Declination from the errors of 
azimuth and zenith distance, but on account of the danger of 
having wrong signs in the formulae it will be desirable to discuss 
them separately. 

In the triangle ttPS let P and tt be, as before, the poles of 
the equator and ecliptic, and 8 the place of the body observed at 
the sidereal time t Then, as before, 7rP= 

angle jP7rfif=:90® — Z, 
angle 7rP^=s90® + a. 
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Let a + da, A + be the tabular B.,A. and N.P.D., 

and Z+SZ, e + & the corresponding computed longitude and 
ecliptic polar distance; while a and A 
are the observed E.A. and N.P.D., cor- 
responding to the computed longitude 
and ecliptic polar distance Z and e. 

First, to find the increments of Z and 
e, corresponding to the increment (Sa) of 
a, taken alone. 

In the figure let angle SFS' = Ba, 
and PS'=-PS. 

Draw S'M perpendicular to trS pro- 
duced. 


Then’ angle SttS' = 


S'M 

sine 

8S' cos 8 
sine 

sin A cos 8 
sin e 


Sa, 



and the angle PttS is diminished by this quantity, and there- 
fore, since iV/S = 90' — Z, Z is increased by the same amount, 
that is 

sin A cos 8 , 


SZ=' 


-Sa. 


Also 


sm e 

8M=- Be =88' sin 8 

= sin A sin SB». 


Again, to find the increments of Z and e, corresponding to 
the increment (SA) of A, taken alone. 
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Let S8\ in the adjoining figure, = SA, 
Draw perpendicular to 7rS\ 


Then -¥>»' = S€ = COSTS' aA, 


and angle MirS = hi 

^M8 

sine 


Bin 8 
sine 


aA. 


And it is plain that the longitude I is 
diminished by this quantity, since the 
angle Pit 8 = 90® — Z is increased. 


Hence on the whole, 

sin A cos /S ^ sin 8 
Slss : 8a — — aA, 


sme 


sme 


and . ae = sin A sin aa + cos 8 BA. 


If we were to find the values of aa and 
aA from the equations above in terms of 
hi and he, we should obtain 



^ sin € cos 8 . sin yS ^ 

aa= — -7—1 — az+ -r-^ae, 

sin A ' 


sin A 


and aA = — sin e sin 8 hi + cos 8 he. 


In the preceding expressions for hi and he, if it be required 
to incorporate the effect produced by an error hco of the obliquity 
of the ecliptic, this may be done as follows. 

Let Ptt be the true obliquity = <o (Pig. on next page) 
and Ptt' the tabular obliquity = o) + Sa. 

Draw irM perpendicular to ir'iS, 
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Then ir'M =Se^Seo cos Ftt^S 

= So) cos PttS nearly 
= cos rSo) 

= sin I Sa>. 

. . sin Ptt 8 _ sin {V -f SI) __ sin e 

sinPTrS ■“ smT sin (e + Se) ^ 

or, developing to the first powers, 

1 + cot V Sr = 1 — cofe Se, 

or tan I SI = + oot e x sin Z Sco ; 

SZ = + cot € cos Z c?a>. 

Hence on the whole we have 

« = SA + cote cos I Sm, 

Sin € sin € 

and Se = sin A sin 8 ScK.'h cos 8 8A + sin I So), 


Similarly, we should easily find 


Sa== 


sin € cos 8 
sin A 


8Z + 


Bin 8 ^ .A 
— T- Se — cot A cos a 
sm A 


S(W, 


SA = — sin € sin 8 SI + cos /S Se — sin a Sw. 
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8. On the motion of the Sun in the Ecliptic. 


As the ecliptic is the great circle in the heavens traced out 
hj the sun’s apparent path, and as the position of this funda- 
mental plane is therefore defined by his motion, it will be 
proper in this place to shew how the observations of the sun 
are applied to determine this position. 


In the preceding chapters it has been shewn how the transit- 
circle, (or the transit-instrument and mural circle) is applied to 
determine the Eight Ascensions and North Polar Distances or 
declinations of the heavenly bodies ; the right ascensions being 
measured from an assumed equinox (or which is the same thing, 
the stars used for determining the clock-errors being referred to 
an assumed equinox), and the North Polar Distances being 
deduced from the observed zenith-distances by the application 
of an assumed colatitude. In this way the Eight Ascensions and 
North Polar Distances of the centre of the sun can be deduced 
from the observations of transit of the first and second limbs, 
and the observations of zenith-distance of the upper and lower 
limbs, and his right ascensions thus deduced will be referred 
to the same equinox as that assumed for all other objects. But 
since this equinox is the point of the equator at which the 
centre of the sun is when his declination vanishes, it is evident 
that, observations of his declination at the time of the equinoxes, 
both vernal and autumnal, will furnish us with the means of 
accurately determining what error has been made in the assump- 
tion of the longitude of this point. Again, since the sun’s 
solstitial declination is equal to the obliquity of the ecliptic, it is 
plain that observations of the sun’s declination at the time of 
the summer and winter solstices will determine the error of the 
assumed obliquity. 

First, then, to determine the correction of right ascensions. 


Let S be the Sun near the ver- 
nal equinox T, TJf the equator, 

SM=8, the declination, 

'i'M = a, the right ascension, 
angle S'f'M = <o, the obliquity. 



Then sin a = tan 8 cot q>. 
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Let the observed values of S on successive days be substi- 
tuted in this equation, using an assumed value of © moderately 
correct, and let the corresponding values of a be calculated. 
Then a series of values of a will be obtained referred to the 
true equinox which can be immediately compared with the 
observed values of a, and the error of the assumed equinox 
wilrthus be known. 


Suppose now that either on account of a constant error in the 
instrumental zeros or of the refraction applied to the observed 
zenith distances the observed values of S should be in error, then 
to find the effect of this error on the computed right ascensions, 
we have only to differentiate the preceding equation. 


Thus cos a c7a = sec^S cot (o dZ — cosec®© tan 8 day, 
cot © tan 8 


and c?a = 




cos®S cos a cos®© cos a 


da) 


= (near the vernal equinox) cot © d8 very nearly. 

Let now observations be made near the autumnal equinox, 
when the right ascension is 180° — a. Then the error of 
180° — a, or — e?a = cot ©6?8, where the mean or average value of 
d8 will remain sensibly the same as at the vernal equinox, be- 
cause the meridian zenith distance is sensibly the same. Hence 
the errors of the computed right ascension near the autumnal 
equinox will be sensibly equal to the errors near the vernal equi- 
nox, but with a contrary sign, and therefore the mean of the 
errors will be very correctly the quantity which is to be used 
in correcting the place of the assumed equinox. This is the 
method which was used by Dr Maskelyne*. 


9. To find the obliquity of the Ecliptic. 

This must be done by observations of the Sun’s declination 
at the summer and winter solstice. 

At the transit over the meridian on any day very near the 
solstice, let the R.A. of Sun’s centre = 90® — a’, and let tbe cor- 
responding declination be 8. 

* See Maskelyne’s Star Ledgers (forming the Second Appendix to the Grreen- 
wich Observations for 1851) edited by the author. 
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Then we shall have 


and therefore 


. tan 8 


or cos a = 


tan 8 
tan© ’ 


1 — cos OL ^ « a' tan © — tan 8 

i7 = tan»- = - 


1 + cos a 


2 tan © + tan 8 

sin (© 8) 

sin (© + 8) 

sin© 


--.— 7 — suppose, 
sm (© + o) 

Hence sin © = © sin 1'' (since © is supposed to be small,) 
= tan^~sin (© + 8), 


and 


© = ' 


tan® — sin (© + 8) 
sin 1" 


where an approximate value of © must be used in determining 
the value of ©. 

If however the value of © were not known with any ap- 
proach to accuracy, a very few successive approximations would 
enable us to deduce its value very accurately from the same 
formula. 

We may however expand © in a series of sines of multiples 
of 8 without resorting to a solution depending on successive 
approximations. 

Thus we have tan © = 

cos a 

QV ■ .... Ml — • 

g2«.V^ ^ j COS a' ' + 1 ’ 

. s»V-i (1 + cos a') - (1 - cosQ 

* * ^ 1 + cos a' — (1 — cos a') 



POSITION OF THE ECLIPTIC. 


81 




...t-T 1 + COS «' 

= X ; — rrrrrr 




1 + COS a 


: e2«V^i X 


1 — tan® -- e~2svri 

1 — tan® 625V^ 

2 


or, taking the logaritlims, 

2 a)V— 1 = 2 SV --1 — (tan® —e-ss 4. J tan*~ 4- &c.) 

2 2 

a fi 

+ (tan® — essv-i ^ J tan* ^ + &c., 

55 , . s®' e2sV-i — e-28V-i , a' „ 

or Q) = S + tan®- — l-^tan* — ;== h&c. 


2 V-i 


2V-1 


= S + tan® — sin 2S + J tan* — sin 48 + &c. 
^ 2 


10. In the operations of a fixed observatory it is however 
desirable to apply to the correction of the equinox and of the 
obliquity of the ecliptic all the observations of the sun which 
have been made in the course of the year. For this purpose it 
is necessary to calculate the errors of ecliptic polar distance cor- 
responding to the errors of R.A. and N.P.D.’ of each observation 
by the equation Se = sin A sin Sa + cos S SA given in page 76, 
since it is evident that these errors applied to the assumed eclip- 
tic will enable us immediately to trace out the true ecliptic. 

Let S be the sun on the true ecliptic ; j 8 S' perpendicular to 
TSM: then SS' is the error (Se) in ecliptic polar distance of the 
sun. 



M. A. 


6 
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Let TT', perpendicular to EM, == x ; and let y be the differ- 
ence between the inclinations of EM and TJ/ to the equator EQ, 
or the error of the obliquity. 

The error he may be found by adding the errors due to x 
and y separately ; thus, if the obliquity does not vary, in which 
case (as is easily seen on examining the polar triangle of E^M), 
Tif = 90° nearly, 

88* = X cos ^8 = X cos Z. 

Similarly, if x were equal to 0, or obliquity only varied, we 
should find 

88* = y sin L 

Hence, he^x cos I -\-y sin 1. 

Since now the errors of the solar tables are very small, and 
the errors of R.A. and N.P.D. change but little throughout the 
year, it is usual to group their values for convenient intervals 
(generally in monthly groups) throughout the year, and then 
to compute the values of he which correspond to the mean day 
of each of these groups. The equations thence resulting are 
then solved either by the method of minimum squares or by 
some other method which will give values of x and y most in 
accordance with the truth, or least affected by the inevitable 
errors of the observations. 

There is, however, another circumstance to be regarded, 
namely, that on account of the imperfection of the best refraction 
tables used in the reduction of the observations and other causes, 
the value of the obliquity deduced from the summer solstice 
can never be made to agree with that deduced from the winter 
solstice, and, that this difference may not affect the values of x 
and y, it is necessary to introduce it as an unknown quantity 
into the above equations. 

We must then generally make the equation above take the 
form of 

he = x cos l + y sin 1 + z, 

and the value of z must be found simultaneously with those of 
X and y by the method of minimum squares. 

If we put now I = 90° and I = 270°, the values of he which 
depend solely on the error of obliquity will be 
y-\-z and — ^4-.^, 
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and, since increase of obliquity decreases the values of e at the 
northern solstice and increases them at the southern, the corre- 
sponding errors of obliquity will be 

and -(y-z), 

and the difference of these quantities is 2z, by which the obli- 
quity deduced from the northern solstice is greater than that 
deduced from the southern solstice. 

11. The following problems may be useful to the student. 

(1) To determine the obliquity of the ecliptic, and the 
absolute R.A. of a star, by two observations of difference of 
K.A. of sun and star, and of the sun’s declination. 

Let a and a be the observed differences of R.A. of sun and 
star ; S and S' the corresponding declinations of the sun’s cen^ 
tre ; a the E,.A. of the star. 

Then a + « and a -f a' arc the true right ascensions of the 
sun ; and we have 

sin (a + a) tan co = tan 8, 
and sin {a + a) tan co = tan S', 

or (sin a cos a + cos a sin a) tan (o = tan S, 

and (sin a' cos a + cos a sin a) tan eo = tan S'. 

Multiply 1st equation by sin a', and 2nd by sin a, and sub- 
tract; then 

sin {a — a) tan co sin a = tan S sin a — tan S' sin a, 

. . tan S sin a — tan S' sin a 

or tan co sin a = ; — j—. r . 

sin [a — a) 

Similarly we easily get 

^ tan S' cos a — tan S cos a 

tan (o cos a = ; — j—r r , 

sin (a — a) 

and therefore 

tan V (tan S sin a'— tan S'sina)®-!- (tan S' cos a— tan S cos a')® 

= sixi (cb — a) ^ ^ ^ ^ • 

6—2 
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(2) To determine the value of the obliquity of the ecliptic 
by the following results of observations of the sun made at 
Greenwich on the meridian : 


h. m. 


17, E.A. 

= 5.41.18-35 ; 

N.P.D. = 66.36.37-38 

18, ... 

5.45.27-75; 

34.56-63 

21, ... 

5.57.56-34 ; 

32.29-83 

22, ... 

6. 2. 5-90; 

32.27-89 

25, ... 

6.14.34-38; 

34.58-14 


Eeferring to the formula on page 80, 

2 a sin (ft) -I- S) 


X = tan^ 


assume g) = 23®. 27\30". 


2 sin 1" 


The calculations may be arranged as follows : 


8= 

23.23.22^2 

23.25. 3-37 

23.27.30*17 

23.27.32*11 

23.26. 1-36 

W — 

23.27.30 

23.27.30 

23.27.30 

23.27.30 

23.27.30 

3 + W = 

46.50.52*62 

46.52.33-.37 

46.55. 0-17 

46.5.5. 2-11 

46.62.31*86 

a' — 

li. m. s. 

+ 0.18.41*65 

h. 111. 8. 

0.14.32-25 

li. in. 8. 

0. 2. 3*66 

h. m. 8. 

-0. 2. 5*90 

h. m. 8. 

-0.14.34-.38 

a! 

2“ 

+ 0. 9.20-83 

0. 7.16-13 

0. 1. 1-83 

-0. 1. 2*96 

-0. 7.17-19 


^20.12*45 

1.49. 1*95 

0.16.27”-45 

-0.15.44-26 

-i.49.lf-85 

Log sm(a) + 3) 

9-86305 

9-86325 

9-86354 

9-86364 

9-86325 

Log tan ^ 

8-61074 

8-50143 

7-65287 

-7-66066 

-8*50248 

Again 

8-61074 

8-60143 

7-65287 

-7-66066 

-8*50248 

Ar.co. log sin 1" 

6-31443 

6-31443 

5-31443 

6-31443 

6*31443 

Sum 

2*39896 

2*18054 

0-48371 

0*49929 

2-18264 

X- 

% 4.10^9 

Vi31*55 

Vo. 3^5 

Vo. 3*16 

Vi32'-28 

8= 

23.23.22*62 

23.25. 3*37 

23.27.30*17 

23.27.32-11 

23.25. 1*86 

CO = 

23.27.33*21 

23.27.34-92 

23.27.33*22 

23.27.35-27 

23.27.34 14 


The mean of the values of g) is 23®.27'.34"*15. 
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It will be desirable to compute also the obliquity as deduced 
from the observations of the sun at the winter solstice. The 
Greenwich observations for 1859 give the following results : 


h. m. s. 

Dec. 15, E.A. = 17.29.39-60 

... 21, ... 17.56.17-29 

... 22, ... 18. 0.44-16: 

... 27, ... 18.22.57-52 


0 / n 

N.P.D. = - 23.16.35*18 
- 23.27.26-.S7 
-23.27.34*19 
-23.21.15*01 


The calculations are as follow : 


8= 

-&.16.35 

-2^27.26 

-23.27.34 

-2^27.15 

10 = 

-23.27.34 

-23.27.34 

-23.27.34 

-23.27.34 

(a + 8=. 

-46.44. 9 

-46.55. 0 

-46.55. 8 

-46.54.49 

a-l8'' = a' = 

m s. 

-30.20*40 

m. 8. 

7 3.42*71 

m. s 

+ 0.44*16 

m. 8. 

+ 22.57-52 

11 

-16.10*20 

- 1.51*35 

+ 0.22*08 

+ 11.28*76 


- ^47.3^0 

- 0.27.50"25 

+ 0. 5.31*2 

+ i5ill*4 

Log sill (w -f 8) 

-9*86225 

-9-86354 

-9-86355 

-9*86352 

Log tan “■ 

-8*82144 

-7-90837 

+ 7-20566 

+ 8*70008 

Again 

-8*82144 

-7-90837 

+ 7-20566 

+ 8*70008 

Ar. 00 . log sin l" 

5*31443 

5-31443 

5-31443 

6*31443 

Sum 

-2*81956 

-0-99471 

-9*58930 

-2*57811 

" x- 

- 11. 0*03 

d. 9-88 

d. 0-39 

6.18*54 

8= 

-23.16.35*18 

-23.27.26-37 

-23.27.34-19 

-23.21.15*01 

8+a;=w=: 

-23.27.35-21 

-23.27.36-25 

-23.27.34*58 

-23.27..33-55 


Hence the mean value of to is 23°. 27'. 34"*90, which is 
greater than that given by the summer solstice by 0"*75. 

If now the reader will refer to the Greenwich Observations 
for 1859, page 51, he will find that, by the discussion of the obser- 
vations of the whole year in the way which has been previously 
explained, the excess of the result of the southern solstice above 
the northern, is l"*366. 
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(3) To determine the error of the equinox assumed in the 
reduction of the Gireenwich transit-observations of 1859, by- 
observations of the sun after the vernal equinox and before the 
autumnal equinox. 


Take the following observations : 


March 22, E.A. 

h. m. 8. 

= 0. 4.58-54; Declination = 

0 ! U 

+ 0.32.21-17 

... 25, ... 

0.15.52-86; 

1.43.14-40 

... 29, ... 

0.30.24-78 ; 

3.17.10-14 

... 31, ... 

0.37.41-18 ; 

4. 3.47-03 


Sept. 12, K.A. = 11.20.10-34 ; -t- 4.17.29-42 

... 13, ... 11.23.45-50; 3.54.34-14 

... 20, ... 11.48.53-13; 1.12.15-79 

... 22, ... 11.56. 4-11; 0.25.34-78 


Computing now by the equation sin a = tan S cot w, we may 
arrange the computations as follows, making w = 23'’.27'.34''. 


For Vernal Equinox. 


• 8= 

4- 0.32.21-17 

4-1.43.14*40 

+ 3.17.10"l4 

4-4. k47*03 

Log tan 8^ 
Log cot w - 

+ 7-9736512 
0-3625393 

+ 8-4777047 
0-3625393 

+ 8-7590414 
0-3625393 

-f 8-8514600 

0-3625393 

Log sin a= 

4-8*3361905 

4-8*8402440 

+ 9-1215807 

+ 9-2139993 

a= 

i.14.33^52 

^58. 9*48 

7.36.10"40 

9*25.14-31 

= 

h. m. s. 

0. 4.58*23 

h. m. 8. 

0.15.52-63 

h. m. s. 

0.30.24*69 

h. m. 8. 

0.37.40-95 

Observed value = 

0. 4.58*54 

0.15.52-86 

0.30.24-78 

0.37.41-18 

Error of observed 
value.... 

4-0*31 

4-0*23 

4-0*09 

4-0*23 


And the mean of the errors is •+ 0"-21. 
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For Autumnal Equinox. 


8= 

+ 4.17.29“42 

+ 3.64.34d4 

+ 1.12.15*79 

+ 0.26.34-78 

Log tan 8^ 
Log cot « = 

+ 8*8753002 
0*3625393 

+ 8*8346714 
0*3625393 

+ 8-3227071 
0-362.5393 

+ 7-8716290 
0-3625393 

Log sina = 

+ 9*2378395 

+ 9*1972107 

+ 8*6852464 

+ 8*2341683 

a'-=180«-a- 

9.57.27"02 

a 3.37*25 

2 46.36*35 

6.58.56*84 

a — 

h m. 8. 
11.20.10*20 

h. m. s 

11.23.45*52 

h ni. s. 

11.48.53*58 

h. m. s 

11.56. 4*21 

Observed value = 

11.20.10*34 

11.23.45*50 

11.48.53*13 

11.56. 4*11 

Error of observed 
value.... 

+ 0*14 

-0*02 

-0*45 

-0*10 


And the mean of the errors is - 

Then, taking the mean of the resulting errors for the vernal 
and the autumnal equinoxes, we get for the true eiTor of the 
equinox by which the assumed right ascensions of all the 
Greenwich clock stars are too large, +0*'05; or the right 
ascensions of all objects observed with the transit instrument 
must be diminished by 0*'05. 
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ADDENDUM TO CHAPTER III. 


Thebe are many cases in which it is necessary to find rela- 
tions connecting the angles which determine a star’s place with re- 
ference to one plane, with those which determine it with reference 
to another : for instance, to connect the right-ascension and declina- 
tion of a star with its latitude and longitude; or its right-ascen- 
sion and declination with reference to the position of the equator 
at a given time, with the same referred to the position of the equator 
at a subsequent time (as in Precession and Nutation, Chapter vii). 

The following is a systematic method of finding such relations, 
which will often be found very useful. 

Let 0 be the centre of the celestial sphere ; xy, xy' the two planes 
of reference : Ox being their line of intersection ; and let z, be the 
poles of these planes, and the great circle ^zyy meet them in 2 ^, y \ 
then Ox^ Oy, Oz'^ Ox, Oy, Oz' are two rectangular systems. 


z' 



Let S be any star; zSN, z'SN' arcs through 8 perpendicular 
to xy, xy ' : SN = 6, xN = ^ ; SN' = , xN' = ; and let the angle 

between the planes xy, xy' = < 0 . 
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Then the co-ordinates of S referred to the two sets of axes are, if 
we put the radius of the imaginary celestial sphere equal to unity, 

05 = cos 0 . cos 'I [■ cc = cos 0' . cos 

^ = cos 0 . sin ^ > and \y - cos ff . sin 
» = sin 0 J I « = sin 0'. 

If, now, we wish to transform from the lower plane to the upper, we 
have by transformation in the plane yz^ 

y -y* cos (0 — sin w, 

« = y sin (I) + »' cos Cl), 

hence, we have the system of equations, 
cos 0 . cos ^ = cos 0^ . cos <^', 
cos 0 . sin = cos ff . sin cos co — sin 0' . sin co, 
sin 0 = cos 0' . sin sin co + sin 0' . cos co. 

Only two of these three equations are independent, for if we 
square and add, we get an identity; they give 0 and in terms of 
0', : if we wish to get ff and in terms of 0, we find by the 

same process 

cos ff . cos = cos 0 . cos c^, 
cos ff . sin = cos 0 . sin . cos co + sin 0 . sin co, 
sill ff = — cos 0 . sin . sin co + sin 0 . cos co, 

derivable from the other set by changing the sign of co; this last set 
serves to transform from the upper plane to the lower. 

The student will have no difficulty in applying the above method 
to any particular case. 



CHAPTEE IV. 


ON TUB PHENOMENA ARISING FROM THE DIURNAL 
ROTATION OF THE EARTH ON ITS AXIS, AND ITS 
ANNUAL REVOLUTION ROUND THE SUN 


It has been sufficiently explained that the Sun appears to 
describe in the heavens a great circle called the ecliptic, and 
that the inclination of this great circle to the celestial equator is 
called the Obliquity of the Ecliptic ; and also that the shifting 
points of intersection of this ecliptic with the Equator are 
called the First Points of Aries and Libra, or the Vernal and 
Autumnal Equinoxes. 

1. It may in addition be mentioned that ancient astro- 
nomers supposed the Ecliptic or Sun’s apparent path to be 
divided into twelve equal parts called Signs of the Zodiac, 
named in the order of the Sun’s course, Aries, Taurus, Gemini, 
Cancer, Leo, Virgo, Libra, Scorpio, Sagittarius, Capricornus, 
Aquarius, Pisces. 

The great circle also which is drawn through the poles of 
the Ecliptic and Equator, and is therefore perpendicular to 
each of them, is called the Solstitial Colure (see page 70) ; and 
the seasons at which the Sun in his annual circuit passes this 
great circle are called the Summer and Winter Solstices. This 
is usually expressed by saying that the Sun has entered Cancer 
and Capricornus. 

2. The most important astronomical fact which has its 
origin in tlie Sun’s motion in the Ecliptic, is the succession of 
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the different Seasons of the Year. These we will take in their 
order, commencing with Spring. This season is defined by 
the passage of the Sun through the first point *of Aries, or the 
Vernal Equinox. At this time, therefore, the Sun is in the 
equator, or his North Polar Distance is equal to 90®. 

To find the effect of this on the length of the day, let, gene- 
rally, z he the zenith distance of the Sun on any day at the 
time t before or after the meridian passage, 7 the colatitude, and 
A his North Polar Distance. 

Then we shall have 

, , cos ^ — cos 7 cos A 

cos 15 « = ; r—r . 

sin 7 sin A 

Tf therefore 2; = 90®, 

cos ^ — cot 7 cot A, 

which gives the hour-angle of the Sun or 
other body at rising or setting, when the. 

Polar Distance is A and the colatitude S 
is 7. 

If now A = 90®, or cot A = 0, then cos ^ = 0, or ^ = 6 hours. 
That is, for all places on the earth, at the Vernal Equinox, the 
length of the day, measured from sunrise to sunset, is twelve 
hours ; and is therefore equal to the length of the night. Hence 
the origin of the term Equinox. The same is evidently true of 
the Autumnal Equinox, when the Sun enters Capricorn. 

3. Again, referring to the equation 

cos 15^ = — cot 7 cot A, 

we see that cos 15^ will be negative, when 7 and A are both 
greater or both less than 90®, and positive, when one of them is 
greater and the other less than 90®. 

First then, let 7 be less than 90®, which is the case for all 
places having north latitude, then cos 15 1 will be negative when 
cot A is positive, or when A is less than 90®. That is, the time 
between sunrise and noon, or between noon and sunset is greater 
than six hours, or the whole length of the day is greater than 




SEMI-DIURNAL ARC. 


twelve hours, that is, the days are longer than the nights. This 
corresponds to the half year commencing with the vernal and 
ending with the autumnal equinox. Similarly, it may be proved 
that for the remaining half year, that is, from the autumnal to 
the vernal equinox, the nights are longer than the days. It 
may be proved in like manner that, for places having south 
latitude, the days are shorter than the nights between spring and 
autumn, and longer than the nights between autumn and spring. 

4. The hour-angle, at rising and setting, of any celestial 
object is called the Semi-Diurnal Are, and the same reasoning 
which has been used with respect to the Sun may be applied to 
the stars, excepting that their semi-diurnal arcs are constant 
and have no relation to the seasons of the year. 

Example. For the Oxford Observatory find the length 
of time during which a Aquila is above the horizon on Dec. 17, 
1861. 

Here A = 81°.29'*5, and 7 = 38M4'*5, 

log cot A = -l-9’17493 
log cot 7 = + 0-10342 

— log cos 15 ^ = -t- 9*27835 
15 ^ (in arc) = 100®. 56'-5 
t in time = 6^.43“-8 
2e = 13 ^ 27”^*6 


5. Recurring again to the equation 

cos 15 ^ — cot 7 cot A, 

we see that, since the limiting value of cos 15 ^ is unity, the 
limiting value of cot 7 cot A is unity. That is, cot 7 = tan A, or 
A = 90® — 7 . If A be less than this value, the star or other 
object will not set at all. Applying this to the Sun, since the 
least value of A occurs at the summer solstice (for North lati- 
tudes) and is equal to 66 ^®, nearly, the value of 7 , for which at 
the summer solstice the Sun just grazes the horizon, is 23 ; 
and if with this radius a small circle be described round the 
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North Pole on the earth’s surface, it is called the Arctic Circle. 
For places within this circle there will be a portion of the year 
on each side of the summer solstice when the Sun does not set, 
and a portion on each side of the winter solstice when he does 
not rise. 

Similarly, a circle drawn round the South Pole of the earth 
with the same radius, 23^®, is called the Antarctic Circle, and, 
for places within this circle, the Sun does not set for some time 
near our midwinter, and does not rise for some time near our 
midsummer. 

6 - Again, since on the meridian we have generally « = A — 7 
[z being reckoned towards the South), the Sun will always be 
south of the zenith on passing the meridian as long as A is 
greater than 7 , A and 7 being always reckoned from the North 
Pole, and north of the zenith as long as A is less than 7 . 
Now for the Sun the smallest value of A is 66 ^®, and therefore 
for all places in North latitudes greater than (that is, for 
which 7 is less than 66 ^®) the Sun passes the meridian at mid- 
summer South of the zenith, and for all places in North latitudes 
less than 23j° (that is, within the Tropics) the Sun passes North 
of the zenith. If 7 = A = or the latitude be 23 the Sun is 
vertical at midsummer, and if a small circle be drawn through 
a point having this latitude parallel to the equator, it is called 
the Tropic of Cancer. Similarly, a circle drawn parallel to the 
equator, and South of it, at the same distance, is called the 
Tropic of Capricorn, because the Sun having been vertical over 
these circles at midsummer and midwinter respectively, then 
turns or goes back again. 

7. Since generally 

cos iS = sin 7 sin A cos h + cos 7 cos A 

{h being the hour-angle), cos 2 ? will have its greatest or maxi- 
mum value when cos A = 1 , that is, when A = 0 , or the object is 
on the meridian, and therefore z will have its minimum or least 
value. This however is true only on the supposition that the 
N.P.D. is sensibly constant, as in the case of the stars. If the 
object observed be on the contrary a planet, this is not strictly 
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true, and, to find the minimum value of z we must differentiate 
the preceding equation, considering A as variable as well as 7^ 
and z. 


dz , , . 

Thus we have — sin ^ ^ ^ 


+ sin 7 cos A cos 1i 


dh 


— cos 7 sin A 


eZA 

'M 


and therefore 


=.0 (since ^ is a minimum), 


JA 


sin A = — (cotan 7 — catan A cos h) ^ ; 

tZA 

where ^ is the change of N.P.D. corresponding to the change 

of hour-angle dh. Thus dh being expressed in arc, if it repre- 

cZA 

sent a second of space, then is the change of N.P.D. in 

one-fifteenth of a second of time. Now, since even in the 

case of the moon, is a small quantity, we may in this equation 
replace sin A by A sin 1", and* cos A by unity, and we then get 

^7A 


A sin 1" = — (cot 7 — cot A) 
or expressed in seconds of time. 


dh ’ 


= - ^ (cot 7 - cot A) - ^ 

15 sin 1" ' dh 


Example. Take the case of the meridian transit of the 
moon at Greenwich, on Dec. 17, 1861. 

From the Section of Moon Culminating Stars in the Nautical 
Almanac, we get 

A = 66°. 38', 

also 7 = 38”. 31', and .-. A -7 = 28”. 2'. 
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Also variation of N.P.D. in an hour of longitude = + 229'''9 ; 
and hence, very approximately, 


rfA 229"-9 

iA “■'■15x60*60 


+ 0"-003702. 


. . ^ ^ . Sin A cos 7 — cos A sin 7 

Again, cot 7 — cot A = — i — ^ 

° ' sin 7 sin A 


sin (A — 7 ) 
sin 7 sin A ‘ 


Hence Log sin (A — 7 ) = 9*67208 

Ar. CO. log sin 7 = 0*20569 

Ar. CO. log sin A = 0*03744 

- Ar. CO. log 15 = - 8*82391 
Ar. CO. log sin 1'' = 5*31443 

Log *003702 = 7*56844 


- Log 4r*9 = - 1*62199 


Hence tlie moon’s altitude* is greatest at 41®*9 before the 
transit over the meridian. 


8 . To find the azimuth when the change of altitude of a 
star in a given time is a maximum. 

As before, taking the equation 

cos ^ = sin 7 sin A cos h + cos 7 cos A, 

and differentiating with respect to A, z and h being the only 
variables, we have 


sin ^ ^ = sin 7 sin A sin k, 


or, if the angle ZSP=Pf since 
sin z sin JO = sin h sin 7 , 
dz , . , 

sin « ^ = sin A sin z sinp, 


dz ... 

or ^ = sin A sin j; ; 




CHAPTEE V. 


ON TIME. 


!• Ik the preceding chapters we had occasion to speak of 
and to define sidereal time (page 7), and to employ the notion 
of it freely in all problems relating to the diurnal motion. It 
is however desirable that, before proceeding farther, a chapter 
should be devoted to a more correct and detailed consideration 
of time in general. We will, therefore, recapitulate what has 
been already said on the subject, and give such other definitions 
of the sensible measures of time and of its subdivisions as are 
necessary. 

Time, without regard to any sensible measures of it, is called 
duration. It is difficult, however, to obtain practically any dis- 
tinct notion of it without defining it by the successive epochs 
of events or phenomena, and, of the latter, celestial phenomena 
are the only ones which are adapted to our daily wants. The 
first and most important measure of time is that immediately 
derived from the rotation of the earth on its axis, or the 
apparent revolution of the sphere of the heavens. The time of 
one such revolution is called a Sidereal Day^ as has been before 
mentioned (page 7). The second unit or measure is derived 
from the revolution of the earth in its orbit, and the time of 
one such complete revolution, measured from the epoch of its 
leaving a fixed point in the heavens and returning to it again, 
is called a Sidereal Year. The natural units of time, therefore, 
are a Sidereal Day and a Sidereal Year. 
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2. But, for all civil purposes, the apparent motion of the sun 
in the heavens gives much better units for the measure of time, 
and it will be necessary to find the relation between these units 
and those before defined, or between Solar Time and Sidereal 
Time. 

Let then a solar day be defined to be the interval which 
elapses between two transits of the sun over the meridian or 
over any other declination circle. Then, since by his apparent 
orbital motion from west to east (arising from the earth’s real 
orbital motion), that is, in the direction contrary to the diurnal 
motion, he describes in the course of one yearly revolution the 
whole circuit of tlie heavens, namely 360", it is plain that if n 
be the number of sidereal days in a sidereal year, the number of 
solar days will be w — 1 ; or, the length of a mean solar day 
will be to the length of a sidereal day as n \ n — l) a mean 
solar day being defined to be the mean of the intervals between 
the sun’s leaving any meridian and returning to it again. 

Sidee, however, the recurrence of the seasons of the year, 
spring, summer, autumn, and winter, depends on the time which 
elapses between the passage of the sun through the vernal equi- 
nox and his return to it again, and since this time (measured 
either in sidereal or mean solar intervals) is, as we have seen in 
Chapter ill, most easily observed, this interval of time, which is 
called the Tropical Year, is used as the basis of all reckoning 
of time. If now the Vernal Equinox, or the first point of Aries 
were a fixed point, the Sidereal Year and the Tropical Year 
would be of precisely equal length, but, since this is not the 
case, the equinox moving contrary to the order of the signs 
along the equator at a mean rate of 50" *22 4 per year (called the 
annual processional motion), it is plain that the tropical year 
will be shorter than the sidereal year by the time taken by the 
sun to describe the processional arc 50"'224. 

By the best and most recent discussions it has been found 
that the length of the tropical year, that is, the time which 
elapses between two successive transits of the sun through the 
vernal equinox, is 366*24222 sidereal days. Measured in mean 
solar days therefore, the length of the tropical year is 365*24222 
days, or 365‘*.5\48“.47“*808. 


7—2 
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EQUATION OF TIME. 


For the purpose of reasoning more accurately on solar time, 
it is usual and convenient to compare the sun’s motion with that 
of a fictitious sun, which is supposed to move with a uniform 
velocity in the equator, with the real sun’s mean motion in 
right ascension or longitude. 

Let L he the right ascension or longitude of the fictitious 
sun at the commencement of the time and jm its mean daily 
motion ; then its right ascension a at the time t will he 


where 


oc — L 

360® 




365.24222 


= 59\8"-33. 


The mean day begins for any place when this fictitious sun 
is on the^ meridian, or when the sidereal time is equal to its 
longitude, or to the mean longitude of the real sun, and is 
reckoned astronomically from 0^ to 24% or from mean noon to 
mean noon. 

Let now a' he the right ascension of the real sun at the 
time I its longitude, and (o the obliquity of the ecliptic. We 
have thus 

tan d = cos o ) . tan 1. 


And, by trigonometrical expansion, 

o! — tan® ~ sin \ tan* ^ sin Al - &c., 
where I is of the form 

Z = L + + f, 

f being a periodical function of the sun’s longitude, and there- 
fore a' — a = ? — tan® ~ sin 2Z + ~ tan* — sin 4Z ~ &c. 

2 2 2 

This quantity is called the Equation of Time^ and, if it is 
positive, then the mean sun precedes the true, or mean noon is in 
advance of apparent noon; but, if it is negative, mean noon 
follows apparent noon. 

The Equation of Time vanishes four times in the year, 
namely, on April 14, June 14, August 31, and December 23, 
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or on the day following these days. In the first period, or from 
April 14 to June 14, mean time is after apparent time; and 
the same is true in the third interval, or from August 31 to 
December 23. In the other two intervals, namely, from June 
14 to August 31, and from December 23 to April 14, mean 
time precedes apparent time. The Equation of Time is given 
primarily in the Nautical Almanac, and generally in common 
almanacs for every apparent noon. 

3. The proof of the' proposition that the Equation of Time 
vanishes four times in the year must be deferred till we consider 
the theory of the Sun’s motion, but that part of the equation 
which depends upon the obliquity of the ecliptic may be dis- 
cussed here. 

Let 8 be the sun, supposed to 
move uniformly in the ecliptic, 
and D its plane referred to the 
equator by the perpendicular arc 'v" 

8D, 

Take Tdf = ^8 ; then TJf is the right ascension of the ficti- 
tious sun and Ti) of the real sun, and DM is the part of the 
Equation of Time resulting from the obliquity. 

Now sin TZ) = sinT^Sil . sin thus, sinTZ> is generally 
less than sinT/S. 

Hence, in the first quadrant, or from the spring equinox to 
the summer solstice, since T/S and are both less than 90®, 
TZ> will be less than ^8 ox TJf, or the mean sun’s K.A. is 
greater than that of the real sun ; that is, tlie true sun precedes 
the mean sun. At the summer solstice ^8 or Ti/'=90®, and 
therefore = 90®, and the equation vanishes. In the second 
quadrant T/S and ^D arc both between 90® and 180®, and hence 
TD will be greater than ^8 or TJ/, and the mean sun will pre- 
cede the true sun. At the autumnal equinox ^8 = 180®, and the 
mean and true suns coincide again. Similarly, it may be 
proved that from the autumnal equinox to the winter solstice, 
the true sun precedes the mean ; that they coincide at the winter 
solstice ; and finally, that from this time to the vernal equinox, 
when they again coincide, the mean sun precedes the true. 
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4. To transform Mean Time into Sidereal Time, and vice 
versa. 

Since 365*24222 mean solar days are equal to 366*24222 si- 
dereal days ; 

365*24222 

one sidereal day = — mean solar day 

= a mean solar day — _ - ^ ■ of a mean solar day 
== a mean solar day •- 3”^.55®*909 mean solar time. 

And a mean solar day = g0^;24222 

5= a sidereal day + of a sidereal day 

= a sidereal day + 3”'.56®*555 sidereal time. 


Let then, for any given instant at a given place, t be the 
sidereal time, and m the mean solar time, and let T be the value 
of t when m = 0, that is, for mean noon. Then t-- T is the 
sidereal interval corresponding to the mean solar interval m. 


TT u rn\ 24** - 3"^.55«*909 

Hence m= {t-~ T) x ^ , 


and 


t= T+m X 


24'^ + 3“ 56«*555 
24 *^ 


94 .^ — 

The value of 1 jP-? .. is 0*9972695, 


X r 24** + 3“ 56“*555 . , ^ 

and that of is 1*0027379. 

24 


And, in the Nautical Almanac are given tables of the values 
of 0*9972695 x t and 1*0027379 x t for every hour, minute, and 
second in the day. There is also given in page i of each 
month of the Nautical Almanac the mean sun’s right ascension 
at mean noon of each day, or the sidereal time at mean noon ; 
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6. On the Calendar, 

We have seen that the tropical year consists of 365*24222 
mean solar days. As this involves a fraction of a day it is 
not convenient for civil purposes, which requires that the 
year should consist of an integral number of days or assumed 
units. But, since the fraction 0*24222 is very nearly 0*25, or 
one quarter of a day, if three successive years be assumed to 
be of the length of 365 days, and the fourth year of the length 
of 366 days, the reckoning will come nearly right every fourth 
year. This was the correction of the calendar made in the time 
of Julius Caesar, and was therefore called the Julian Correction, 
By this reckoning, however, the assumed tropical year was too 
long on the average by 0^^*00778, so that in the course of 1000 
years the accumulated error would amount to nearly 8 days, by 
which, at the assumed equinox, the sun would have really passed 
it. To correct this error. Pope Gregory the Thirteenth, after con- 
sulting with eminent astronomers of his epoch, published a bull 
in the year 1582, ordering that for civil purposes the nominal 
5th of October of that year should be called the 15th of October, 
and that for the future three bissextiles or leap-years (that is, 
years consisting of 366 days) should be omitted in every 400 
years. The leap-years or bissextiles are those which are divi- 
sible by 4, and the Gregorian correction consists in considering 
all years completing centuries as common years, excepting those 
for which the century itself is divisible by 4. Thus the years 
1700, 1800, and 1900 are common years of 365 days, but the 
year 2000 will be a bissextile or leap-year. Thus, instead of 
intercalating 100 days in 400 years. Pope Gregory intercalated 
97 days in 400 years, or the year consisted of 365^^ = 365*2425 
days. The true length, therefore, being 365*24222 days, the 
error is only 0*00028 days per year, and will amount to rather 
more than a day in 4000 years. 

It is almost needless to add that the intercalation of the day 
for keeping the calendar right is made in February, this month 
in ordinary years having 28 days, but, in leap-years, 29 days. 
The Gregorian Correction is adopted in almost all Christian 
countries (though Russia still uses the old as well as the new 
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style), T)ut it was not adopted in tliis country till the middle 
of the last century. 

7. On the determination of sidereal or mean time ly olser- 
vation. 

In a fixed observatory, furnished with a transit-instrument, 
the determination of time is effected immediately (as has been 
explained at page 31) by the comparison of the clock-time of 
transit of certain well-known stars or of the sun with their 
tabular right ascensions, these right ascensions being equal to 
the sidereal times of their transit across the meridian. The 
error of the clock at any instant is therefore the difference of the 
clock-time of transit of the object observed at that instant, and 
of the right ascension of the object. The rate of the clock, or 
its loss or gain in 24 hours, will also be found by comparing its 
errors thus found on successive days or other intervals of time. 

When the enrors and rate of the transit-clock have been thus 
determined, the errors of all the other clocks in the observatory, 
whether they be sidereal or mean solar clocks, can be found by 
comparing them together by the intervention of a mean solar or 
sidereal chronometer. 

Example. At Oxford on June 9, 1862, 10’* M.T., the tran- 
sit-clock and the heliometer-clock were compared by means of 
a mean solar chronometer. The simultaneous readings of each 


clock and the chronometer were as follows : 

h. in. 8. 

(Time by transit-clock 15.41.35’0 

1 Corresponding time by chronometer 10.29. O’O 

{ Time by hcliometer-clock 15.43.21-8 

Time by chronometer 10.31. O'O 


The transit-clock was at this time 2'*00 fast. 
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Then the computation will stand thus : 

h. m. a. 

Time "by chronometer (1st comparison) 10.29. 0*0 


„ „ (2nd „ ) 10.31. 0*0 

Mean solar interval 2. 0*0 

Correction to sidereal interval 0*33 

Sidereal interval 2. 0*33 

Time by transit-clock 15.41.35*00 

Sum 15.43.35*33 

Transit-clock fast 2*00 

Sidereal time at comparison of helio-) qq.qq 

meter-clock J 

Time by heliometer-clock 15.43.21*80 

Heliometer-clock slow 11*53 


Sometimes, even in a fixed observatory, a succession of cloudy 
days may prevent objects suitable for the determination of time 
from being observed on the meridian. If (as at Greenwich) 
there be an altitude and azimuth-instrument, the time can be 
determined by means of the observed zenith-distance of a known 
star with very great accuracy. 


Thus, as usual let P be the pole, ^ the 
zenith, and JS tlie star, (the colatitudc) 
= 7 , Z8 = Zy and P8 = A. 


Then we have 



which will give the hour-angle P (supposed 
west) expressed in arc, and the correspond- 
P 

ing angle ” expressed in time. Hence, if 



t be the sidereal time, and a the assumed or tabular right ascen- 
sion of the star, 15^ = P + a, and this, compared with the clock- 
time of observation, gives the error of the clock. 



110 ERROR OF TIME GORRESPONDINO TO ERROR OF Z. D. 


8. To find the error in time produced by a given error in the 
observed zenith-distance. 

cos z — cos 7 cos A 

Here we have cosP = ; ; 

sm 7 sin A 


sinPSP = 
or SP = 15Si- 


sing hz 
sin 7 sin A ’ 

sing Sg 


or 




sin 7 sin A sin P 

• sin g hz 
sin 7 sin Z sin z 

Sz 

sin 7 sin^’ 

Sg 1 


15 sin 7 sin 

Hence the error in time is the least when sin Z is greatest, 
or when Z = 90®, that is, when the object is on or very near the 
prime vertical. 


9. The time may also be found, when the latitude is known, 
by equal altitudes of the sun or of a star, taken with a sextant 
or an altitude and azimuth-instrument before and after the meri- 
dian passage. 

If the object observed be a star, whose declination does not 
change between the observations, half the sum of the observed 
clock or chronometer times will be the time of the star’s transit 
across the meridian. If the clock or chronometer keep sidereal 
time, the difference between this mean and the star’s right ascen- 
sion will be its error. If it keep mean solar time, the sidereal 
time of the star’s transit, that is its right ascension, must be 
converted into mean time, and this, compared with the mean of 
the observed times, will give the error. 

In general the chronometer will not keep exactly either 
mean or sidereal time, or it will have a rate. Supposing this 
rate to be approximately known, it will be necessary to apply it 
to the interval between the first and the second observation to 
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obtain the true interval in sidereal or in mean time ; or, to increase 
or diminish the second observation by the amount of the losing 
or gaining rate in the interval, before taking the mean, to obtain 
the time of meridian passage. 

If the object be the sun, it will change its declination in the 
interval between the morning and evening observations. To cor- 
rect for this, let z be the zenith-distance observed morning and 
evening, h the sun’s morning hour-angle, and li the evening 
hour-angle, corresponding to « ; A the N.P.D. in the morning, 
A' in the evening, and 7 the colatitude. 

Then cos ^ = sin 7 sin A cos h + cos 7 cos A, 
and cos 2; = sin 7 sin A' cos Ti + cos 7 cos A' ; 

0 = sin 7 (sin A cos h — sin A' cos li) -f cos 7 (cos A — cos A'). 

Let = A + 

and A’ = A + SA, 

then, neglecting second powers, 

0 = sin 7 {sin A cos A — (sin A + cos A SA) (cos — sin h SA)} 

4- cos 7 {cos A — (cos A — sin A 5 A)], 


or 

0 = sin 7 {sin A sin A SA — cos A cos A SA} + cos 7 sin A SA ; 

SA = — ; — 7 (sin 7 cos A cos A — cos 7 sin A), 

sin 7 sin A sm A ^ 

or, if ht be, in time, the correction to the afternoon hour-angle, 

T (cot A cos A — cot 7). 

15 sin A ^ 

Let now T and T' be the chronometer-times of observation, 

a and a the corresponding right ascensions of the 
sun, 

X the error of chronometer (slow) supposed without 
rate. 
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Let also 


and ® ~ t;- • 

15 

* Then !rH-a;==a — 

and T -ha? = ot 1 = ot 

T + T+2x=:a' + 0L+St; 

a' 4- a T + T St 

~ 2 2 '^2 

a -h (X. T'-yT 8 a / X \ 7 4 . \ 

= 2- + W^h ^ 'y)- 

If the chronometer has a losing rate, we must add the pro- 
portional part of it corresponding to the interval T' — T to the 
value of X for the afternoon observation. Let this be r, then 
we shall have 

T+ r+2aj + r = a + a + 8^, 

a'+a r+r r . ht 
” 2 2+2- 

If eq^ual altitudes of the sun or a known star cannot be 
obtained, the time (or the error of the chronometer) may be 
deduced from any two observed altitudes of a known fixed star. 
Thus, using the same notation as before, let z and z' be the 
zenith-distances observed at the times t and t\ Let also a be 
the B.A. of the star observed, and let the observations be made 
after the meridian passage. 

Then, if h and h' be the hour-angles, 

h = t-- h! — oLy 


cos A = 


cos Z — cos 7 cos A 
sin 7 sin A 


smy sin A 
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apparent direction of the star : the angle between this and the 
real direction a6 is called the aberration. 


Hence 


sin . aberration _ hB 
sin GBa ”” ha 


velocity of Earth 
velocity of light ’ 


or, since this is a small fraction, and the aberration is therefore 
small, 


aberration = 


vel. of Earth sin GBa 
vel. of light ' sin 1"' 


nearly, when expressed in arc. 

It should be remarked that the angle GBa, formed by the 
line joining the Earth and star and that representing the direc- 
tion of the Earth’s motion, is called the Earth's Way. 


4. To find the value of the Gonstant Goefficient of Aherra^ 

, . « vel. of Earth 

tion^ or of — i = — tt? • 

vel. of light X sin 1 

Let a represent the semi-axis major of the Earth’s orbit, or 
the mean distance of the Earth from the Sun. 


Then the velocity of light per second of time = , since 

light takes 8™. 18® = 498“ in traversing a space equal to the radius 
of the Earth’s orbit. 


Also the mean motion of the Earth per day = 
therefore the mean motion per second 


2ira 
3 ^ ’ 


and 


_ ^Tra _ rra 

365i X 24 X 60 X 60 ~ 4383 x 60 x 60 ’ 

vel. of Earth 4987r _ 837r 

vel. of light 4383 x 60 x 60 ^ 2629800 ’ 


also 


1 

sin 1" 


= 206265. 


M. A. 


10 
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Hence, coefficient of aberration 
_ 83 X 206265 x tt 
2629800 


83 X 2062657r 
2629800 


(where tt = 3*14159 &c ) 


= 20"*45. 


The exact value which Struve has deduced for the constant 
of aberration is 20"*445, corresponding to the time 8“,17‘'’78 
taken by a ray of light to traverse a space equal to the mean dis- 
tance of the Earth from the Sun. 

The value of the constant which I have myself deduced by 
a discussion of the observations made at Greenwich witli the 
Jteflex Zenith Tube, is 20"*335*. 


o. To find the value of the aberration of a star with refer- 
ence to any given plane. 

We have seen that the value of the aberration in general is 
20"*45 X sine Earth’s way, and that it is estimated in the plane 
passing through the tangent to the Earth’s path, or direction of 
the Earth’s motion at the given time, and the line joining the 
Earth and star. Since however the distance of the star is 
infinite, this plane will be sensibly parallel to the plane passing 
through the line joining the Sun and star, and that drawn in the 





See Memoirs of the Royal Atironomiad Society, Vol. xxix. p. 190. 
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plane of the Earth’s orbit through the Sun parallel to the 
tangent before mentioned. 

Let E be the position of the Earth in its orbit EOE’ O' sup- 
posed circular. 

Draw the diameter EKE\ and OK O' at right angles to it. 
And, 8 being the place of the star, draw the great circles 08 O' 
and E8E'. Then 08 is evidently the Earth’s way, and the 
aberration 8s = 20"*45 x sin 08. If then IS be the plane per- 
pendicular to which the aberration is to be estimated, draw scr 
perpendicular to 18 produced. Thus 

sor = Ss sin 8 

= 20"*45 sin 08 sin 8 
= 20"*45 sin I sin 01 
= 20''*45 sin Jeos IE. 


6. To find the aberratiem of a given star in longitude and 
latitude. 

Other things remaining as before, through K the pole of the 
ecliptic draw great circles K8A and KsA\ and draw S<t perpen- 
dicular to KA'. 



Then angle 8Ks is the aberration in longitude. 

10—2 
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Now 8Ks=s 


So- 

siaSK 


(the aberration diminishing the longi- 
tude) 


Ss cos (rSs 
sin SK 


20"*45 sin 80 sin 08A 
sin 8K 


20"’45 8in OA _ ^ 20"-45co 3J:^ 
cos-4i8' ~ cos A8 


Or, if X be the latitude of the star, © the longitude of the 
Sun (= Earth’s long. — 180®), and I the longitude of the star, 

, , 2O"-45cos(18O® + 0-Z) 

Aberration in longitude = d r — - 

° cosX 

2O"-45cos(0-?) 

COSX ' 


Again, aberration in latitude 

— sa — 20" ‘46 sin 80 cos 08A 
— 20"‘45 cos OA sin 80sin0 
= 20’ '"45 cos OA sin A 8 
= 20"-45 sin X cos {AE - 90®) 

= 20"-45 sin X cos (180® + © - Z - 90®) 

= — 20"'45 sin X sin (0 — Z) (2). 

Coe. If the Sun be in the vernal equinox, the circle OKO’ 
passes tlffough the pole of the equator, .and therefore a star, 
whose longitude is 270®, will also lie in this circle. 

Thus. ©-Z = -270®, 

and aberration in latitude 

= — 20" *45 sinX 
= -20"-45cos(A-®). 

And, since the star is displaced altogether in the solsticial 
colure EK, the aberration in latitude is equal to that in declina- 
tion, and the aberration in right ascension vanishes. 
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Similarly, at the autumnal equinox, the aberration in de- 
clination 

= + 20'H5 cos (A — ©). 

7. To find the effect of aberration on the Right Ascension 
and N.P.D. of a star, in terms of a and A. 

Let E be the Earth in the ecliptic, 
of which is a portion, T being the 
first point of Aries. a portion of 
the equator^ and P its pole. S the po- 
sition of the star, and 8S' the effect of 
aberration parallel to tQ, or perpendi- 
cular to the great circle PSs. 

The obliquity of ecliptic =« as usual. 



Then, aberration in R.A. 


= 20"-45 


^ 88 ^ 
sin A 

sin I cos IE 
sin A 


= 20" -45 

sin A 

20"'45 

= (cos T’jK sin I cos T/+ sin TE sin I sin T/) . 

But sin Jsin TZ = sin a, 

/. sin I cos TZ = sin a cot TZ 

= sin a cos w cot a 
= cos 0 ) cos a. 

And '^E = Eaxth’s longitude 

= 180 ®+©, 

therefore aberration in B.A. 

20 " *45 

= — : — {cos ( 180 ® + 0) COS 0 ) COS « + sin ( 180 ® + 0) sin «} 
Sin 

20"*45 

; — ^r- (cos O COS 0) COS a + sin 0 sin a). 

sin A ' 
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Again, for aberration in N.P.D. (see accompanying figure), 
draw the great circle SMI perpendicular to PSs^ meeting the 
equator produced in and the ecliptic produced in /, and let 
88 ' be the aberration in JNT.P.D. 



Then 


88' = 4- 20" *45 sin /cos El 


= + 20" *45 sin I cos (fi'T + T/) 

= + 20"*45 (cos sin I cos T/— sin E^ sin /sin T/). 

But sin /sinT/= sin il/sinTil/= cos A cos a, (il/ being the 
pole of P8s)j 


and cosT/= 


cos M + cos T cos / 
sin T sin I 


^ cos M + cos T (cos J/T sin il/ sin T — cos M cos T) 
sin T sin / 

_ cos M sin T 4- sin M cos T cos il/T ^ 
sin / ’ 

sin I cos T/ = cos M sin T + sin M cos T cos MV 
= cos 0 ) sin a cos A ~ sin « sin A. 

And aberration in N.P.D. 

= + 20"‘45 {cos (180® 4- O) . (cos <o sin a cos A — sin ay sin A) 

— sin (180® 4- O) cos a cos A} 

= — 20"*45 {cos A (cos © cos a> sin a — sin 0 cos a) 

— cos 0 sin G) sin A}. 
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8. To prove that the apparent place of a fixed star, as 
affected by aberration, describes in the course of a year an 
ellipse about the true place. 

At the true place of the star let a tangent-plane be drawn to 
the sphere of the heavens, and take for the axes of x and y the 
lines of intersection of the circles of parallel and latitude with 
this plane. We may then assume that, for such small quantities 
as the aberration in longitude and latitude, this tangent-plane 
coincides with the spherical surface ; and (referring to the figure 
on page 147) we shall have 

X — SG ^ a cos (O — Z), (where a = 20" *45), 


and 


Hence 


y zn sa = a sin X sin (© — ?). 

2 I 2 * 2 

a a sill X 


which is the equation to an ellipse, of which the semi-axis 
major is a and the semi-axis minor is asinX, 

If X=90®, or the star be in the pole of the ecliptic, a;* +?/**= a®, 
which is the equation to a circle. 

If X = 0, then, since a?® sin® X + if = a® sin® X, 
y — Q for all values of x, 

or the whole effect of aberration is in a circle parallel to the 
ecliptic. 


9. We have already deduced the values of the aberration 
in Id. A. and N.P.D. in terms of a and A, it appears however to 
be desirable, for the benefit of the more advanced class of 
students, to give the investigation of Bessel, which is remark- 
able for its elegance and symmetry*. 

Let a be the position of the eye of the Z 

observer, who sees a star in the apparent 
direction ha at the time t. 

Let h be the position of a ray of light 
(coming from the star) , at the time t — 
and, in the interval 8^, let the observer by 
the motion of the Earth be carried from a — 

• See the Tahulcn Regiomontance, p. xvii ; and also the Introduction to Carring- 
ton’s Red Hill Catalogue of Stars. 
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to d in a line sensibly straight. Then is hd the true direction 
of the ray, and the angle dha is the aberration. 

Referring now the positions of the points d and h to rect- 
angular co-ordinates, let the plane of xz pass through the 
equinoctial points, and the plane of yz through the solsticial 
points, their intersection, or axis of z^ being parallel to the 
Earth’s axis. Suppose also x to be positive for right ascensions 
between 270° and 90°, y positive for right ascensions between 
0° and 180°, and z positive for north declinations. 

Let then, at time the co-ordinates of d be a?, y^ z, and 
those of &, £c', y\ z\ 

Then, at the time t — St, the co-ordinates of a are 


And, if db = X, and the true and apparent R. A. and decli- 
nation of the star be represented by a, S ; d, S' respectively, we 
shall have 

X cos S cos a= cc' — a;, 1 

XcosS sina = y-2^, j- (a). 

X sin 8 =:z' — z,} 


Also, if ab = X', 


dx , 


X' cos 8' cos a' = a;' — a? + St, 

dt 


X' cos S' sin d = y* — y -\-^St, 

sin S' ^ z' z + ^St, 
at 




And, if h be the time in which a ray of light describes the 
unit of distance, or the radius of the Earth’s orbit, or \h = St, 
we get, by elimination between equations (a) and {^), 

dx 

i/ cos 8' cos a' = cos S cos a + -^ A:, (1), 


Zr cos 8' sin a' = cos S sin a + ^ ^ (2), 

Z sin 8' = sin 8 ^ 

where L — \. 

X 



BESSEL’S IN 7 ESTIGATI 0 E 


153 


From these equations we readily find (by multiplying (1) by 
cos a and (2) by sin a and adding, and then multiplying (2) by 
cos a, and (1) by sin a, and subtracting) 

L cos S' cos (a' - a) = cos S + i sin a + ^ cos , 


h cos a — ^ sin I 


or 


L cos 8' sin (a' — a) = «- wo “ ~ ^ 

fdy dx . 

ft, ' 

tan*(a' - a) = 


dx . \ 

, fdy dx . \ 


cos 8 + /£ 


fdy ! ^ 

'dy dx . \ 

' ~ “j 


+ S'”” 




») 


h sec 8 { cos a 


, , Z 7 dy\ ^ 

1 + a: see 8 — sm a + - cos 

\dt at 


“)■ 


Let now , - cos a — 7- sin a = 6 sin 6 , where b is the Earth’s 
dt at 

dv . d/X 

velocity, then it is evident that ^ sin a + ^ cos a = & cos 0, 

• d^i^ dt^ 

since the sum of the squares is equal ^ , which is 

equal to 

Hence we have an equation of the form 

tan y = a ain ^ (where a = kh sec 8) . 

^ l + acos^’ ^ ’ 

For siny and sin 0 put the well-known values 

and 


2V-I 


2 V=T 


and for cos0 put 


eeV^i + e-»V^ 


Hence 


ga,V-i_l 


“ (e«v:ri _ e-eV^ 
2 
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- 1 + 
and 622/ V-i = — , 

or, taking the logs, 

1 = loge (I + - log^ (1 + 

whence, expanding the logarithms, wc easily get 

6^ . Cl , 

y = a sin 0 — — sin 20 + — sin 30 — &c. 

• A o 

= a sin 0 — <2® sin 0 cos 0, (to tlie second order). 


, 5s (dif dx . 

or a — a = ^ sec 0 -77 cos a — r- sin a 


— sec® h cos a — ^ sin a) x sin a + ^ cos a ) , 


or thus, 

a' — a = — A; sec S sin a — ^ cos a 


. 72 2 \ • 

+ h sec® 0 -7' sin a — 7*7 cos a . “7- cos a + sin 


To obtain the value of S' — S, proceed thus : 

Multiply (1) by sin S cos a, and (2) by sin S sin a, and add. 
We thus get 

L cos S' sin S cos (a' — a) 

= sin S cos 8 + h sin 8 cos a + ™ sin 8 sin a\ 


also from (3), 


L sin 8' cos 8 = sin 8 cos 8 -h k cos 8. 

dt 


Subtracting these equations (first dividing the first by 
cos (a — a) and remembering that to the second order 


cos (a' — a) 
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L sin (S' — 8) = — - sin S cos 8 x (a — a)' 


h sin 8 cos a + ^ sin 8 sin a — ^ cos 8 j . 


Again, multiply (1) by cos 8 cos a, and (2) by cos 8 sin a and 
add ; then 

L cos 8' cos 8 cos (a' — a) 

= cos®8 4- k cos 8 cos a + ^cos 8 sin , 
dz 

also L sin 8' sin 8 = sin^8 + A; -4- sin 8. 

at 

Therefore, in the same manner as before, we get 
L cos (8' — 8) — 1 + i cos* 8 X (a' — a)* 

+ k ( — cos 0 cos a + ^ cos 8 sin a + ^ sin 81 ; 
tan (8' >-8) 

^sin8 cos 8. (a'—a)*+/i;f^ sin 8 cosa + ^ sin 8 sina — ~ cos8') 

2 ^ \at (M at ) 

1 + ^ cos* 8 . (a — a)*+ A; cos 8 cos a + ^ cos 8 sin a + — sin 8^ 

and, expanding to the second power, and therefore for tan (8'— 8) 
putting 8' - 8, and, for (a - a)*, 

,2 . dy \ 

-7cseca(^^sma-^cos«j , 

we finally get 

8' — 8 = — 7^; sin 8 cos a + ^ sin 8 sin a — cos8^ 

1 7-2 X (dx . dy \ 

+ F sin S cos a + ^ sin 8 sin a — ^ cos 8^ 

X cos 8 cos a + ^ cos 8 sin a + ^ sin 8^ (t \ 
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10 . Take now the centre of the Sun as the origin of co-ordi- 
nates, and let © denote the longitude (= Earth’s longitude— 180®) 
and <0 the obliquity of the ecliptic. Then, remembering that the 
axis of X passes through the equinoxes, and that the plane of 
xy is the equator, we have 

aj = .B cos Earth’s longitude 
= — JJ cos 0 , 
y = — jB sin 0 cos &>, 

2 = — iZ sin © sin w, 

when jS is the Earth’s distance from the Sun. 

And ^ = + iZsin©^, 


dt 


■n 

E COS © COS tt) “Y- j 
at 


j^=-iZcos©sma,-^, 


Substituting these values in equations ( 7 ) and ( 8 ), and re- 
taining only terms of the first order, we have 

a' — a = — kB ^ (sin © sin a -f cos © cos w cos a) sec 8 , 

and 8 ' — 8 = + kB ^ {cos © (sin a sin 8 cos w — cos 8 sin <a) 

— sin © cos « sin 8 }, 

where, if the Earth’s orbit be supposed circular, we may put 

5 = 1 . 

To obtain the value of the constant, the mean arc 

described by the Sun in a day, or in 86400 seconds, is 59 '. 8 "* 33 . 

Hence ^ = 0"'04107, 


and we have seen that k = 498. 


Hence k = 20"‘45. 
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And we have 

a' - a = — 20"'45 (cos © cos to cos a + sin © sin a) sec S, 

S' — S = 4. 20"’45 {cos © (sin a sin S cos © — cos S sin to) 

— sin © cos a sin S}. 

11. The terms of the second order in the value of a' — a 
will he 

P //7(T)\2 

— — J (1 + cos^o)) 

— 2 sin 2© cos 2a cos o)}, 

of which the numerical value is 

— 0"‘000933 sec^S sin 2a cos 2© 

+ 0''-000930 sec^S cos 2a sin 2©. 

Similarly, the terms of the second order in the value of 8' — S 
will he 

-- ~ ^ “■ 

+ 2 sin 2© sin 2a cos co ] , 

of which the numerical value is 

+ (0"*0000401 - 0"-000468 cos 2a) tan 8 cos 2© 

— 0"’000466 tan 8 sin 2a sin 2©. 

These terms may therefore in general he neglected for stars 
not nearer to the pole than 3®. 

12. The expressions for the aberration in longitude and 
latitude may he easily deduced from the preceding general 
formula. 

Thus referring the co-ordinates to the plane of the ecliptic, 
and to a perpendicular to it, 

a; = — -B cos ©, 
y = — jB sin ©, 
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and 


dx , T, • 

*- + *“” 0 - 3 ;-. 


dy 


R cos O 


dt ' 


therefore if, in the general formulse, wo put I and X in place of 
a and S, we get 

f (sin 0 sin I -f cos Q cos 1) sec X 

= - /cR cos (O - Z) cos X, 
and X' — X = — /cR (sin © cos I ■— cos 0 sin 1) sin X 
= ~ iR sin (0 — 1) sin X, 

in which, if the Earth’s orbit be supposed circular, R may be 
put equal to unity. 


13, Since the Earth revolves on its axis, the diurnal 
motion will of itself produce an aberration. This is called 
Diurnal Aberration, and its amount may be thus investigated. 

Let X be the latitude of the place of observation ; 
r the radius of the Earth supposed spherical. 


Then the circumference of the circle of i)arallel at latitude X 

will be 27ra cos X, and the velocity per second of rotation of any 

• X r V -n 1 27rr cosX 
point of It will be 


Also velocity of light = {a being the mean distance of 
the Earth from the Sun). 

Therefore the tangent of the angle of aberration (by which 
objects appear too far east, or come too late to the meridian) is 

498 X 27 rr cos X irr cos X 

86400 X a 87^ nearly , 




TT COSX 

2066250 


in parts of the radius. 
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Hence, in seconds of space, 


Diurnal Aberration = 


TTCOs X X 206265 
2066250 


TT COS \ 


Example. For Oxford X = 51®. 45' nearly. 

Hence log tt == log 3-141 59 = 0*4971495 
log cos X = 9*7917566 
Ar. CO. log 10-0175 = 8*9992407 

log aberration 9*2881468 
aberration = 0"*194 


And the time of transit of a star whose declination is S will 

0^*191 

be retarded by the quantity - sec S. 

And in the reduction of transit observations, the diurnal 
aberration, considered negative, must be incorporated with the 
error of colliniation. 


14. Hitherto we have treated only of the laws of the 
aberration of light for tlic fixed stars, that is, of the corrections 
to be made to the apparent directions of rays of light proceed- 
ing from bodies absolutely fixed, on account of the successive 
propagation of light combined with the motion of the Earth in 
its orbit. For the sun, moon, and planets, how'cver, which have 
motions of their own, there is another effect quite distinct from 
the former, and having its origin in the circumstance that we 
see them in the directions which they had with respect to the 
Earth, when the rays by which they are rendered visible left 
them, and not in the direction which they really have when 
these rays enter the eye of the observer. That is, we always 
see them too late by the time required by light to traverse the 
space between them and us. 

The mode of correcting for this error is very simple. Let t 
be the time when the rays by which a planet is rendered visible 
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left its surface ; i the time of ohservation ; D its distance from 
the Earth. Then (the Earth’s mean distance from the Sun 
being the unit of distance) the planet is observed too late by the 
time 498® x jD, for 498® is the time light takes to describe the 
distance from the Sun to the Earth, or 

«' = « + 498 X 

the apparent place (as affected by aberration) at the time t' 
corresponding to the true place which it had at the time t. If 
then we wish to compare with observations the true places of 
a body interpolated from an Ephemeris of its daily motions, we 
need simply calculate the intervals of time corresponding to the 
quantity 498® x i>, and subtract them from the times of observa- 
tion. The places interpolated for these times will thus corre- 
spond to the observed places without any further correction, the 
whole relative motion of the planet with respect to the Earth 
being taken into account by referring it to the Earth as the 
origin of co-ordinates. 

If we wish however to obtain the true places of the object 
which has been observed, then the motion (whether of E.A. or 
N.P.D.) of the body for the time 498® x i?, computed from the 
tables of its daily motion, must be added to the observed or 
apparent places to obtain the true places at the times correspond- 
ing to L 


15. We must not leave the subject of Aberration without 
saying a few words respecting the history of its discovery by 
Bradley. For the purpose of observing the zenith distances of 
a few stars which pass the meridian near the zenith places not 
very far from Greenwich, he made use of a zenith sector which 
is still kept in good preservation at Greenwich. Fortunately one 
of these stars was 7 Draconis, of the 2nd magnitude, and there- 
fore likely to be observed very frequently. We have seen also 
(Cor. to No. 7 of this section) that stars which have the maximum 
amount of aberration in N.P.D. or in Z.D. must be situated at 
the pole of the ecliptic. Now the R.A. of 7 Draconis is very 
nearly 18^ and its N.P.D. equal to about 38®. 29'. Hence it is 
situated very near to the solsticial colure, and at a distance of 
only 16® from the pole of the ecliptic. It was therefore admi- 
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rably suited for investigation of the amount of the aberration, after 
the discovery of the phenomenon, and the inequalities which 
were produced in the places of the stars before its detection led 
Bradley to those sagacious speculations on the origin of the 
observed discrepancies which resulted in his grand discovery. 

This will perhaps be seen most clearly by taking the expres- 
sion for the aberration in declination previously investigated 
( 10 ), namely, 

g' _ g =- 4 - 20''*45 {cos 0 (sin a sin S cos » — cos S sin g>) 

— sin Q cos a sin 8}. 

At the vernal equinox, putting 

a = IS'' = 270^ and © = 0 , 
we get g' — g =5 — 20*45 (sin S cos o) + cos 8 sin w) 

= — 20*45 sin (8 + O)) 

= — 20*45 cos (A — ci>), 
where A = 90® — 8 = N.P.D., 

and, at the autumnal equinox, where 0 = 180®, 

8 ' - 8 = + 20''*45 sin (8 + a>) 

= + 20"*45 cos (A — <»), 

or A — A' = (at the vernal equinox) -- 20"*45 cos (A — «) 

= (at the autumnal equinox) + 20"*45 cos (A -- co), 
as in Cor. Art. 7. 

The star is therefore at the vernal equinox carried appa- 
rently farther from the pole of the equator by the quantity 
20"*45 cos (A — c»), and, at the autumnal equinox, brought nearer 
to it by the same quantity. 

The difference of the apparent values of N.P.D. or of Green- 
wich meridian N.Z.D. of 7 Draconis, would be equal to 

40"*9 cos (A - a>) 

- 40"*9 cos (38®. 29' - 23®. 29') 

*= 40"*9 cos 15® 

« 40"*9 X 0*966 
» 39"*5. 


M. A, 


11 
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Now the accuracy of Bradley’s Zenith tube observations 
was pretty nearly equal to that attainable by instruments of 
modem times, and therefore even an error in the mean of several 
observations amounting to 1" or 2" was scarcely admissible. He 
therefore set seriously to work to determine the theoretical cause 
of these curious anomalies, and after several failures, and by the 
exercise of a patience and a sagacity beyond all praise, was 
rewarded by his famous discovery of the aberration of light. 



CHAPTER VI. 


(part third.) 
oy PARALLAX. 


1 . In all the preceding investigations we have supposed the 
places of the heavenly bodies to he such as would he determined 
hy an observer situated at some point of the surface of the 
Earth ; hut ultimately it is necessary to reduce all such positions 
to those which would have been observed at the Earth’s centre, 
both for the sake of comparison with places calculated from 
theory, and for the comparison of observations made at different 
stations. 

The correction which it is necessary to apply to the observed 
place of a body on this account is called Parallax^ and is evi- 
dently equal to the angle contained between the two lines drawn 
from the star to the centre of the Earth and to the place of obser- 
vation. 

For the fixed stars, which are generally at an infinite dis-* 
tance, this angle is inappreciable, but, in the case of all other 
bodies, including the Sun, the Moon, Planets, and Comets, the 
correction must be rigorously applied to the observed places 
before any theoretical use can be made of the observations. 

2. Since the amount of the parallax of any object depends 
primarily on the distance between the observer’s position on the 
surface of the Earth and its centre, it is plain that a knowledge 
of the size and figure of the Earth is necessary before we can 
proceed with the investigation of the laws of parallax, and the 

11—2 
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present part of the treatise is therefore the most suitable for 
treating of this part of the subject. 

3, Determination of the Magnitude and Figure of the 
Earth. 

The Earth, though not accurately, is very approximately, ^ 
spheroid of revolution, with its axes very nearly in the propor- 
tion of 299 : 300, the shorter axis passing through the poles; and 

the quantity “ 3 ^ called the compression. This 

we shall denote by e. That is, if a and h be the semi-axes 
major and minor of any elliptic section by a plane passing 

through the axis of revolution, ^ = e. 

4, A tolerable approximation was made to the correct 
magnitude of the Earth by Eratosthenes of Samos, about 300 
years before Christ, on the same principles as are now employed 
for the measurement. Imagine the Earth in the accompanying 
diagram to be a sphere ; G its centre, A and B two pointi on 
the same meridian on its surface, and SA^ 8’B rays (sensibly 



parallel), proceeding from a star or very distant body S in the 
plane BAG. Produce CA and GB to a and S. Then it is 
plaii]^that the angle AGB is equal to the difference of the angles 
8Aa and H Bh, that is, to the difference of the meridian zenith 
distances of the object as observed at A and B. 



METHOD OF ERATOSTHENES. 


1G5 


Hence, if the length of the arc AB can be measured in 
terms of any known unit of length, and if the zenith distance of 
the object be observed simultaneously at A and J?, we have the 
value of the radius AC in terms of known quantities by the 
equaition 

irxA C = — X AB. 

Eratosthenes made use of two stations in Egypt, Alexandria 
and Syene, which he knew to be very nearly on the same 
meridian, and of which the distance was estimated at about 5000 
stadia. He observed also that, on the day of the summer 
solstice, bodies at noon at Syene cast no shadow, that is, that 
the Sun was exactly vertical, while at Alexandria its distance 
from the zenith was about 7®. 12'. Hence the arc of the meri- 
dian between Alexandria and Syene was 7’^.12', or -^^th part of 
the whole circumference. 

Hence therefore, the circumference of the earth expressed in 
stadia was 5000 x 50 = 250,000 stadia. 

This investigation was very remarkable for the correctness 
of the principles on which it was based, though of course, the 
numbers are very erroneous. 

5, The principle on which are based the methods used in 
modern times for measuring the magnitude and ellipticity of 
the earth is precisely the same, though the details are widely 
different. It would, for example, be totally impracticable to 
measure an arc of sufficient length along a meridian, and this 
is never attempted. 

The first and most important part of the operation is the 
measure of a straight line called a hase Une^ several miles in 
length, with very great accuracy, by means of compensation 
bars, which have been themselves carefully compared with some 
recognized standard of length, and which do not change their 
lengths under different temperatures. Each extremity of this 
base is very carefully marked by a dot or pin, and its azimuths, 
at the extremities are carefully observed, that is, the angle 
which it makes with the meridian at each extremity. These 
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points then form the commencement of a chain of triangles of 
which the angles are measured by means of a theodolite, the 
most conspicuous stations on each side of the arc of meridian 
which is to be measured, being selected. By the principles of 
spherical trigonometry, with some additional modifications in- 
troduced specially for geodetic operations, the sides of the tri- 
angles are successively computed, commencing with the measured 
base as the side of the first triangle. 

When this has been done it is a mere matter of calculation 
to deduce from the measures the length of the arc of meridian 
included within their limits, another base for verification being 
measured before the close of the operations, and its measured 
value being compared with that deduced from calculation as a 
side of one of the triangles. 

As a distinct part of the operation the zenith distances of the 
same star or of several stars are observed at the extremities of 
the arc to be measured, with a zenith-sector provided with every 
means for ensuring accuracy, and their difference gives accu- 
rately the angle formed, at the centre of the osculating circle to 
the elliptic meridian, by the verticals drawn through the extre- 
mities of the arc. Hence the length of a degree of arc can be 
determined at this point of the meridian, or the length of the 
radius of the osculating circle for the point corresponding to the 
middle of the arc can be determined. 

6. If now two such arcs be measured, the one in a high 
northern or southern latitude and the other near the equator, we 
have the means of determining the value of the compression of 
the earth, or the ratio of the ma,jor and minor axes of the elliptic 
section in which the measures are made. We will now proceed 
to shew how this is effected. 

Let X and y be co-ordinates of a point P of the elliptic meri- 
dian, connected by the equation 


0 = the astronomical latitude of the point, 
or inclination of the normal at P to the axis of x. 
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n 



Then 


X = 


acos(f> 


V 1 — e® sin® <!> ’ 
a (1 — €*) sin A 

where e = the ellipticity, or 1 — e® = ^ . 


Hence, employing the usual letters in the figure, the radius 
of curvature p, at the point a?, y, 

OD® CD® 

^PF^FFxCD ah 

/ , a®€®cos®<^ Nt 

— \ 1 -- €® sin® <l>) 

V 1 — 6® 

(g® — 

a® Vi - 6® (1 — 6® sin® <#>)! 

g (1 e®) 

(1 — €® sin® <f>)^ 

Now e*=l--, = l-(l-e)* = 2e-e*, 
a 

g (1 — ey 

^ {1 — (2e — e”) sin* ^1* 

= g (1 - 2e) (1 + 3e sin* «^) very nearly 
= g (1 - 2e + 3e sin* <f>) very nearly. 
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Let now D and H be tbe measured lengths of two degrees 
of the same meridian, whose middle points are in latitudes 
and 

Then D=^„ = ^(l-2e + 3esin>^,), 

and X>' = ^ = ^(1 -2e + 3esin’(^J, 

D _ 1 -> 2g + sm^ 

~ 1 — + 3e sin® ^2 * 

or JD — jDe (2 — 3 sin® = i>' — D'e (2—3 sin® 



^ D' (2 — 3 sin® - i> (2 - 3 sin® 

2 (i>' - i>) - 3 (D' sin® - i> sin® c/)^) ‘ 

Con. If, instead of the approximate values for p, we had 
used the correct vahio 

(1 — €® sin® 

we should have found 



7. To find the radius of curvature of an arc of the terres- 
trial spheroid in a plane perpendicular to the meridian for a 
point whose astronomical latitude is 

Let P he the point on the spheroid of which the astronomi- 
cal latitude is the angle PGN=<f>. PG, the normal at P, 
will lie in the plane PGA passing through the axis PG; let 
it meet the axis produced in P. PQ an element, or indefi- 
nitely small portion of the line of curvature at P, perpendicular 
to PPA* Then the normal at Q meets the normal PM ; hut 
it also meets the axis J5P ; and therefore it passes through P. 
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169 





, a 

= y cosec <p ^ 


1 a (1 — e®) sin </> 

(1 — 6^) sin ^ Vl — 

a 

Vl — 6® sin"^^ 

gS 

— a (1 + — sin^<f}) very nearly 
«=: a (1 + e sin®<^) very nearly. 


8* Enough has been given to shew the principles on which 
are conducted the geodetic operations for determining the figure 
of the earth, and several great surveys have been made in the 
last and the present century by the governments of France, 
Prussia, Russia, and England, which have served either pri- 
marily or incidentally for this pui’posc. One of the earliest and 
most important expeditions for the purpose was that equipped 
by the French Government in the year 1735, the stations chosen 
being the one in Lapland near the pole, and the other in Peru 
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near the equator, the chief astronomers employed being Mau- 
pertuis, La Condamine, Bouguer, and Clairaut. In the time 
of the French republic, a large arc was measured, extending 
from Formentara, an island in the Mediterranean, to Dunkirk. 
In the great Indian survey also, conducted successively for the 
British Government by Colonel Lambton and Colonel Everest, a 
large arc of meridian was measured. Again, the triangulation 
of Eussia has been admirably executed by Professor W. Struve, 
the director of the observatory of Poulkova, and that of Prussia 
by the celebrated Professor Bessel. 

Finally, for complete discussions of all the measured arcs, we 
may refer to two admirable memoirs by Mr Airy and Professor 
Bessel, the first of which will be found in the Article on the 
‘‘ Figure of the Earth,” in the Encyclopcedia Metropolitana^ and 
the other in Nos. 333 to 336, and No. 438 of the Astronomische 
NachricJiten. 

Airy’s results are : 

Equatorial diameter = 7925*648 miles, 

Polar diameter = 7899*170 ... 

Bessel’s results are : 

Equatorial diameter = 7925*604 . . . 

Polar diameter = 7899*114 ... 

From which we obtain very approximately e = . 

9. Let now C be the centre of the Earth ; B the North 
Pole ; and P a position on the surface in the meridian plane 
APB. 


Join PC = r, and draw the normal PO. 

Then is the angle AOP{=^^) the astronomical latitude of 
the point P, or that determined by observation; ACP{^i^') 




ANGLE OF THE VERTICAL, 


17: 

is the geocentric latitude; and the angle GPG AQF ^ AGP) 
is the angle of the vertical. 

We will now proceed to obtain expressions for ^ and 
for r in terms of the latitude and of the axes of terrestrial 
spheroid. 

Draw Pil/ perpendicular to AG. 

Then CM ^x. 

I? 

and OM = (subnormal =) x, 


Hence 


PM 

tan<^'^^_ GM_P 
tan^ PM~ CM~ 
GM 


or 


.r P 

tan (j) = —^ tan <p, 


+ e-«'V:ri “ a* • ’ 

-1 _P - 1 

eH'-j-iTl ~ a* ’ + 1 ’ 


‘ + + 


1 + 




^e*«V-ill£+£ 


e-n-J'- 


1 ^ ^ 

^ A* ® 


' a’‘+P 

where m = -s — . 

a*H- 6* 
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And, taking the logarithms, 

2^' 1 = 2^ + log, (1 + - log, (1 + 

= 2^ V=T- 

A 

or <!>' — <]> — m aba. 2<}> + — sin 40 — &c., 
or, in seconds of space. 


Now m = 


a'-H 
a* + 6* 



Lzji 

i + {i 


-e)»_ 2e-/ 

— e)* 2 — 2e + e* 



:(l_|)Jl + (e_l) + (e_|)*+&c. J 

'(l-l)(l+«+i) 

i very nearly (the coeflScient of e* vanishing) 


601 


180000 


To calculate the coefficients, therefore, we have 
Log 601 =2-7788745 
Ar. CO. log 180000 = 4-7447275 
Ar. CO. log sin 1" = 5-3144251 


Sum = log 688"*70 = 2-8380271 
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Hence, the coefficient of sin 2<f>, or the value of 
= 688"*70 = ll'.28"-70. 

sml 

To calculate the coefficient of 

2 1»« (,-il^) - 0-6760542 

Log sin 1" = 4"6855749 
Ar. CO. log 2 = 9-6989700 
Sum = log l''*150 = 0-0605991 

Hence, generally, 

^' = 0 - ll'.28"-70 X sin 2^ + 1"-150 x sin4<^ - &c. 

For the Badcliffe Observatory, Oxford, 

0 t tt 

«/> = 51.45.35; ’ 

.-. 2^=103.31.10 log sin 2<^ = + 9-9877961 
4</) = 207. 2.20 log sin 4^ = - 9-6576248. 

Hence Log 688"-70 = 2-8380271 

Log sin 2<f> = 9-9877961 
Sum log 669"-61 = 2-8258232 

And log 1"-150 = 0-06060 

Log sin — — 9-65762 
Sum = - log0"-52 = - 9-71822' 

Hence ^'= ^ - ll'.9"-61 - 0"-52 
= <^-ll'.10"-13 
or ^-.^' = 11’.10 "-13 

which is the value of the angle of the vertical for the Badcliffe 
Observatory. 
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10. To find the value of log^r in termB of cosines of mul- 
tiples of 

The equation to the ellipse in polar co-ordinates is 
cos® , sin® <!> _ 1 


whence 


i® 

"F" 


sin®^' + ^ cos®^' 


J\ow tan — tan <^, 


or tan®^' = — 4 tan®^, 


or 


1 — cos®<^' _ 
cos®0' 


tan®<^, 


or cos®^' == ^ 4 ' 


1 + “4 tan®<^ 


sin®^' = 


\ tan®^ 


I 4- -4 tan® 6 

a ^ 


J® (1 + ^ tan®^) 

'-^+~tan®<#> 
a a ^ 

1 + ^ tan®^ 

_ g ^ 

— ^ 

1 4- ^ tan®^ 


7/ 1 — cos 2<^ 

— a ^ g* 1 4- cos 2<f> 

^ ^ ^ 1 ~ cos 2 <^ 
a® 1 4- cos 2^ 

— ““ 

a* 4 - J® 4 - (a* — Z>®) cos 2<f> * 
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Let now «*+&’=» a, and o® — 6* = /8 ; a + i = 7, and a — & = S ; 

g* + y= - , a* — h* = a0, o®+y= - ^ - , a‘ — U = yS. 

Let also 2 cos 2^ = oi® + ^ . 

a® + ajQ (aj®+ -5) + 0 * 

Hence r® i ^ 

7® + yS ^£B®+ + S® 

Ja + 0a?)(a + ^^ 

(7 + &B*) ("7 + 

and, taking the logarithms, 

2 log. r = 2 log. I + log. (^1 + ^ + log. (l + ^) 

-log.(l+^.T®)-log.(l+;A) 

^ 2 log. ^ ^ i ^ + II® *-> - &c. 

/B , 1 S® . 1 8® , . 

-( 7 ^- 2 y«^+ 37 »*-H 

^ 2 a* £c" ^ 3 a" 

V7 2 7^ a?^ ^ 3 7® a;® 7 

= 2 loge - + 2 - cos 2 ^ — I ^ cos 46 + I ^ cos 66 - 

^7 a ^ 2 a ^3 a ^ / 

2 3 ^ 2 3 ® \ 

2-cos 2(^-- -,cos 4 «^+-^co 8 6^-«S:c.j, 
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or Iog.r=log.5 + (|-^)cos2*-|(§-^)cos4^ 

1 (/a®— 5®\® /a — JV) „ 

+5{(?Tyj -fe}}'"®*-*'- 

or, passing to the common system of logarithms, 
log r = log — j + M ^ j cos 24 > 

COS 4:<j> 

cos 6^ — &C.J 

where M is the modulus of the common system of logarithms, 
and 10 + log Jtif = 9*6377843. 

11. We will now proceed to calculate the numerical values 
of the coefficients, as far as e®. 

IT- ^ i. + 2^26 + e' 

First, we have — r-r — cl 


1 J 

7a® -JV 

/a-jy 


V+5'7 

U+w j 

1 

7a®-J®\‘ 

/a— jyi 

■*■3 ■ 

+ 

1 

U+w ] 


a + 6 


2 — e 


fee* e*\ 

^^(^"2 + 4 -^ 8 ) 

^a( 1 — ^ ? 1- ) 

V 600 ^ 360000 ^ 216000000/ 

215640601 

216000000* 
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Next, 


+ 


and 


a+6 2V ”^2 4/ 


a — b_ 
a + & ~ 2 


BC0599 


■ 360000 X 600 599-003 ' 


Similarly, 


and 




?.oi 


ieoooooo 


And 


W+W ’ 

\a + h) 8’ 

f a^-hy _ (a-h\^ _7„ 
+ by \a + b) 8 ^ 


216000000’ 


logr = logrt + log^l-| + j + |j+^(^l + |- j)cos2^ 


3M a ^ , 73/ . 

■ — e (1 + e) cos 4^ + -— e cos 6<f> 


M 


= log a + log 215640601 — log 216000000 + cos 20 

599 

301 ^ . 7if 

'^72000000 24 X 27000000 

= (if a = 1 , and therefore log a = 0) 

9*9992767 + 0*0007250 cos 20 - 0*0000018 cos 40. 


M. A. 
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For the Baddiffe Observatory, Oxford, of whic^j the latitude 
is 61*. 45'. 35" 

log r = 9-9992767 - 0-0001692 + 0*0000016 ' 

= 9-9991091. 

12 . To find the value of logr in terms of the geocentric 
latitude 

Here we have 

ft* fl — €*) 

7 -*= \ (where e is the excerUricity) 


l-|cos2f-|- 


a*(l-e*) 


a* — 2ay8 cos 2^' + ^ 

^if l-| = a* + ^’ and |•=2a^^ 

, , p ^ a* (1 — €*) 

= (as before) ^ , 

(«-/3w*)(«-^) 

.-. 2 log, r = 2 log, o + log (1 - e*) - 2 log, a - log, (l - ^ af) 

= (by expanding the logarithms), 

2 log, o + log, (1 - 6*) — 2 log, a + 2 - cos 2^' + - ^ cos 4^' 

OL A ft 


2 iS® 

+ 5-7 cos 6 ^' + &c. 
o a 


and log»- = loga + -log (1 — €*) — loga 


+ if cos 2^' + 1 ^cos4^' + | ^cos6^' + &c.^ 


in the common system of logarithms, where 
10 + log if =9-6377843. 
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13. By solving the equations 


we find 


and 


= and ^ = 



Then, by substituting in the expression for log r we should 
find (correctly to e®), 

log r = log a + log (1 - e) - log (^1 - 

+ + 1 (231r I 

*=(if 0 = 1), 

9*9992744 + M oos 2<^' + i 

= 9*9992744+ 0*0007250 cos 2^' + 0*0000006 cos 4^'. 

To compute log r for Oxford by this formula, 

‘we have = 51®.45'.35" - 1 1'.IO" 

= 51'’.34'.25" 

2<f> = 103“,8'.50" log cos = - 9*35687 
4^' = 206®.17'.40" ; log cos = - 9*64637. 

.*, log ** = 9*9992744-0 0001649 -O-OOOOOOi 
= 9*9991092 ‘3 ■ S' • 
which agrees very exactly with the former value.r 

12—2 
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14. In some computations the values of the co-ordinates of 
the place of observation, x and y, are needed. 

We have then cc = r cos 
and y = r sin 

or, for Oxford, log x = log r + log cos 

= 9*7925563 

and log y = log r + log siii 

= 9*8930968 

15. We may now proceed to the direct discussion of Par- 
allax. 

Let 0 be the position of the observer, and G the centre 
of the earth; S the position of a planet. Produce GO io meet 



the sphere of the heavens in v ; then is o the geocentric zenith of 
the observer. 

Let the angle SGO, ox the geocentric zenith-distance = ^, 

SOo^ or true distance from geocentric zenith 

== ^ "hP* 

Then is p the parallax of the bpdy in zenith-distance. 

Let SG=^D and 00 = r; 

GO sin OSG 

r ^ sin p 
~ sin (p + ’ 

• r r 

sin p = ^ sin (p + ^) = ^ sin z\ where z' ^z +p. 

Let now P represent the horizontal parallax for a station on the 
earth’s equator, or the Horizontal Equatorial Parallax. 



FORMULAE FOR PLANETS AND THE MOON 
Then z = 90® and r == a; 
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sin P= 




T sm » r . , 

and — 75 = ~ sin ^ , 
sm P a ’ 


^ • r) • 

or sin « = - sm F sin z . 

^ a 

For the planets, p is always a very small quantity, never 
exceeding a few seconds of space, and we may with the utmost 
accuracy, put^ for sin p and P for sin P. 


Hence 


V 


r 

a 


P sin z ; 


where z\ in every case of meridian observations, is given by 
the observation of zenith-distance, the observed zenith-dis- 
tance, corrected for refraction, being diminished by the angle 
of the vertical. 


For the moon this process is scarcely correct enough, but we 
can easily deduce a correction which will make the same 
formula applicable. 


Let sin = a sin Psin z, 

and, as a first ajoproximation, let 

^ = a P sin z\ 

Then, since mnp—p — + &c. 

P3 

and sin P= P— - — — - + &c. 

/ p’ \ 

-rsTsj’ 

and, substituting for » in the small term its approximate 

value a sin a' xP, 


p — 


a’’sin®a'xP® 


= a sin X P • 


a sin z' x P® 


we have, 


6 


6 
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p = etPsin ein z' (1 — a* sin* «') 

= (since a = 1 very nearly) 
dP^ 

aP sin z* — sin z* cos® z\ 

6 

or, since ^ and Pmnst be expressed in seconds of space, 

f sin 1'' = aP" sin sin ^ sin is' cos® x sin® 1"; 

6 

/y P"3 

/. jp'' == oP'' sin z* — sin z cos® z sin® 1" ; 

6 

where, as we have seen (page 178) log a= (for Oxford) 

9-9991091. 

As this more accurate formula is only needed for the moon, 
we may put, in the small term on the second side of the equa- 
tion, for P, the mean value of the moon’s Horizontal Equatorial 
Parallax, or 57' = 3420". We shall then find that the logarithm 

aP® 

of the value of the factor sin® 1" is 9-19418, 

o 

aP® 

or sin® 1"= [9-19418] according to the usual notation. 

6 

Hence p" == aP" sin z — 0"-156 sin z cos® z\ 

The second term of the right-hand side of the equation may 
be computed for convenient intervals of zenith-distance. If we 
take values of for every 5® of zenith-distance from «' == 10® to 
=: 90®, the table will be as follows : 


9! 

Correction. 

£ 

Correction. 

o 




10 

- 0*026 

60 

-0050 

15 

•038 

65 

*042 

20 

•047 

60 

•034 

25 

•054 

65 

•026 

30 

•059 

70 

•017 

35 

•060 

75 

*010 

40 

•059 

80 

•005 

45 

-0055 

85 

- 0*001 




TABULATED RATIOS OF SIN TO ARC, 
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We might also proceed thus : 

sin ^ = « sin P sin z', 

O' t (^) = (^) ™ 

(an approximate value of p being used on the right-hand side 
of the equation) and we might then tabulate the values of 

(si^) logarithms, between the limiting 

values in the case of the moon. 

The following is the table which would be required. 




46 ' 0*0000129 61 ' 0*0000228 
47 135 62 235 


Arc 


Arc 

“>(*) 

Arc 

Mm) 

16 ' 

0*0000016 

31 ' 

0*0000058 

46 ' 

0*0000129 

17 

18 

32 

62 

47 

135 

18 

20 

33 

66 

48 

141 

19 

22 

34 

70 

49 

147 

20 

24 

35 

74 

50 

153 

21 

26 

36 

78 

51 

159 

22 

29 

37 

83 

52 

165 

23 

32 

38 

88 

53 

171 

24 

35 

39 

93 

54 

178 

25 

38 

40 

98 

55 

185 

26 

41 

41 

103 

56 

192 

27 

44 

42 

108 

57 

199 

28 

47 

43 

113 

68 

206 

29 

51 

44 

118 

59 

213 

30 

0*0000055 

45 

0*0000124 

60 

0*0000221 


69 292 

70 0-0000301 


The values of log ( — ) are the reciprocals of log {^) 
\Sirc / \siii/ 

/Rrc\ # 

or are equal to 10 — log ( ^ j > and it is therefore unnecessary 
to exhibit them in the table. It would be however convenient 
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AFOTHER FORMULA. 


in practice, for the sake of taking out readily from the Table the 

values of , to add as another argument the approxi- 

\sm^/ 

mate logarithm of the number of seconds of Arc,” 

Or, we may proceed thus : 

generally, sinp =jp — g + J 



= j^cosp nearly, 

and p — aP -^ 7 =^. : - ...- sm z . 
Vcosj; 

Thus, if P = 54', log cos P= 9’9999464 ; 


log VcusP= 9-999982 J, 


essentially the same value as the reciprocal of that taken from 
the Table for 


log 


circ. measure of 54' 
sin 54' 


16. In observing the moon’s zenith-distance, it is of course 
necessary to observe that of the upper or lower limb, and the 
parallax must be calculated for the part of the limb observed. 
In this case, supposing a plane to be drawn through the Earth’s 
radius for the place of observation, and through the centre of 
the moon, and in this plane tangents from the Earth’s centre and 
from the plane of observation to be drawn to the section of the 
moon made by this plane, then the inclination of these two 
lines will represent the parallax which is to be applied to the 
observed zenith-distance of the limb. This involves a correction 
to the horizontal parallax amounting at the maximum to about 
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a tenth of a second, hut it is scarcely necessary to give the in- 
vestigation in this place. The reader may consult the Green- 
wich Observations for 1847, or subsequent volumes, for the inves- 
tigation of this minute correction, and for its tabulated amount. 


17. Thus far the parallax has been considered as a function 
of the true zenith-distance. If we consider it as a function of 
the geocentric zenith-distance, we must take the equation 

sinjp = a sin P sin (z +^^). 


To expand^ in terms of sin^, sin^ 2 , &c., 
put = — , 


sin (z + p) 


g ( 3 + p )\ CT _ g -( 2 +!>)>/- 1 

2 i 


... = a sin P 


or — 1 = a sin 

or — a sinPe"'^”’^) = 1 — a sinPe'*^'^-^ 


or 


1 — a sin 
1 — a sin Pc"^"^ 


Hence, taking the logarithms, 

2j? V— 1 = a sin Pe"^"^ ^ sin'^Pe^-'^"^ 

+ ■ (jt’sin'’Pe^'^^+&c. ■ 

O 

— a sin sin^Pe”^-^^ 

O 

and p == a sin P sin 2 ; 4- ^ a sin^P sin 2z 
2 

+ I siu*P sin 3z + &c., 

O 
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or, expressed in seconds of space, 

p" sin 1" = « sin P sin a + ^ a® sin*P sin 2a 

+ I a’ sin'P sin 3a + &c. 

O 

To compute the coefficients of the second and third terms of 
this expansion, take the mean value of P= 57' = 3420" ; 

then, Ar. co. log2 = 9'6989700 

Log a = 9’9991091 (for Oxford). 

Again = 9 ’999 1091 
Log smP= 8*2195811 
Again = 8*2195811 
Ar. co. log sin 1" = 5*3144251 

Log 2nd coef. = 1*4507755 
2nd coef. = 28"*23 

Again, Ar. co. log 3 = 9*5228787 
3 loga = 9*9973273 
3 log sin P= 4*6587433 
Ar. CO. log sin 1" = 5*3144251 

Log 3rd coef. = 9*4933744 
3rd coef. = 0"*31 

«" = - v- 'rg/Sin P sin a + 28"*23 sin 2s + 0"*31 sin 3a 4- &c. 
sin 1 

the latitude of Oxford) 

= [5*3135342] . sin P sin a + 28"*23 sin 2a 

+ 0"'31 sin 3s + &c. 

«= [9*9991091] X P" sins + 28"*23 sin 2a 


4* 0"*31 sin 3a 4- «S:c. 
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18. The preceding investigation has given the expression 
for the parallax of the moon or a planet in zenith-distance, 
without any regard to its position with respect to the meridian 
of the place of observation. In fact, the whole effect of parallax 
takes place in the direction of zenith-distance, that is, of a great 
circle drawn through the geocentric zenith of the place of obser- 
vation, and the object observed is depressed towards the horizon 
by the amount of the parallax, or its observed zenith-distance 
is too great by that amount. If now the object be on the 
meridian, the direction of zenith-distance coinciding with that 
of polar-distance, the whole effect of parallax is in this latter 
direction, and the right ascensions of objects observed on the 
meridian are not at all affected by it. If on the contrary the 
object be not on the meridian (as is generally the case with 
objects such as comets and small planets observed with an 
equatorial) it will be necessary to shew how to calculate the 
effeet of the parallax in right ascension (or hour-angle) and in 
N.P.D. This wc shall proceed to do. 

19. To determine the effect of parallax on the Right Ascen- 
sion and North Polar Distance of an ohject observed at a distance 
from the meridian^ 

Let Z be the geocentric zenith of the place of observation 
(so that Z'P^ colat. + angle of the vertical). 



P the pole of the heavens, 

S the geocentric place of a body depressed by parallax to 
Z in the vertical circle Z' 8» 
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Then 88'^F^mZ'8 

(where P' = ~ x Horizontal Equatorial Parallax). 

Draw /S'P, and perpendicular to 8'P, 

Then parallax in hour-angle 
= — parallax in E. A. 

= angle ^P;S' = -.-|^-Tr 

° SUllN.i\D. 

88' sin 88’AI 
~ sinN.P.D. • 


P'sinj^'^fxsin^'ySP 
sin N.P.D. ' 

P'sin.^'Px sin^'PySr 
sinN.P.D. 


(very approximately) 


_ P' sin Z*P X sin hour-angle 

Again, parallax in N.P.D. = 8'M 
P ^in Z'8 cos Z' ST 

= P' sin Z'8 cos Z'SP very approximately. 

But, since in any spherical triangle whose angles are A, B, (7, 
and opposite si^cs a, 5, c, by a well-known formula, 
sin c cos A = cos a sin h — cos C sin a cos 5, 
we shall have 

F sin Z'8 cos Z'SP = F (cos Z'P sin SP 

- cos Z'PS sin Z'P cos 8P) 

= P' (cos ^'P sin N.P.D. 

— cos hour-angle sin Z'P cos N.P.D.). 

If as usual, we put A for the N.P.D. ; 7 for the colatitude 
4 - angle of the vertical; h for the hour-angle (= sidereal time 
— E.A.), we shall have 

.-da p, sin 7 sin a 
parallax in K.A. = — P — ^ — , 


in N.P.D. = P(cos 7 ' sin A — cos A sin y' cos A). 
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The latter formula may easily be put in a shape fit for loga- 
rithmic calculation. 

Thus, if we compute the angle ^ from the equation, 
tan ^ = cos A cot A, 
the parallax in N.P.D. will be 

__ p, sin A cos ( 7 ' + <^) 
cos <f> 


20. But, practically, the parallaxes in E. A. and N, P. D, 
can be found much more easily by means of appropriate tables 
in the following manner. 


Ever^ thing else remaining as before, 
draw Z'M perpendicular to 8P. 

Then parallax in R. A. 

sin 8P 

P'sinir'il/ 

~ sin'A " 



and, parallax in N. P. D. 

= P' sin Z'8 . cos Z'8P 
= P' sin Z’8 . tan SM cot Z’S 
= P'cos tan^il/ 

= P' cos SM. cos Z’M tan SM 
= P' sin 8AI. cosZ'il/ 

= P' sin (A - PM) cos ZM. ( 2 ) 

If then, for a given latitude, that is, for a given value of Z'P 
or 7 there be constructed a table of the value of PM from the 
formula, cos A = tan Pitf cot 7 ' and also of log ^mZ'M and log 
cos Z M from the formula, sin ZM = sin h sin 7 ', for all values of 
the hour-angle at small intervals (for instance for every two 
minutes of the hour-angle expressed in time) the calculation of 
formulae ( 1 ) and ( 2 ) will become very simple and easy. 

This is the method pursued at Greenwich, 



190 CONSTANT IN TERMS OF SOLAR PARALLAX. 

21. To find the value of P', or of the horizontal parallax, in 
terms of the sun's horizontal equatorial parallax at his mean 
distance from the earth. 

Let the sun’s mean distance from the earth be taken for the 
imit of distance, and let the planet’s distance (P) be expressed 
in multiples or parts of this unit. Let also a(= 8''*90) be the sun’s 
horizontal equatorial parallax. Then, since the horizontal paral- 
lax will vary inversely as the distance, (see page 181), the 

planet’s horizontal equatorial parallax will be -^“^5 

And therefore P' (= horizontal parallax for radius r of the 

Ot T 

terrestrial spheroid) = 2> * a 

= ~.r, if r is referred to a as the unit of 

distance. 


22. To find the equatorial horizontal parallax of the moon. 

The mean distance of the earth from the moon is about 60 
radii of the earth, or 240,000 miles, and therefore the tangent of 

horizontal parallax is about ~ , or the parallax itself is about 

57'. It is obvious then from purely geometrical considerations, 
that the parallax being of such a magnitude can be very accu- 
rately determined by means of observations of declination made 
in two places lying nearly on the same meridian, the one in a high 
northern, and the other in a low southern latitude. Two obser- 
vatories both belonging to the British Government exist which 
are admirably adapted for such a determination, namely the 
Greenwich Observatory and that of the Cape of Good Hope, 
the former in North latitude 51®. 28' and the latter in South 
latitude 33®. 56', the longitude of the latter being only 1^.13*“. 55*. 
East of Greenwich. 

In fact the parallax of the moon was thus determined, as well 
as that of the planet Mars (the latter however imperfectly) about 
the middle of the last century by comparison of observations 
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made hj La Caille at the Cape, with those made at several 
European observatories, including Grreenwich. The late Profes- 
sor Henderson made also a new determination of the parallax by 
observations made in the years 1832 and 1833, for which the 
reader may consult the 10th volume of the Memoirs of the Royal 
Astronomical Society. 

We will now explain the principle of this method of deter- 
mining the parallax by observations of meridian zenith-distances 
made at two observatories thus situated. 

In the first place we may remark, that the change of meridian 
zenith-distance or of polar-distance of the moon, in passing from 
the meridian of the Cape to that of Greenwich, can be accurately 
calculated by means of the table of her motions, and therefore 
we may determine the meridian zenith-distance at which the 
moon would be observed by an observer on the meridian of 
Greenwich at a place which has the same latitude as the ob- 
servatory at the Cape; and we may thus practically consider 
the observatories to be on the same meridian. * 

Let OA O' be an elliptic section of the earth’s spheroid by 
this meridian ; O and O' the positions of the two observatories ; 



NOZ, and N'O'z the true verticals, and COZ' and CO'z lines 
drawn from the centre of the earth through 0 and (7 towards 
the geocentric zeniths. 
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Then if Jlf he the position of the moon on the meridian, we 
shall have MOZ= z and MO' z = z'^ the observed zenith-distances. 
Join CJf, and let the actual parallaxes at the time of observa- 
tion, namelj the angles OMG and O'MC^ be respectively p 
and p. 

Then, denoting the angles of the vertical at 0 and O by v 
and u', and the horizontal equatorial parallax by P, we have 
(taking as the unit of length the earth’s equatorial radius) 

sin^ = r sin P sin {z — v) 
and sin j?' = r sin P sin {z — v ) ; 

. again, since z — t? = z 0 CM -f z OMO^ 
and z'~u'=z 0'ail/+ aOMO^ 
z + z' — V — V = A 0310' + /.OGO' 

=^p-i-p + (f> — v-h 

(where <}) and are the astronomical latitudes) 
or z + 

and p +p = z 4- ^'— (^ + <^i), a known quantity. 


= a suppose. 

Hence we have sin p = r sin P sin {2 — v), 
and sin (a —p) = / sin P sin {z' — v), 

sin (oL—p)__ r sin {z — v) ^ 
sin p r ‘ sin {z — v) ' 


sin a r 

or : cos a = — 

tanp r 


sin {z — v) ^ 
sin {z — v) ’ 


or tan p = 


cosa + 


sin g 

/ sin {z — v) 
r ’ sin (2 — v) 


r sin a sin {z — v) 

r sin(z — u) +rcosasin (z — t;) ’ 

whence p is known, 

and finally sin , from which equation 

P is determined. 
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23. In this investigation we have assumed that the centre 
of the moon has been observed at the two observatories. This 
however is not the case, and the observation is always that of 
the upper or the lower limb (one limb only being in general fully 
illuminated when the moon is on the meridian). To deduce 
from the observed zenith-distance of the limb affected by paral- 
lax the zenith-distance of the centre similarly affected, it is 
necessary to ap])ly the semidiameter corrected for farallax^ and 
this introduces some rather complicated considerations into the 
problem. As there is however no real difficulty in the solution, 
it will be sufficient to refer the student to tlic complete investi- 
gation given in Briinnow’s Sjjhdrischen Astronomie, pagG 373, 
as our limits will not allow many details. 

24. The method which has been applied to determine the 
moon’s parallax is not generally applicable to the planets, be- 
cause of their much greater distance, and the consequent small- 
ness of the parallaxes. In the case of Mars however, it has 
been attempted to determine the parallax by observations of 
zenith-distance at different observations, by taking advantage of 
the fact that, owing to the excentricity of his orbit, he comes 
much nearer to us at some oppositions than at others, so near 
indeed that in some cases the horizontal parallax lias amounted 
to as much as 22". 

For the purpose of giving greater efficiency to the use of this 
method, there is published in the Nautical Almanac, for each 
opposition of the planet, a list of stars situated so near his path 
as to be conveniently compared with him cither by the use of 
meridian instruments or of an equatorial. 

The way in which the amount of parallax is deduced is 
sufficiently obvious. Thus, let z and z be as before the true 
meridian zenith-distances of the planet as affected with the 
parallaxes Pr sin z, and Pr sin z (and let the observation made 
at one station be reduced to the meridian of the other station, 
by the motion in N.P.D. of the planet in its passage from the 
more easterly to the more westerly meridian); let also z^ and 
zl be the true meridian zenith-distances of the star observed 
at the two stations, and 7 and 7' the co-latitudes of the stations 

13 


M. A. 
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(the one referred to the North Pole and the other to the South 
Pole). 

Then the true geocentric N.P.D’s of the planet will be 
7 + « ~ JV* sin and 180 ® — (7 + — Pr sin z') and the N.P.D’s 

of the stars will be 

7 + and 180 ® — (7' + 


and therefore the difference of N.P.D. of the planet and star, will 
be at the first station (the Cape for example) z — z^ — Pr miz, 
and at the second 

z^ -- z + Pr sin z ' ; 
and these must manifestly be equal. 


Hence 


P = 


z — z^ + z —z^ 
r sin z + r sin z' ' 


The advantage of this method is that it requires only the 
difference of meridian zenith-distances or polar-distances of the 
star and planet, and therefore there will in all cases be got rid 
of the greater part of the uncertainty of ill-determined refrac- 
tion, since only the difference of refraction for the star and planet 
comes into play. We may also apply the same method and 
avail ourselves of extra-meridional observations, since an equa- 
torial (which is in general not to be trusted for giving accurate 
values of absolute right ascension and declination), will give the 
differences of those quantities for neighbouring objects very 
accurately. 

If however the equatorial be used, and therefore the observa- 
tion be not made at the meridian passage, the formulae just 
given will require a little modification. 

Thus, let, at the two stations, A and A' be the observed 
N.P.D’s of the planet corrected for refraction (page 134 ), at the 
Greenwich mean solar times t and t' \ m the hourly motion in 
seconds of space of the planet in N.P.D., P/(A) and Prf{pj) 
the parallaxes applicable to observed N.P.D’s. 

Then, reducing all to the time t, the geocentric N.P.D’s 
will be 

A - Pr-ytA), and A' + Pr' j\i^) 
i — t being expressed in seconds of time. 
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Again, let the observed N.P.D’s of the star be \ and A,', 

difference of geocentric N.P.D’s of planet and star at 
Greenwich 


= A,-A+P,./(A), 
and, at the Cape of Good Hope, 

and these must be equal, 


or 


P = - 


A;-A'-(A,-A) + |^^xm 


r/(A) + //(A') 


where /(A) and /(A') can be calculated by the formulae on page 
189. 


25. Observations of right ascension of Mars when nearest 
to us, made with a good equatorial at only one station, at con- 
siderable distances East and West of the meridian, may also be 
made available for determining the parallax. 

Thus, referring to the figure on page 187, it will be seen 
that, as the planet is depressed by parallax in the vertical circle 
from 8 to 8', the hour-angle (whether East or West) is increased 

by the angle 8P8\ or by its equivalent — > where h 

is the hour-angle. 


Let then li be the eastern and li the western hour-angle 
expressed in time, corresponding to the true values a and a', 
A and A' of E.A. and N.P.D., and to sidereal times t and ^ \ 
and let and a/ be in time the observed values of E.A., or 
values resulting from observation, corrected for refraction only. 


Then is 


and 


Oj = t + Ih and —i — li\ 


a 


Pr sin y sin h 
15 sin A ^ 


15 sin A 


13—2 
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if therefore m ^ motion in R. A. (in time) of the planet in the 
interval t' — f, 


. a = ^ — (A' + A) -f 


Pr sin 7 ' /sill K 
15 Vsin A' 


'/ + 


.md tWo,e 

/sm k sin h \ 
r sin 7 — T-, + — r- 

' Vsin A sin A/ 


sin A \ 
sin Ay 


If wc neglect the planelf s motion in N.P.D. in the time t' — 
which will generally he small, A' = A ; 

p_ 15 {A' + 7i — it' — #) + m] sin A 
‘ r sin 7 (sin Ji + sin A) 


15 [li + A — {t' — t) + m} sin A 

2 ' . . A' + A A' — A 

r sin 7 sin — — cos — - — 

iu A 


26. At the last opposition of Mars in 1862, great pains 
were taken to secure good co-operation of different observatories 
for the deduction of the parallax of the planet and therefore of 
the Sun’s parallax, and pamphlets were circulated containing 
specific recommendations for conducting the observations, and 
maps in ^whicli were laid down the positions of all the stars 
lying very near the track of Mars. 

The observations which were made at various northern and 
soutliern observatories, in compliance with the recommendations, 
have not all been given to the public, but comparisons have 
been made between the results of observations of two northern 
and two southern observatories, which agree in shewing that the 
received value of the solar parallax, as deduced from the Transit 
of Venus in 1769, namely 8"*57, must be considerably increased. 
In the Astronomische Nachrichten^ No. 1409, for example, 
M. Winnecke, one of the astronomers of tlie Russian observatory 
at Pulkowa, gives the results of thirteen observations of decli- 
nation of Mars made at that observatory, compared with those 
made at the observatory of Santiago de Chili, by M. Moesta, 
and finds that the resulting solar parallax is 8"*964. Also in 
the Monthly Notices of the Royal Astronomical Society, is a 
paper by Mr Stone, first assistant of the Royal Observatory at 
Greenwich, in which he gives the results of comparison between 
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twenty-two observations of declination of Mars and comparison- 
stars made at Greenwich and at Williamstown, Victoria, in 
Australia; and the resulting solar parallax is in this case 8"*932. 

The mean of these two results, which are so nearly identical, 
would therefore deserve considerable weight, even if it was not 
supported by other considerations which render the essential 
correctness of it indisputable, and a brief account of these other 
considerations becomes absolutely necessary. 

M. Le Verrier, the celebrated French astronomer, has re- 
cently made a redetermination of the orbits of Mercury, Venus, 
and Mars, and found that it was impossible to represent the 
motions of the perihelia of Mercury and Mars, and of the nodes 
of Venus, so as to make them agree with observation (assuming 
the received value of the solar parallax), without an inadmissible 
increase of the values of the planetary masses. In his discus- 
sion of his results given in a paper in the Comptes Rendus of 
Jan. 6. 1862, he states that an increase of the mass of the earth 
by about one-tenth part would get rid of nearly all the dis- 
crepancies between theory and observation, but he observes that 
there is a difliculty in tlie way of tliis alteration, because this 
would disturb tlie relation which exists between the force of 
gravity at the surface of the earth, the mass of the earth, and 
the solar parallax, unless the solar parallax were itself increased 
by about one-thirtieth part. In tlie face of this difficulty he was 
inclined rather to believe that the disturbing influence arises 
from a ring of small planets as yet undiscovered. 

In the meanwhile M, Foucault was engaged in endeavouring 
to determine by experiment the actual velocity of light by means 
of an apparatus consisting of a series of reflecting mirrors, one of 
which was made to revolve uniformly with a very great velocity, 
and the conclusion at which he arrived was that the velocity of 
light was considerably less than its received value as deduced 
originally from the eclipses of Jupiter’s satellites. His experi- 
ments were repeated again and again with so much care that no 
reasonable doubt could be entertained about its correctness. 

Now the constant of aberration has been determined (as has 
been seen) by considerations quite independent of the velocity of 
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light, that is, hy the observed apparent displacement of the 
stars, and, assuming Struve’s value, or 20"’445, this gives us 
immediately the following equation. 


velocity of the earth 
velocity of light 


= 20-445 X sin 1". 

« 


Hence if it be found necessary to diminish the velocity of 
light, that of the earth must be diminished in the same propor- 
tion, but, in any case, if the velocity of light be known, the 
velocity of the earth is given by the preceding equation. 


Now the velocity of the earth depends on the dimensions of 
the solar orbit, or on the solar parallax, and may be expressed 
by the following equation, 


^Tra 


where a = radius of earth’s orbit supposed circular, 

V = its velocity, or space described in a second of time, 
and T = the time of revolution, or length of a sidereal year, 
which is accurately known from observation. 

Hence if v be diminished, a or the mean distance of the 
earth from the Sun will be diminished in the same proportion, 

and therefore the solar parallax, which is equal to ^ 

will be increased. 


M. Foucault thus found that it would be necessary to in- 
crease the Sun’s parallax by about one-thirtieth part, and his 
deduced value was actually 8" *86. 

Now M. Le Vender, in his planetary researches had been led 
to assume 8"'93, as giving the best agreement between theory 
and observation, and we have seen that two independent results 
derived from observations of Mars give 8'''95. 

There can therefore be little doubt of the essential correctness 
of this value, or of the incorrectness of that which has been 
assumed up to the present time as deduced from the Transit of 
Venus across the Sun’s disk, namely, 8"-57. It will be desirable 
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in this place to explain the principle of finding the parallax by 
this latter method. 

27. Both the inferior planets, Mercury and Venus, in 
arriving at inferior conjunction (that is, in passing in their orbits 
between the Hun and the earth), occasionally appear to transit 
the disk of the Sun. When this phenomenon occurs for Venus 
it affords very good means for determining the solar parallax, and, 
at the last two transits^ wliicli oceurred in 1761 and 1769 , expedi- 
tions to several northern and southern stations were fitted out 
by the British and otlier Governments for ensuring observa- 
tions best adapted for tlie determination of the parallax. 

The problem taken in all its generality is a complicated one, 
and may be referred to the Chapter which treats of the motions 
of the planets, but the general explanation presents no difficulty. 



It is presumed that tlic student has sufHeieiit elementary 
knowledge of the motions of the planets to be aware that 
they, move all in the same direction, in nearly circular orbits 
round the Sun, in planes inclined at different small angles to 
the plane of the earth’s motion, and with greater velocities in 
proportion as they are nearer to the Sun, If then it should 
happen that, when Venus is passing between the earth and the 
Sun, she should be very near the eeliptic, or very nearly in a 
direct line with the Sun as seen from the earth, she would 
appear projected upon the disk of the Sun, ^ Bet then E and V 
be simultaneous positions of the Earth and Venus, moving in 
their orbits in the directions Ee and Vv (which are in different 
planes), and imagine two observers, one stationed near the north 
pole of the earth and the other near the south pole. Then, if 
lines be drawn from those stations through F, they will meet 
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the Sun’s disk at points EF, and therefore for this instant the 
observers will see Venus projected on the Sun at those points. 
Thus the planet will appear to describe upon the Sun’s disk the 
very nearly straight lines or chords AB, CD, and, if we could 
by any means measure the angular lengths of these chords, we 
should plainly (knowing the value of the angular diameter of 
the Sun) be able to calculate the angular value of EF, that is, 
the distance between the. cliords. 

Now the simplest observation by which this can be effected 
is that of the times of apparent ingress and egress of the planet 
on the Sun’s disk, since by this means, we shall know the time 
occupied by the planet in traversing the chords, and the angular 
velocities' being known from the tables of the motion of Venus, 
the angular spaces described, namely, AB and CD^ will be 
known. 

Again, by the laws of planetary motion, the ratio of the dis- 
tances of Venus and the Earth from the Sun is known by their 
periods of revolution, that is, EF : VF 95 : 68 nearly, and 
therefore, VF : :: 68 : 27, or as 2J : 1 nearly, and there- 

fore EF as measured on the Sun’s disk will be 2^ times the 
distance between the stations on the earth’s surface ; and, if we 
assume that the distance between the stations is equal to tlie 
earth’s diameter or to twice the earth’s radius, then is the 
angular measure of EF equal to five times the Sun’s parallax, 
and the latter quantity may therefore be determined. 

The sketch given above is exceedingly imperfect, and parti- 
cularly in this respect that it does not take into account the 
rotation of the earth during the progress of the transit of the 
planet across the disk, but it is perhaps sufficient to shew the 
principle of the method, which will be given in detail in a 
following Chapter. 



CHAPTER VII. 


ON PRECESSION AND NUTATION 


On the corrections to he applied to a stars place, on account of 
the motions of the Equator and Ecliptic, 

1. Hitherto, the planes of the equator and ecliptic, and 
consequently the position of the first point of Aries, have been 
regarded as fixed, and this is approximately true. But, since the 
Earth is not a sphere, the attractions of the Sun and Moon do 
not in general act through its centre, and the axis of the Earth 
does not retain a fixed direction in space. Since tlie ellipticity 
of the Earth is small, the motion of the axis, being due to the 
ellipticity, is also small. When this motion is investigated, it 
is found that the mean motion of the pole of the equator is in a 
small circle about the pole of the ecliptic, whose angular radius 
is about 23 °. 28 '; that is, the distance between the poles will be 
sometimes greater and sometimes less, than that quantity, — ac- 
cording to the positions of the Sun and Moon, and of the node 
of the Moon’s orbit : also the motion in this circle is not quite 
uniform, the pole being sometimes before, sometimes behind its 
mean place, but the distance of the pole, from its mean place, is 
always small. 

The meari motion of the pole is called ‘ Precession,* and the 
deviation from the mean place is considered as a correction to be 
applied to the Precession, and is called ‘ Nutation.’ 

The effect of the Processional motion of the Earth’s pole 
will be, that the First Point of Aries will move uniformly in 
the ecliptic (in the contrary direction to the Sun’s motion), 
while the obliquity of the ecliptic will remain unchanged. 
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The formulae which express this motion of the pole have 
been investigated by Kigid Dynamics, and its amount has been 
computed numerically. 

2. It is evident from the explanation given above that 
the latitudes of the stars are unaltered by the motion of the 
equator, while the longitudes, as measured from the First Point 
of Aries, are all changed by the same amount; and that the 
motion of the equator is completely determined when we know 
for a given time the true value of the obliquity of the ecliptic, 
and the quantity by which the longitudes of the stars are altered. 

Now, from tlie investigations of Physical Astronomy, it is 
found that, if ©, ]), and fl be the longitudes of the Sun, Moon, 
and ascending node of the Moon’s orbit at the time (in years) 
1750 + 1, then the increase of true longitude of a star for the 
latter epoch, over its mean longitude for 1750, will be repre- 
sented by the following expression, 

50"*37572^ - 0"*000121795i" 

- 16"*78332 sin D + 0"-20209 sin 2f2 

- l"-33589 sin 2© - 0"-20128 sin 2}), 

while the true value of the obliquity of the ecliptic, for 1750 + 
is 

23".28'.18"-0 + 8"-97707 cos O - 0"-08773 cos 2n 

+ 0"*57990 cos 2© + 0"*08738 cos 2 D, 
using Bessel’s constants. 

The terms which are non-periodical functions of the time are 
considered under the head Precession ; and the periodical under 
Nutation ; tlius, there is no precession in obliquity, and the 
precession in longitude varies (nearly) as the time. 

3. As yet, we have considered the motion of the equator 
only ; but, on account of the mutual actions of the planets, the 
ecliptic or plane of the earth’s orbit is not fixed, although its 
motion is very small. 
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By a motion of the ecliptic on the equator, it is evident 
that the E.A’s of all stars will be altered by the same amount, 
while their N.P.D’s are unchanged. 

The formulas which express this effect of the motion of the 
ecliptic in the interval from 1750 to 1750 + 1 are, 

1st, a diminution a of R.A. of all stars, whose value is 
a = 0"-l 7926« - 0"*0002GG0394^". 

And 2ndly, a change in the obliquity of the ecliptic, 

= - 0"*483G8^ - 0''0000027230i5". 

The motions in these formulas arise from the secular variation 
of the inclination^ and longitude of the node of the Earth’s orbit, 
considered with reference to a plane absolutely fixed, due to the 
action of the planets ; they are in reality periodic quantities, but 
their periods are immense, so that for the ordinary purposes of 
Astronomy, for even moderately large intervals of time, we 
may consider the E.A’s to be continually increasing ^ and the 
obliquity continually diminishing according to the formulaj 
given above. 

This motion of the ecliptic is called ‘ Planetary Precession;’ 
that due to the action of the Sun and lloon on the spheroidal 
Earth being distinguished as ‘ Luiiisolar Precession.’ 

4. The Lunisolar Precession, as given in Art. (2), was cal- 
culated on the supposition of the ecliptic being fixed; if the 
motion of the ecliptic be taken into account, there will be found 
to be a small prccessional change of the inclination of the equa- 
tor to the fixed ecliptic of 1750, so that at time 1750 + ^ — cor- 
recting for precession only — the equator will be inclined to this 
fixed ecliptic at the angle 

= 23^ 28'. 18"-0 + 0"00000984233<^ 

We will now proceed to apply the above results of theory 
to determine the corrections to be applied to the place of a star 
due to the motion of its planes of reference. And we will first 
consider 
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Precession. 

5, On inspection of the above formulae, it is seen, that by 
far the most considerable part of precession consists in a uniform 
motion of the Earth’s pole about the pole of the ecliptic in a 
circle : and that we may very approximately consider the ecliptic 
as fixed. 

Thus the latitudes of stars are unaltered, but the longitudes 
have a yearly increase of about 50"‘2 by the combined eifect 
of the Lunisolar and Planetary Precession (called the Greneral 
Precession) ; and we may hence deduce expressions for the 
precession in R.A. and N.P.D. 

6. Let TT, P be the pole of the ecliptic and equator, at a 
given epoch : 8 any given star of which the R.A. = a, decli- 


p 



nation = S, longitude = Z, and latitude = \ : also let obliquity of 
ecliptic < 0 : then, in triangle ttPS, 

ttP = a> ; PS = 90® — S ; l irPS = 90® H- a, 

7rS':=90®-\; zP7r/8'=90®-Z. 

Since P moves in a circle about tt, ttP is unaltered ; and 
from triangle ttPS 

sin S = sin \ cos (o + cos X sin co sin / ; 
therefore differentiating, — since \ and « are unchanged, 
cZS cos 8 = cos X sin cd cos I , dl. 
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/. dS = cos a sin a> . dl, 
or, since ^ = 50"*2 nearly, 


dS __ dS dl 
dt dl * dt 


= 50''*2 cos a sin 


which give the rate of change of declination of the star. 

Again, 

sin \ = cos E8 

= sin h cos w — cos S sin ay sin a, 

therefore differentiating, and remembering that \ and co are un- 
altered, we have 

cos S sin o) cos ^ ^ ^ ^ ^ sin co sin a ; 


or, since 


50"*2 cos a sin cd, 


cos ^ ^ = 50"*2 (cos S cos © + sin S sin co sin a) ; 
^ = 50'''2 (cos CO + sin (o sin a tan S). 


7. The preceding article considers only the principal terms 
in precession. We proceed to the more accurate investigation. 

Let EEq be the equator and ecliptic for the year 1750: 
and A' A", EE' their positions for the year 1750 + « (of course 
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neglecting nutation) : then, BD^ on the fixed ecliptic is the 
lunisolar precession in t years; let it=p^. 

Then, from Art. (2), 

+ 50"-37572< - 0"*000121795^". 

And J5(7, being the motion of the ecliptic on the equator 
A! A" considered fixed, = a, where a is the planetary precession 
in t years ; and is equal to 0"*17926< — 0"’0002660394^^, 

Also BGE = inclination of the true eeliptic to the equator, 
= 23^28'. 18"-0 - 0"*48368< - 0"-0000027230^" = «, say. 

And, ABE (= g)q) = inclination of the fixed ecliptic 
= 23^ 28'. 18"‘0 + 0"*00000984233^", 
thus 0 ) — is small. 

On EE\ take ED' = ED \ and let CD' —p; p is called the 
* General Precession:’ also p^—p — BD— CD\ and is evidently 
very small. 

Let TT = z EqEE' : and IT = longitude of the ascending node 
of the true on the fixed ecliptic, = 180^ — DE, E being the 
descending node ; 

.-. EB^ 180" 

and, EG = ED' - CD' = ED - CD' 

= 180" - n - p . 

Now in the triangle EBG, BC=a; z(7=a); and zB 
= 180" — o)©; which are all known: and hence the remaining 
parts of the triangle, and therefore 11, tt, p, are known. 

8. The calculation of 11, tt, and p is effected by Napier’s 
Analogies, remembering that ft>— p^—p and tt are very 
small. Thus, the equations to determine the required quantities 


tan cos ^ " = tan ^ cos , 

2 2 2 2 

tan ^ sin ^11 = 3in^-‘Y^ tan , 


are 
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tan ^ cos = cos 




Hence, since - = «„+*’ „ , the first equation gives, 

J /a 


neglecting (&) — 

^ = a cos co^—~a{o}-‘ 6)J sin o)^ sin 1' 


(a). 


Again, dividing the second equation by tlic third, and using 
the first, 


tan fll + = tan | — 

sin 


. G) + c»o 

sm 

2 


CO — 


whence, tan (u n ^ cos co sin 1" {h). 

Lastly, adding the squares of the second and third, 

tan^ ~ = ^tan^-' — - '^ taii^ — + tan^ cos^ ^- -- — , 

2 \ 2 2 2 / 2 

whence, very approximately, 

’f* = (p, - PT tan' + (® ~ ®o)" 

= ( », - pY tan' w„ (1+ -r -^ — -- — sin I"') + (w - w )' 

Ki'l f! 0 gQg J \ 0/ 

= {p^ —pY tan' <»„ + a' tan co„ {to — to^) sin 1" + (<» — wj', hy (a) 

= sin^ co^ - a® (o) — wj sin cos co^ tan^ g)o sin 1" 

+ tan {co — g)J sin 1" + (g) — g)^)® 


= a® sin® cOf^ + a® sin cos co^ {co — g>J sin 1" + (g) — g)J® 


(c). 


If we put in (a), (&), (c), the known values of a, co^, co — co^, 
2 ?j, they give for p, H, and tt the following values, 

p = 50"-21129^ + 0"-0001221483^*, 

n = 171^36'. 10'' 

TT = 0"*48892^~ 0"-0000030719«®, 
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where it is to be remembered that 

and 180" - 

9. Let F be the ascending node : 8 a star ; 8L^ SL' per- 



pendicular to the fixed, and true ecliptic ; and the points (7, D, 
&c. as in the last figure. 

Then, 

DF=U; CF^U+j>, 

We can now easily find for any given interval of time t, the 
precession of S in latitude and longitude. 


Let, at the beginning of the interval, L, A be the longitude 
and latitude referred to the fixed ecliptic : and \ to the true ; 
then, since D and G are the positions of the fixed and true First 
Point of Aries, 

FF ^GL'^GF=l--Il^p, 
and FL=^DL^ DF^ L - H, 

also fifL = A; 


Hence, if we take two systems of rectangular axes, one set 
being in and perpendicular to the plane EDFy and the other in 
and perpendicular to plane EGF, and if one of the axes of each 
system be at F; the co-ordinates of 8 referred to them are 


cos A cos {L - n) 
cos A sin {L — H) 
sin A 


cos X cos (Z — n 
cos X sin (Z — n — j?) 
. sin X. 


and 
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Thus, transforming from the second system to the first, we 
have, as in Chap, ill., page 89, putting, for convenience, x for 
i — n, and y for Z — n — 2 ?, 


cos \ cos y = cos A cos a?, 
cos X sin ^ = cos A sin x cos tt + sin A sin tt 
sin \ = — cos A sin x sin tt 4- sin A cos tt 


(A). 


Now, in an interval of i years, if t be not very large, the 
precession in latitude and longitude will be ^ ^ ^ ; and dif- 
ferentiating the first two equations above, we have, since L 
and A are constants, 

sin X cos yd\ + cos X sin ydy == cos A sin xdx^ 
and sinX sinyrfX — cos X cos ydy = — cos Acos:» cos irdx — sinX^Z7^. 


Eliminate dK^ and for dx write — dH ; 
cos Xe%= sin Xcos^cZtt— cos A (sino? siny 4 cos x cosy cos tt) eZII. 

And, from the last two equations of (A), 

cos a sin X = cos X sin y cos tt — sin X sin tt ; 
also cos a cos x = cos X cos y ; 

.*. (sin a? sin y 4 cos x cos y cos tt) cos A 
= cos X cos tt — sin X sin tt sin y , 
whence, eliminating A from the expression for eZy, 

dy =s tan X cos ydir — (cos tt — sin tt tan X sin y) cZII (a) , 

or, since tt is very small, 

Jy = tan X cosy . cZtt — (1 — Trtan X . siny) eZII, 
that is, cZ (Z — y ) = tan X cos y . cZtt 4 tt tan X sin ycZII, 

or, since nearly, 

dil — p) , . cZtt / . . 



14 


M. A. 
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Again, from the last eqjaation in (A), we have, — ^using the 2nd 
to get rid of A, 

cos \ = — cos A cos a; sin TT . die — cos \ sin y .dir 

d\ = — cosy sin TT. die— sin y.dTT (/S) 

= — TTCOsy . die — sin y . dw, nearly ; 

dX dn . dw 

^ = wcosy.-^^--smy.-^ 

dv . ( .dn\ , . 

= -*’■“ (3' j 

From (1) and (2), since - 11 — jp) is known in terms of 

and ^ are known, we get the rate of change of longi- 
tude and latitude, through precession, in time t. 

10. To find the precession in right ascension and declina- 
tion, we use two sets of axes, one in and at right angles to the 
ecliptic for 1750, and the other in and at right angles to 
the equator for 1750 + ^, A! the point B corresponding to 
an axis in both systems. 

Since and D is the true equinox for 1750, the 

longitude of a star, reckoned from B on EE^ = L-\'p^^ i being 
the true longitude for 1750; so G being the true equinox for 
1750 + the R.A. reckoned from B = (x^-a. 

Thus the co-ordinates of the star referred to EBE^ and 
A* BA* are, 

cos A cos {L +Pi) ] [ cos S . cos (a + a) 

cos A sin (L and < cos 8 . sin (a + a) 

sin A J i sinS, 
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also, angle whence, put^ng ccfori+jp^, and y for 

a + a, we get, 

cos S cosy = cos A cos x \ 

cos 8 sin y = cos A sin x cos — sin A sin I (B), 

sin 8 = cos A sin x sin eo^ + sin A cos co^ J 

which are identical in form with (A), if we put in (A) 8 for \, 
and — co^ for tt ; we thus get, by repeating the process of article 
(9), i.e, by differentiating, and eliminating A, instead of equa- 
tions (a) and (/3), the equations 


c? (a + a) = — tan 8 cos (a + a) day^ 

+ {cos ( 0 ^ + sin co^ tan 8 sin (a + a)} dj)^^ 

and dS = cos (a + a) sin g)^ + sin (a + a) dco ^ ; 


thus ^ ^ + (cos (Oq + sin ay^ tan 8 sin a) 


doL 

di 


iPi 

dt 


and 


dt 

dS . dp. f . dix c?g)A . 

^ - cos a sin g), - [a sin g), ^ ^ J sin a. 


{a si 


sin Q), 


d(o^ 

dt 


tan 8 cos a, approximately. 


Here a is the circular measure of a very small angle which 
is expressed in seconds in Art. (7) ; hence a will be a very small 

fraction ; and , gj^, are given in the same article, from 

which it is seen that is very small, and not large. Thus 

the coefficient a sin g)^ ^ is very small, and its numerical 

value is easily found to be — 0"’0000022472^ : we may therefore 
safely reject it. 


Thus 


da 

H 

rfS 

dt 


= 7n + ?i tan 8 sin a, 


= n cos a, 


14—2 
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where 




dt 


•f cos 


dt ’ 


and 

and, putting for Wq, 


n = sin ft), 


dp^ 

dt 


^ ^ their values, we find 
dt dt 


m = 46"-02824 + 0''-0003086450 ty 
n = 20"-06442 - 0"-0000970204 1. 


11. We will now shew how these formulas are applied to 
calculate the precession of a star in any interval. 


It is easily seen that we shall get a very accurate result by 
supposing ^ ^ constant during the interval and equal to their 


value corresponding to the middle of the interval. For putting 
the interval = 2 t ; and f{t) for the change in a or 8 during time 
t from the middle of the interval: we have, by Stirling’s 
theorem, 


f{r)=^f{0)+rf{0)+^f'iO) + 


/(- t) =/(0 ) - rf (0) + (0) - 


••• /('r)-/(-T) = 2T/'(0), 

to the 2nd order in t : and f (0) is the rate of precession at the 
middle of the interval. Of course the same applies to the preces- 
sion in I or X. 

The following method is also very useful in certain cases 
where greater accuracy is required. 

Let pj^y p^y p^ be the annual precessions for a star not very 
near the pole, in K.A. or N.P.D. for equidistant epochs, t^y t^\ 
and let the whole interval of time from to ^3 be equal to T or to 
Then, if P be the whole precessional motion for the inter- 
val ^3 — or Ty 
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dP 

dT 


(ir); 2 *°' 


integrating from T=^ to T=2t, we get 



P 2pjT + 2 T + - . Qy2)^T 

(1), 

also 

?» = ?.+ (^) T + 2 


and 

■‘’iGi’*)/ 

(2), 

and similarly, =pjT + 2 1 ^ + 2 t’ 

(3); 


therefore by eliminating, between the equations (1), (2), and (3) 
the differential coefficients (^!j and (^ 2 ) > we get 

P=\iPt+^P2 + P^ X 2t 
T 

=-g (i>i + 4p2+i’»)' 


Example. In Bessel’s Fundamental we find for a Aquilje 
at the epoch 1755, R.A, = 294'’. 42'. 24"* 0 

= 19 ’‘. 38 “. 49 '- 60 , 

n 

also for 1755 = 43*410 = 2* 

^2 ... 1800 =43*399 = 2* 

... 1845 =43-385 = 2* 

.*. P=rx 2*893, where, r=90, 
and E.A. for 1845 = 19\ 38™. 49®* 60 + 4™. 20«* 37 
= 19’\43™.9**97. 

Now from the Greenwich Observations for 1845, we find that 
the observed RA. was 19**. 43™. 13®* 10. 

Hence the proper motion of the star in E.A. for 90 years is 
+ 3** 13 ; and the annual proper motion is -f 0®* 035. 


893 i Peters’ value 

I of the precession ; 

892 ) 
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ON NUTATION 


We now proceed to 


Nutai'iun, 

12. It is clear from what has been said of Natation that, 
if we refer a star to the mean ecliptic and equator at time 
(i. e. to the positions of those planes as determined by pre- 
cession), the nutation in the position of the star will be the 
error which the deviation of the true plane of the equator from 
its mean position causes in the calculated place of the star. 

The ecliptic has no nutation, the periodic terms in the ex- 
pressions for its motion as disturbed by the planets being incon- 
siderable : so that the motion may be considered entirely secular 
or non-periodic: and thus, nutation does not affect a star’s 
latitude. 

The nutational motion of the equator is given by the 'periodic 
terms in Art. (2) ; i. e. by a change AZ in the longitude of all 
stars, and a change Aw in the obliquity of the ecliptic, where 
A?, Aw contain only periodic terms. 

13. To find the nutation in right ascension and declination, 
i. e. to find the change of place of a star in R.A. andN.P.D., due 
to the deviation of the true equator from its mean place A A ' — 
fig. Art. (7), — we may pursue the same method as that by 
which we obtained the precession. The only difference is that 
in the case of precession we referred the star to fixed ecliptic 

and in nutation, we refer it to the mean ecliptic EE\ 
From the figure it is easily seen that this is the same as putting 
in the formulas of Art. (10), a for a + a, Z for A + 2 ?^, \ for A, 
and ft) for w^^ : 8 being unchanged. 

The formulas so modified are 

cos 8 cos a == cos \ cos 
cos 8 sin a == cos X sin I cos w — sin X sin to, 
sin 8 = cos X sin I sin ay + sin X cos ft), 

and are of course easily obtained independently by repeating 
the process of Art. (10), the planes of reference being EE\ 
AA\ 
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FORMULAE FOR NUTATION. 

Thus, if Aa, AS he the nutations in a and S : 

Aa = (cos ft) + sin ft) tan S sin a) AZ ~ cos a tan S Aft), 

AS = cos a sin co A/ + sin a Aft>. 

And cos ft), sin ft) being multiplied by the small quantities 
A?, Aft), there will be no appreciable error, if we put for to its 
value for the beginning of the year 1800, or 23®. 27'. 54": 
substituting then for AZ, Aft) their values, Aa and AS can be 
found. 


14. If we wish to retain second or higher powers of AZ, Aft), 
we must use Taylor’s Theorem. Thus 

. da .T da . 1 d'^a . ,2 , d'^a . , . 

1 d^a. . , 

+ 2®'^“ + 

where, by the formulas of Art. (13), 

^ = cos ft) + sin ft) tan S sin a, 
at 

da , ^ 

— cos a tan o, 
dw 


d'^a 


whence , &c. may be found, and thence Aa ; similarly, we 
can find AS. 


15. If the principal terms only in A?, Aft) be retained, viz. 
the terms in sin H, cos II, the motion of the true pole is in an 
ellipse described about the mean place. 


E 
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ELLIPTIC MOTION OF THE POLE. 


For, let P, p be the mean and true pole at time i. e. P the 
place of the pole as determined by applying precession, and 
p its place after again correcting for nutation : pq perpendicular 
to EP produced ; let Pq^—^»pq—y\ 

then a; = Pg' — EP 

= Ep — EP nearly, 

= Aq) ; 

also y = sin Ep x ^ pEq^ 

= sin (o . Al, nearly. 

And a; = a cos O, 
y ==h sin ft, 

where a and b are known constants ; 

hence + ^ = 1, 
a* 0 

and thus the motion of p is in an ellipse about P, whose major- 
axis points to E. 

16. We have now shewn how, supposing the motion of 
the equator on the ecliptic, or Lunisolar Precession and Nuta- 
tion, and the motion of the ecliptic on the equator or Planetary 
Precession, to be known, we can, from the latitude and longitude, 
or right-ascension and declination, at any assumed time, deduce 
the same for any future time. Conversely, if we obtain by 
observation the right-ascension and declination of a star at two 
epochs, separated by a considerable interval, we can, from the dif- 
ference between these observed values, obtain equations to deter- 
mine m and n. It is found that all stars do not give the same 
values : this shews that the changes of place of some stars are 
not wholly due to the motions of the planes of reference, but 
that part of the change must be due to some proper motion (as 
it is called), either of the solar system, or of the stars them- 
selves, or of both. 

If, however, we determine m and n by a large number of 
stars, it is probable that in the mean of the values thus found. 
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the proper motion will be eliminated or nearly so ; those which 
increase m or w being on the whole counterbalanced by those 
which diminish them. And, the positions of stars being calcu- 
lated by these mean values, the errors in their positions (if too 
large to be considered as errors of observation) may be assumed 
as due to proper motion. It is in this way that the proper 
motions of stars are determined. (See page 213.) 

17. The corrections for refraction, aberration, precession, 
and nutation, enable us to deduce from the observed place of 
a star at any given epoch, the place in which it would be 
observed at any subsequent time. 

The observed place of a star cleared of refraction gives the 
R.A. and N.P.D. referred to the equator and First Point of 
Aries at the time of observation, affected with the error of 
aberration. 

Correcting for aberration we get the place of the star re- 
ferred to the true equinox and equator corresponding to the 
time of observation. Next, correcting for nutation, we get the 
mean place, i. e. the place referred to the mean equator and 
mean equinox of the time of observation. 

If then the place be wanted at an interval t from the time 
of observation, we apply the precession for the time t to the 
mean place of the star found as above : we thus have the mean 
place at the time t; whence the apparent place is found by 
correcting for nutation ; then, applying aberration, we have the 
place in which the star would be observed, allowance being 
made for refraction. 

18. We proceed to shew how, by means of tables, the 
labour of calculating the corrections is abbreviated, and the 
corrections applied to any number of stars with great facility: 
and we will first consider precession and nutation. 

Let a^, be the mean E.A. and declination of a star at the 
year 1750 ; a, S the apparent R.A. and declination at the epoch 
1750 + < (neglecting aberration), 

then a — = precession for interval t 

+ nutation at time 1750 H-^. 
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Now in the formulae for precession a and 8 stand for the 
mean B. A. and declination at time t : hut the error introduced 
by considering them to he the apparent R.A. and declination 
is inconsiderable; thus from Arts. (10) and (13), 


a — = (w + ^ tan 8 sin a) ^ -f (cos cd + sin co tan 8 sin a) AZ 

— cos a tan 8 Aco, 

where 

m + w tan 8 sin a = — -^ + (cos + sin tan 8 sin a) ^ , 


dt 


in which for we may put « without sensible error ; thus 
a — [m+n tan 8 sin a) ^ w tan 8 sin a + cos a tan8 A 

‘W 

= (m + II tan 8 sin a) / ^ ““ ^ ^ ^ ^ » 

\ dt / dt 

d da 

whence, putting for AZ, Ace, ~ , and m and n their values, 

a — is known in terms of a, 8, ©, )), and 11. 

Now O, }), and II are functions of the time only^ i.e., are 
determined when the time is given ; hence, neglecting the last 
term, which is very small, we have, putting c for m + 7i tan 8 sin a, 

d for cos a tan 8, G for t + and D for Ace, 

dPx 

dt 

a — = (7c + Dd^ 

where (7, D are functions of the time^ and c, d of the star’s 
place. 


19. Again, taking into account the correction for aberra- 
tion, there will be found (on inspecting the form of the aber- 
ration in B. A.) to be two terms, which we may write Aa + Bb ; 

// 

ud = — 20*445 cos ft) cos ©, 

5= -20*445 sin ©, 
a = cos a sec 8, 

8 = sin a sec 8, 


where 
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A and B being functions of the time, and a, h of the star’s 
place. 

If we denote by Ac the annual proper motion of the star 
in E.A. we have, then, 

apparent E.A. = tto + + (7c -+• Dd + t Ac. 

Now, in the Nautical Almanac, at page xx. of every month, 
are given the logarithms oi A, B, G, D for mean midnight 
throughout the month : also the British Association Catalogue 
contains the mean E.A. and N.P.D. for January 1, 1850, of 
more than 8000 stars, with their annual precessions and proper 
motions, as well as the logarithms of a, h, c, d for all of them. 

If then the star in question be one of those in this cata- 
logue, the apparent E.A. at any time can be found by a very 
simple calculation. 

The apparent Declination is found in a precisely similar 
manner. 


20. When the star is not in the catalogue, the logarithms 
of a, h, c, d are not known and must be computed from the 
formul83 previously given. 



CHAPTER VIII. 


ON THE PLANETS. 


Section I. The Laws of Planetary Motion. 

1. In the preceding portion of this treatise has been given, 
it is hoped, adequate information respecting the methods pursued 
in modern observatories both in the making and reducing of 
observations. The whole of these operations have for their 
object the determination of the positions of the heavenly bodies 
with respect to the equator, that is, to the determination of their 
right-ascensions and declinations measured from the moveable 
equinox and the moveable equator. With regard to the fixed 
stars, which are generally at immeasurable distances from us, 
the processes of reduction to a fixed epoch have necessitated the 
discussion of the theories of refraction, aberration, precession, 
and nutation, and the mode of application of these corrections, 
so that, from the raw observations, the student has been able to 
trace the successive steps by which the mtdio. place of a star for 
a given epoch can be found. By this means, catalogues of the 
mean places of all the stars which have been observed at any 
observatory can be made, and these are the representations of 
all the star-work which has been performed at that observatory, 
and the apparent places of all the stars contained in them can 
be found for any time whatever, by the converse application of 
the precession, nutation, and aberration to the mean places. 
For the planets, which are not at an infinite distance, the dis- 
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cussion of parallax was needed, but this did not require any- 
detailed statement of the planetary movements, the only element 
involved in those movements being the distance from the earth, 
at a given instant, which could be assumed to be known. 

It is now however proper to explain the elementary princi- 
ples of the motions of the planets in their orbits. 

2. The planets all describe orbits round the sun in the same 
direction, that is, in the order of the signs of the zodiac, each 
orbit lying in a separate plane having a determinate inclination 
to the ecliptic or the plane of the earth’s motion. 

3. The laws of elliptic motion were first discovered and 

C-i 

enu»*rated by Kepler without the help of any physical theory, 
and by means of the study of the motions of the planet Mars. 
They are as follows ; 

I. The planets, including the earth, describe ellipses round 
the sun having the sun in one of their foci. 

II. They describe round the sun equal areas in equal times. 

III. The squares of their periodic times are as the cubes 
of the semi-major axes of their orbits, or of their mean distances 
from the sun. 

4. We will now proceed to develop the mathematical theory 
of the motions of the planets from the laws enunciated above. 

Let AB be the major axis of the ellipse described by any 
one of the planets, round the sun in the focus at 8 ; and let 
AMB be a semicircle on the same diameter. 
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Then is the point nearest to the sun, called the Perihelion 
of the orbit, and the opposite point B is called the Aphelion. 

At any time t (reckoned from the passage of the Perihelion) 
let P be the position of the planet ; and draw QPN perpendicu- 
lar to AB\ and join 8P and GQ^ {G being the center). 
Imagine also another body moving uniformly with the planet’s 
mean motion in the circle AMB^ and, setting out from A at the 
same time, to be at M when the planet is at P so that the ellipse 
and circle are described in the same periodic time. 

If therefore P be the periodic time, or time of describing the 
whole orbit measured in some unit of time (for instance the 
mean solar day), and 7i the mean motion of the planet, or the 
motion of the fictitious planet in its circular orbit, in this unit 

of time ; then angle A GM = nt= . 



Let now angle AS Q = v, called the true anomaly, 
and angle AGQ = u, called the excentric anomaly. 

Then area AGQ=^ d^u {a being as usual the semi-major 
axis) ; 

and area 8GQ=^\ c^e sin u {ae being equal to /S(7) ; 

.*. area AOQ — area /S(7§= ~ (w — e sin 1 ^) ; 

/. nif = m = W--6 sin (1). 


Again, let SP=p. 
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Then 8P^ = 8N^ + PN^ 

^{8C+CNy+QN^x^,‘ 

= { 06 -- a cos uy + (1 — e^) sin® u ; 

= a^ — 2a®e cos u + a®e® cos® u ; 

= a®(l — e cos w)®; 
or p = a (1 — e cos u). 


Lastly, 


JSJV ae — a cos u 

— cos , ; 

a(l — e cos u) 


or cos V = 


cos u — e ^ 
i ~ e cos u ^ 


or 


1 — cos V _ I — cos u + e (1 — cos u) 
* ’ 1 + cos V 1 + cos u — e (1 + cos u) 

_ 1 + 0 1 — cos u 
1 — e ’ 1 + cos u ’ 

ol- 2^ 

tan -t, = _.^tan -w; 


tan i V = y ^ ? tan i (2). 


5. We have therefore two equations, of which (1) gives the 
relation between the mean and exccntric anomaly, and (2) that 
between the true and the excentric anomaly ; and, as the object 
of the problem is to determine the true anomaly in terms of the 
mean, we must in the next place eliminate u between the two 
equations. 

This must be done by Lagrange’s Theorem. 

• X ^ /l + 0 . W 

Thus, since tan - = w ~T_ tan ~ 

4 ▼ 1 — 6 ^ 

= a tan ~ (suppose), 

2 



224 TRUE ANOMALY IN TERMS OF MEAN ANOMALY. 

we shall easily find, (see page 171), 

„ a — 1 . /a — 1\* . ^ . 

v = u + 2 — - sinM + { — — ) sm2M + «KC. 
a + 1 Va+1/ 

1 + -j sin j sin 2 w + + ^^*5 

(where it must be remembered that, for the sake of present con- 
venience, V and u are still expressed in circular measure, or 
t? = u" X sin 1"', and x sin 1"). 

Also m = % — e sin w. 

Hence, by Lagrange’s Theorem, since v and 
w — w + € sin 

d 

V ^fm + sin m .f'm • « + ^ {(sin «*)* • /'«»] 




+ » I »«)*•/'»»} iTO + 

^ sin 7» + ^|- + 0 sin 2m + ^ sin 3m + &c.. 


where 


and therefore 


f'm = 1 4- cos m cos 2wi + ~ cos 3m + &c., 

sin m . f'm = sin m + Q + ^ sin 2m 

+ ^~ + ~) (sin 3m — sin m) + &c., 
sin* m ./'m = sin* + (| + |g) (cos m - cos 3m) + &e., 

= sm 2m + ( ^ + jg j (3 sm 3m — sm m) + &c. 

, <Z* (sin* m . /'m) 9 . „ 3 

Similarly, •/- J. = _ am 3m - - 


- sm m, 
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= m -f f e + sin m ~ sin 2m + — sin 3m + &c. 


+ e sin m + — sin 2m + j (sin 3m - sin m) -f &c. 


e e 

+ — sin 2m + -s’ (3 sin 3m — sin m) + &c. 

2 o 


+ — (3 sin 3m — sin m) + &c. 

o 


/ ^ 13e® . „ « 

= m + f 26 — ~ 1 sin m + — sin 2m + sin 3m + occ. 


6. We must now expand the radius- vector p in terms of 
or m ; that is, we must eliminate u between the two- equa- 
tions 

p = a (1 — e cos u)^ 

and m = w — 6 sin Uy 

or, w = m + 6 sin u. 


Hence, by Lagrange’s Theorem, we have as before, 

d 6* 

p =fm + {sin m .fm] « + ^ {(sin mf.f'm] — 


where 

and therefore 


fm = a (1 — 6 cos m), 
fm = ae sin m, 


sin m . fm = ae sin* m = ~ ae (1 — cos 2m), 
(sin m)* . fm = ae sin® m. 


d 

and { (sin m)* . fm] = 3a6 sin* m cos m 

Sac . _ 

= — sin 2m sin m 


= (cos m — cos 3m), 


M. A. 


15 
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sin® m . f'm — ae sin* m, 


(sin® m,f' m) = 12ae sin® m cos* m — Aae sin* m 


.f'm) = 4 ae sin® m cos m, 


= 4ae (3 cos® m — sin® m) sin® m 
= ae {3 (1 + cos 2m) — (1 — cos 2m)} x (1 — cos 2m) 
= ae (2 4- 4 cos 2m) (1 — cos 2m) 

= 2ae (1 + cos 2m — 2 cos® 2m) 

= 2ae {1 4* cos 2m — (1 4- cos 4m)} 

= 2ae (cos 2m — cos 4m) ; 


( e® 3e® 

•. p = ajl — ecosm + 2 (i “ cos 2m) 4--^ (cos m- cos 3m) 


4- g- (cos 2m — cos 4m) 4- &c, 


4 


or 


L , e® / 3e®\ e®/ 2e®\ . 

p = a |1 + - — e ( 1 — — j cos m — - fl — g j cos 2m 


3e® 

— — cos 3m 

O 


- &c.|- 


7. We may here remark that tlie difference between the 
true and the mean anomaly is called the Equation of the Centre, 
this being the first equation or correction to be applied to the 
mean motion in the calculation of the place of a planet. 

8. To find the greatest equation of the centre in a given 
elliptic orbit. 

Since t? — m is a maximum, 

dv _ dm 
du du ' 

Now m = w— esina, 

dm 

1— ecos w, 
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and 


tan 


V /l + e . u 

2 = 


dv 

du 


r sec*- 

/l + e 2 

V 1 -e 


/l + e 

' V 1 ~c 


+ e 2 


1 + tan^l 




COS' 


u{ l + e ^u\ 


V.1 — i 


(1 - e) cos® I + (1 + e) sin* | 


VT^® 

1 — e cos M ’ 


/. 1 — e cos w = 


Vi - 




1 — e cos zi ^ 
or 1 — e cos u = — e* 


^ 1 2 3 , » 


« j. Se* ^ „ 

or cos w = 7 + + oic, 

4; Oa 

Let now « = 90° — u' ; 

. , e , 3e®^ „ 

sinw =4 + 3 ^ + *°‘ 


= ^,'_!L+&c., 

whence we should easily find, by assuming 
u' = Ae + Be” + &c., 


15—2 
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and equating coefficients of the two expansions, that 


, e , 37e « 

”-4 + 384 +*'=- 


TT e S7e^ « 

or tc = — &c. 

2 4 384 


Again, since p = j 




+ € cos V 


a (1 — e cos ^^) 


1 + 6 cos = (1 — 

= ^- 4 ® 

3 3 

or cos v = — - e — — e® — &c., 

4 Oju 


or, if t; = t, + _ , 

3 3 

sin v' = - e + e® + &c. ; 


whence, by the same process as before, 

,_3e , 21e® , „ 

® 4 128 

TT . 3e 21e® „ 

or 0 = 2 + 4 +i^H-&c. 

Finally, sin u = VT — cos® u 


V*-fe- 


^ 32 ’ 


e sin u — e — ^ — &c. 
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Hence if E be the greatest equation of the centre, 

E^v — nt 

= » — M + 6 sin u 

7r^3e^2]e’ ^ „ 

^2'^ 4 + m 

TT e 37e* „ 

-2 + 1 + 384 +'^ 
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+ e-- + &c. 

= 2e + — + &C. 

384 

1 1^3 

= 2. + \^ + &c. 


It needs scarcely be mentioned that E is here expressed in 
circular measure. To express it in seconds of angle we must 

multiply by 


Example. For the Earth’s orbit, or the apparent solar 
orbit, 

e = 0-01685, 
or 2e = 0-02370.. 

Hence, Log 0-02370 = 8-3747483 
Ar. CO. log sin 1" = 5-3144251 

Sum = log 4888"-49 = 3-6891734 

Again, Log e“ = 4-6797997 
Log 11 = 1-0413927 
Ar. CO. log 48 = 8-3187588 
Ar. CO. log sin 1" = 5-3144251 

Sum = log 0"-23 = 9-3543763 

Hence j^=4888''-72 

= 1®. 21'. 28"-72, 
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and the mean sun can never separate from the true sun farther 
than by* this quantity*. 

9. Ill the preceding investigations the expansions have 
been made according to powers of the excentricity of the orbit, 
and the series will converge rapidly only when the excentricity 
is small, or for planets moving in- nearly circular orbits. For 
•cornets, which generally move either in parabolic orbits or orbits 
of very great excentricity, a different method must be employed. 
We will at present confine ourselves to two problems of great 
elegance and simplicity. 


10. To find the radius-vector and the time corresponding to a 
given value of the true anomaly^ in orbits of very great excentricity. 

Generally we have 

a (1 - e^) 

p = — — 

1 + e cos V 

— g (1 — e^) 

^ 2^ • 2^ . 2 '*^ • 2 ’A 

cos^ - + Siir - + e (cos' - - sm^ - J 

g (1 — g') 

(1 + e) cos® I + (1 - e) sin® | 

1 g (1 — e®) 

cos®^ 1 + 6+ (1 — e) tan®^ 

2 2 


g (1 - e^) 

cos^l l + e + (l + e)tan®| 


cos 


= g (1 — 6) ® 


cos‘ 


2 

V 





if p be the perihelion distance. 


See Price’s Injinitesimal Calculus^ Vol. m. p. 515. 
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Again, to find the time from perihelion, 

if P he the periodic time, and fjb the force of the sun at the unit 
of distance, 

p _ 27ra^ 

-T — ^ , 

hence, if the year he the unit of time, and the sun’s mean dis- 
tance the unit of distance, 

P n i 

- = or P=a«. 

But, since the area described round the focus in the time 
dt is i dvy and the areas are proportional to the times, 
dt ^dt ^ \^dv 

P area of ellipse 

27r ah cos vY 
(1 — (?Y do 


27ra*Vl — (1 4-ecos vY ’ 

dv 27r * (1 + e cos vY 
_ (1 + e)^ 


27r ’ (1 + e cos v)'^ 

P^ (2 - c)^ 


= (if c = 1 — e) 


Let now x = tan ; 


27r’ (1 + e cos v)* ’ 
dv 2 


' ' dx 1 + ’ 

and 1 4- e cos t? = cos® ~ 4* sin^ | + e ^cos®| — sin®^^ 


= (1 4- e) cos® I 4- (1 - e) sin® | 


1 4- 6 4- (1 — e) tan® \ 

a 

1 4- tan® ^ 

A 

2 — c + ccc* 

1+£C* ' 

l + as* ' 
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dt _dt dv 
dx~ dv' dx 

2 _ (2 - c)^ {l + a?y 

1 + £c“ ' 27r ' {2 — c (1 — aj”)}’ 

_ p^{ 2 -c)^ l + x'‘ 

~ TT ’ {2 — c (1 — aj’)}* 


+ !^(l„a,y+&c.} 




4“ • (1 — x^y (1 + x^) + &c.} ; 


. n . f. 3c 3c"\ f x^ f 


TT V 2 \ 4 32 


+ T(‘'- 3 - 6 +fj + *'-p 


and, if the time be measured from perihelion, then ^ = 0 when 
V = 0, and therefore when x — 0. 

Hence C = 0: 




X' . fx a? a^\ . 3c® f la? Sx‘ 


0?" fi 

3 +n- 


4-4-5;+^^-- r+Tj+‘^"- 


9^ fx ^ . 1 ^ n 


, 3c* A ® 7 , . V 8 , t>\ „ } 

+ ^ 2 - 3 2 + 7 2) + *"•}• 


4. ^ x 8 ^ x 8 ^ 

tan- tan®- tan®~ 
2 z 2 
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Ifc = Oore = l, the orbit becomes a parabola, and 


also 


2 V 
cos“- 


Note. In the actual use of the preceding formula for the de- 
termination of the true anomaly in cometary orbits, it is usual to 
construct a table of the .values of t corresponding to the values of 
V for orbits in which 

Let now t and i represent the times from perihelion for which 
the true anomaly is i?, in two orbits whose least distances from 
the centre of force are p and 1. 


We must therefore first divide the time from perihelion 
by and then entering the table with the time thus resulting, 
we shall find the required true anomaly v. 


11. To find the time of describing any arc of a parabola in 
terms of its chord and the focal distances of its extremities. 

Let p and p be the two focal distances; v and v' the cor- 
responding true anomalies ; c the chord. 

Then, the preceding notation being retained, 


p = ^ =2^ (1 + ^‘•nd p =-p {1 + 
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and the included sectorial area 


=2^“/(l+tan’|)^z(tan|) 

=/(tan| + |tan»|), 

= (between the limits v and v) 

+ ^ (*'’-*’)]■ 

=p‘{x' — x) . |l +^(a!'®+a5'a;+a;’‘)|- 
=-^ (x’ — a;) . (1 + a;'* + I + x'x + 1 + a^). 


Again, in the triangle of which the sides are /o, p\ and c, and 
the angle included by p and p is v' — v, 


we have cos 


1., V /s{s — c) , p+p+c 

- [V where « = ; 


^ 1 , 4 . V —V V V 

\ 1 + XX =1 + tan - tan ~ = cos — — sec - sec — 

A Ji 2 2 2 


/ s{s —c) Vpp' _ 1 
pp ' p ~p 


«-c)> 


also 1 + a:’ = , 

P 

l+x'^ = ^; 

P 

and {x* — xY = x^ — 2xx-i- x? 

« 1 + 0?'* 4- 1 4- aj® — 2 (1 + xoi^ 

(P + P' - 2 Vs(»-c) 

= ~ — 2 (5 — c) 4- « — c} ; 



ELEMENTS OF THE ORBIT OF A PLANET. 235 


x' — x = ~ (Vs — Vs — c) ; 

V0 


and sectorial area 


= -^ {(Vs — Vs — c) . {p + jo' + Vs (s — c)} 

= ^ {(Vs — Vs — c) . {s + Vs (s - c) + s — c} 

= ^{s’-(s-c)^} 

=-^ {(p+p'+#- (p +/>'-#}. 

but the area described in the unit of time is ^ , where jjl 

the value of the central force at the unit of distance, therefore the 
time of describing the sectorial area represented above, is 

T^{(p + P' + <^)’-(P + P'-#}- 

6 N fM 


13 


Note. A slight knowledge of physical astronomy has been 
here assumed in the expression, area in unit of time =/y/ but 
this expression is easily arrived at by the consideration that area 
in unit of time = x velocity at vertex of parabola, and that the 

velocity = 



12. Elements of the orhit of a ElaneU 

We have thus far only treated of the laws regulating the 
motion of a planet or comet in its elliptic orbit. We must now 
shew how by means of these, we are able to represent the position 
of a body in the heavens ; or, in other words, to find its latitude 
or longitude when referred either to the sun or the earth in the 
plane of the ecliptic, and its right ascension or declination when 
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referred to the centre of the earth and the plane of the earth’s 
equator. 

Now the orbit of a planet (neglecting perturbations) lies in 
one plane, which has a definite position with respect to the 
ecliptic. For example, it has a definite angle of Inclination to 
the ecliptic, and cuts it in two points at the opposite extremities 
of a line passing through the sun’s centre. These points are 
called the Ascending and Descending Nodes of the orbit; ascend- 
ing when the planet is passing from the south to the north 
side of the ecliptic, and descending when passing from north to 
south. 

Hence the two elements which determine the position of the 
planet’s orbit with respect to the ecliptic are the Inclination and 
the Longitude of the Node. 

Next with regard to the orbit itself, the position of the body 
at any time will depend upon the following quantities : 

(1) Upon the position of the major axis of the orbit, defined 
by the longitude of the perihelion or aphelion. 

(2) On the magnitude of the orbit, or the value of the 
semi-major axis^ or of the periodic time. 

(3) On the exccntricity of the orbit. 

(4) On the mean longitude of the body in its orbit at a 
given time, or upon the Epoch of Mean Longitude. 

These six quantities, then,- namely: 1. The Inclination; 
2. The Longitude of the Node; 3. The Longitude of the 
Perihelion ; 4. The Semi-major Axis ; 5. The Excentricity ; 
and 6. The Epoch of Mean Longitude, will fully determine 
the position of the planet at a given time. It remains to shew 
how these quantities are introduced into the calculation. 

Let 8 be the centre of the sun taken as the centre of the 
sphere of the heavens, and the origin of co-ordinates. and 
TjE 7 traces * of the ecliptic and equator on the sphere, inter- 
secting in the first point of Aries (T) from which longitudes 
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are measured ; the similar trace of the orbit of a planet ; 

m the position of the planet at time t. 


s 



Then is N the ascending node of the orbit, and its longitude 
is angle *V8N = ; also angle mNE' is the inclination = i. 

The longitude of the planet in its orbit (Z) is the sum of the 
arcs, TiV (measured along the ecliptic to the node) and Nm 
(measured on the orbit). And, if we draw an arc of great circle 
mm perpendicular to ^NE\ Tm' is called the reduced longitude 
(Z'). Finally, mm' (= y8) is the latitude of the planet. 

All the above-mentioned quantities are of course heliocentric. 

8m is the radius-vector of the orbit = p ; and we will call 
8m\ its projection on the ecliptic, p. 

We have therefore plainly p' = p cos /8. 


13. To find the reduced longitude. 

In the triangle Nmm\ we have 

tan Nm! = cos N tan Nm^ ^ 
or tan (JI — fl) = cos i tan (Z — ft) . 

Let Z' — ft = ar, 

l-n==y; 


and 
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e^V=i_l , -1 

• • — — COS ^ »v— " • 

or 1 ~ cos »'+(! + cos {) 

1 + cos e + (1 — cos *) 

1 + tan® ^ 

A 

therefore, taking the logarithms, 

2a! = 2y V-^ + log, ^1 + tan® | e-*W=n^ 

- log. ^1+ tan® I 6®*'''“*^ 

= <iy + tan® | e'®''''^* - ~ tan* { 

2i A 

+ itan*i e-<^'^-&c. 

O A 

— tan® ^ + i tan* ~ — 1 tan® ~ -f &c, 

^ A A o A 

or a? = y — tan® ~ sin 2y + ~ tan* ^ sin — \ tan® ^ sin 6y + &c. 
2 2 2 o A 


or V =1 — tan® ^ sin 2 (Z — £2) + - tan* \ sin 4 (Z — f2) 

2 A A 

— 5 tan®^ sin 6 (Z — 12) + &c. 
o A 

or, when expressed in seconds of arc, 

V ^l{z=z reduction to the ecliptic) 



sin 2 (Z — ft) 

~Shr~“^ 
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14. Let now the mean longitude of a planet at the com- 
mencement of the time ^ be e ; n the mean daily motion in the 
orbit ; tsr the longitude of the perihelion. 

Then is + e — <57 the mean anomaly at the time t. And, 
substituting this for m in the expression for the true ano- 
maly (page 225), we have 

True anomaly = + ^2e — sin (n^ + e — -bt) 

4- ^ sin 2 + € — tsr) + ^ e® sin 3 + e — 'cr) 4&c., 

and true longitude (in orbit) = I 

f e^\ . 5e® 

= 4 € 4 \ 2e — J sin (n^ 4 e — ct) 4 -j- sin 2 {nt tsr) 

13 

+ ~e^ sin 3 (n^ 4 6 — -cr) 4 &c. 

We shall have occasion to return to this equation again, 
for the purpose of explaining the method of determining from 
observation the errors of the assumed elements of a planet’s orbit. 
At present it is necessary to determine tlie relations which exist 
between the geocentric and heliocentric quantities which define 
the position of the planet. 

15. Let 8 be the centre of the Sun (supposed to be in 
the ecliptic, the sun’s latitude being neglected) at a given time. 
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T the earth, and P a planet, projected on the ecliptic by the 
perpendicular Pp. the direction of the first point of Aries 
from which the longitudes are measured. 

Join SP^ 8p, pT (produced to i), and draw pm perpendi- 
cular 8T produced. 

Let angle ^Sp = Z' = heliocentric reduced longitude, 

... ^tT=L=^ geocentric longitude. 

/8'P= p and 8p = p\ 

ST^R, TP=^A and 2> = A'. 

Angle PSp = /3 = heliocentric latitude, 

. . . PTp = \ = geocentric latitude, 

. . . ^8T= earth’s longitude = O + 180®. 

Then we have immediately the following relations and 
equalities : 

Angle tTS =-pTm = rST 

= X - O - 180®. 

Angle tpS = ^tp — ^8p 

^L^V. 

Angle TSp = ^8p — ^8T 

= 0-180®. 

8p = /SPcos /3, 
or p —p cos 8 ; 
and Tp = PPcos X, 
or A' = A cos X. 

Again — - = sin {L - 1') 

^ ’ Tp smTBp sin (f- 0-180“)’ 

or 

A'“ sin(r-O)’ 
or jBsin(Z'-0) + A'sm (2/-r) = 0 


( 1 ). 
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Also^ 8p=^S jTcos TS^ + Tp cos Tp8^ 

or p' — B cos (r — O — 180®) + A' cos {L — 1) 

= — i? cos {V — ©) + A' cos (L — T) (2), 

Finally, Pp = 8P sin PSp = 2!Psin PTp^ 
or /} sinyS = AsinX | 

or thus, p tan /8 = A' tan \ ) 


Other equations between geocentric and heliocentric posi- 


tions may be thus deduced : 

pm = Tp &mpTm = 8p sinp/Sm, 

or A' sin (X — Q — 180®) = p sin (Z' — © — 180®), 

or A' sin (X — ©) = p' sin (Z' — ©) (4), 

fiim= 8T^- Tm^ 8T-\‘ Tp cos pTm, 
or p cos (Z' — © — 180®) = -fi + A' cos (X — © — 180®), 

or A' cos (X — ©) = -B + p' cos (Z' — ©) (5). 


The equations (4) and (5) serve immediately for determining 
the geocentric quantities A' and X from the heliocentric p and Z', 
or vice versd^ while equations (3) will determine the geocentric 
from the heliocentric latitude, or the contrary. 

If we project 8p, 8T, and Tp upon the line of the equi- 
noxes 8^, and in the direction perpendicular to it, we shall 
plainly have 

p cosT — R cos (180® 4- ©) + A' cos X, 
p sin r = B sin (180® + ©) + A' sin X ; 


or p cos Z' = A' cos L — B cos O (6), 

p sin Z' = A' sin X — jB sin © (7), 

which equations are sometimes useful. 


16 . To find the^ relation between the geocentric and the 
heliocentric errors of longitude^ latitude^ <&c. 

To do this conveniently it will be better to investigate first 
the variations of the parts of the plane triangle whose sides are 
a, by Cy and opposite angles Ay By O. 


M. A. 


16 
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Taking the well-known equations, 

c ain A a sin C, 
and c cos A^l — a cos (7, 
let c sin ^ = P, 
and c coaA = Q; 
then SP = sin ^ Sc + c cos A SA, 
and SQ = cos A Sc ain A SA, 

from which we get easily 

Sc = sin ^ SP+ cos A SQ, 
c . SA = cos A SP— sin ASQ; 
hut P= a sin G, 
and ^ — a cos G ; 

/. SP= sin C Sa + a cos G SG, 
and SQ^Sb-- cos (7 Sa + a sin (7 S (7; 


whence hy substitution we shall easily find 

Sc = cos A Sb + cos P Sa + a sin P S(7, 

S-4 = ^ sin ud S6 4- sin P Sa — a cos P S(7| , 

or, since SG=^SG" x sin 1''; and SA = S^'' sin 1'', 
Sc = cos ^ SS + cos P Sa 4- a sin P sin 1^' SG", 

SA"---S?4,Si+-^,S<.-i^SCI". 


c sin I" 


c sin 1" 


Taking now our triangle /^T, and comparing it side hy side 
with the triangle ABG, 
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that is, putting c = A', and a — p, 
we shall hare 

A = z T 


C =^8 


Now generally 


= Z'_©_180“. 


BL: 


dL 


dL 




Comparing the first and second of these equations with the 
expression for SA and Sc, (remarking that Si = 0, if we assume 
that the Earth’s place is correct), we have 


dL _ a cos B 



cos {L — 1), 


dL _ sin B _ sin (i — 1) 
dp c sin 1" ~ ^ A' sin 1" ’ 


cZA' 

dV 

<?A' 

dp' 


= a sin jB sin 1" = p sin 1” sin {L — V), 
= cos J? = cos {L — I'), 


also 8-4 = — Si; 


16—2 
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= + ^ cos (i - V) BV - V («). 

8A' = p sin 1" sin {L — I') 81' + cos {L — I') 8p' (fi). 

To find the error of heliocentric latitude, we have 
p' tan = A' tan X ; 

p cos \ p sin 1 p sin 1 

Acos/3-. tanXcos*/3f, . 

= :^SXH iP sml sin(i/-4)ot 

|0 cos X p sm 1 ' 

. IT T-\ f -1 sin ^ cosfi . , 

8X + tan X cos^^S sin {L — Z') SZ' 

+ ^ ^ *“ sin ;8} 8p 


A co3)8 
pcosA. 


A cos 

COS X 


S\ + tan X cos®y9 sin {L — Z') SZ' 

sinyS cos {L - 1') - sin 8p' 


A cos )8 
p cosX 


8X 4* tan X cos*^ sin (Z — Z') 8Z' 


iJ sin)3 cos)8 o / 

- cos(Z-0)V. 


•(7)* 


It is however more convenient to have 8/3 expressed in 
terms of error of geocentric longitude (SL), instead of helio- 
centric longitude {81'), because this is the quantity deduced fi-om 
observation. 

Since then 

ai _ + £ c„ (£ _ f) ar _ 5!|^^ a,'. 


gw A 8 T ' 


we have 
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therefore, substituting in, the last stage but one above, 

= A££!^S\ + ^tanX co3“/3 tan {L-l') SL 

pcoa\ p \ / 

tan X cos */8 sin* {L — Z') 5 . , 

p'sinl" ’cosCiz-ZV^ 

sin ^ cos /3 


A' sin 
sin /9 cos l3 


[L^V)hp^ 

p'sinl" 

. S\ + sin /3 cos /3 tan (-L - V) BL 

/o COS X ^ ^ 

sin ^ cos /? sin* (L — Z') ^ , 
A' sin I" ' cos (Z — Z') ^ 

sin /3 cos ^ , 

A sin 1 ^ 

sin /3 cos )S , 


A cos)3 
p cos X 


p sin 1 ' 


Sp' 


8 X + sin ^ cos yS tan {L — Z') 


/ sinyScosp sin jS cos p \ ^ , 

\A' sin 1 " cos (i^ — Z') p sin 1 " ^ 

= - ^ Sx + sin y 8 cos /3 tan ( i — V) SL 

pcosX , V 

sin ^ cos ^ f ' A ' /^/^a / r z'm 5 v ' 

+ rrr- — Tn rr r\ IP “ -Zx COS (jL/ — n j op 

p A sm 1 cos (iy — Z ) ^ 

A cos/3 sin /3 cos/S tan {L - V) SL 


p cosX 


A cos /8 
pcosX 


sm /8 cos ^ ^ jv , 

•-7-p — :p7XiZcOs(Z -©)op 

p A COS (ii — Z ) sm 1 ^ r 

SX 4- sin ^ COS ^ tan {L — Z') 8Zr 


B tanX cos*y 8 ,,, ^ , 

-75 jy 77H^C0S(Z -0)Sp 

3 *C0S(iy — Z ) sinl ^ ^ 


= SK+ sin/3 cos/3 tan (i - V) BL 

R tan X cos {V — O) g , 

“■ p’'co3(i-f)8inl" 


.(S). 
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This is the form used at Greenwich. 

17. We have hitherto neglected the errors of the Earth’s 
place. 

They may easily be 'taken into account in the following 


way. 

Genemlly + 

Comparing the same triangles as before, only interchang- 
ing a and A and J5, and considering the planet’s place to be 
correct, that is, making ip = 0, or Sa = 0, 

we have 

c sm 1 c 

and 85 = 84 8G = -S©, 8/» = 85; 

dL 

dQ 

dL sin A sin {L — 0) , 

dB ~ c sin 1" ~ A' sin 1" ’ 

.-. 85 = ^ cos (5 - ©) 80 - 85. 


b COS A R , ^ 

COS (Zr - ©), 


Again, ic =* cos Aib-i-b sin A sin 1" 8 0 

or SA' = R sin 1" sin {L — ©) 8© + cos {L — ©) Si?. 

With respect to the larger planets, Mercury, Venus, Mars, 
Jupiter, Saturn, Uranus, and Neptune, the inclinations of 
whose orbits to the ecliptic are small, and of which the errors 
of the elements of the orbits are small also, we may in the 
formulae above neglect the latitudes, that is, we may assume 
cos and cos \ to be each equal to unity, and sin J3 or tan ^ 8 , 
sinX or tanX, each equal to 0; but we cannot neglect the 
errors of the solar elements as compared with those of the 
planet’s orbit. 
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We shall have, therefore,' 

SL = -^ cos (L - 1') SI' - Bp' 

A ^ ' Asinl' ^ 

+ f cos {L-Q) 80 SR, 
A w/ w A sin 1 ’ 


lb: = p' sin 1" sin {L - ?) 8Z' + cos {L - f) Sp' 

+ ^ sin 1'' sin {L — ©) S© + cos {L — ©) SiZ, 

S)8 = -8X. 

P 

For the small recently discovered planets between Mars and 
Jupiter, the inclinations of whose orbits are not generally small, 
and of which the errors of the ephemerides are generally very 
much greater than those of the Sun’s calculated places, we 
may assume the Sun’s places as taken from the Nautical 
Almanac to be correct ; but we must use the formulae («), m 
and (8) rigorously. 


18. We are now in a condition to explain the whole treat- 
ment of planetary observations, and to shew how they are made 
available for the correction of the elements of the orbits. 

(1) By the observations of the limbs of the planets (both 
limbs being observed whenever it is practicable), the R.A.s. 
and N.P.D.s of the centres are obtained, and these can be cleared 
first of refraction, and secondly of parallax, according to the 
principles explained in Chapter vi. We thus obtain the geo- 
centric K.A. and N.P.D. of the planet for a given mean time of 
observation. 

(2) From the Nautical Almanac, or other similar work, can 
be taken immediately for the meridian of Greenwich, or can be 
deduced by an easy interpolation for other meridians, the K.A. 
and N.P.D. at the same instant, as calculated from assumed 
elements of the orbit ; and these calculated places can be com- 
pared with the observed places. Thus are obtained the Tabular 
Errors of K.A. and N.P.D. , the Error being equal to Tabular 
Place — Observed Place. 
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(3) The Tabular Errors of E.A. and N.P.D. can be con- 
verted into errors of geocentric longitude and latitude by the 
formulsB in No. 7 of Chapter iii.; but since this would be ex- 
ceedingly laborious if done for each separate observed position, 
it is usual to group the observations as far as is consistent with 
perfect accuracy, that is, so that for each group the mean of the 
errors of R.A, and N.P.D. may correspond accurately to the 
error for the mean of the days of observation. These mean 
errors are called normal errors^ and the corresponding errors of 
geocentric longitude and latitude are computed from them. 

(4) From the errors of geocentric longitude and latitude can 
be derived the errors of heliocentric longitude and latitude by 
means of the formulae just now given. For the well-known 
planets every group of observations of R.A. and N.P.D, will 
give two equations of the following form, (neglecting the errors 
of the Sun’s place or applying corrections derived from obser- 
vations) : 

S/3 = a’8\. 

Taking the first of these equations we must now proceed to 
express hV and Sp in terms of the elements of the orbit. This 
is done by means of the formulae at pages 239 and 226. 

We have, for instance, 

Z' = Z -f reduction to ecliptic 

2e — ~ j sin (ni -f € — 'or) + — sin 2 (nZ -f e — «■) 
13 

+ 22 sin 3 {nt -h «r) -H &c. 

neglecting the error of r and assuming n to be correct, 

ZV = Se 4- ^2 — sin (nZ -I- e — -or) Se 

+ (2e - ^ cos (nZ + € - «r) he 

— (2e — j j cos (nZ + € — «r) S«r 
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be 

+ — sin 2 (wi -f € — -cr) Be 

A 

-f — cos 2 (n< + 6 — -or) Be 
5e* 

— ^ cos 2 (n^ + 6 — -or) 

+ &c. 


sin m + ~ sin 2m + sin 3m}- oe 


+ + 2e COS m -f ^ cos 2m + &c.^ Be 

( b€^ \ 

2e cos m + — cos 2m + &c. j Bw 




(m being the mean anomaly), 

= ASe + HSe -f OStar, suppose, 

since the values of the coefficients can be calculated immediately 
by the tables of the motions of the planet. 


Similarly, since, from the formula in page 226, 


p = o jl + 2 - e U - y ) cos (n« + e - ur) - - cos 2 («< + e - «) 

1 3 (ni + e — •») — &c.|- 


“TCOS‘ 




e cos m — — cos 2m 

m 


— &c.^ Sa 


+ ae 




cosm3e 


— ae sin m Be 
4* ae sin m S«r 

— ae cos 2m Be 
4 oe* sin 2m Be 

— ae* sin 2m S«r 
4&c. 
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fe ^ \ 

= f 1 + ~ — e cos 9n — - cos 2m - &c. 1 8a 

+ a cosm — ecoa 2m — &c)^8e 

— a (e sin m — e® sin 2m — &c.) Se 
4- a (e sin m — sin 2m — &c.) Stsr 
-f &c. 

= A' 8a + H8e‘{‘ 0*86 + D'8ist^ suppose, 

and 8p' = cos ^8p, will be of the same form, if we neglect error 
of latitude. 

Hence, by substituting in the equation, 

we shall have an equation of the form 

8L = Aj8a + j5j8c + + DJ87sy ; 

and every group of observations will give a similar equation ; 
and finally the values of 8a, 8e, 8e, and Stt will be found by the 
method of least squares, or by some similar method. 


19. The preceding investigation will shew how the errors of 
four of. the elements of the orbit are to be determined (the 
value of 8a being determined not as serving to correct the 
meah motion n, which is connected with it by the equation 
X n = a constant quantity, but as shewing whether the mag- 
nitude of the instantaneous ellipse has been properly determined). 

The remaining elements are the inclination to the ecliptic i, 
and the longitude of the node fl. 


These are connected by the equation 

tan ^ = tan i sin (? — fl), 


whence 


8 ^ _ sin(y->n) ^. 


8i + tan i cos {I — 0)8 {! — fl), 
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In general, for the orbits of the well-known planets, the error 
of the node may he tolerably lai-ge without producing any 
sensible effect on the calculated latitude of the planet, because the 
inclinations are generally small. Thus in the equation above 

S/3 = + cos® ^ tan i cos (Z' — fl) 8 (Z'—fl) ; 

therefore the maximum value of the error of latitude arising 
from an error of the node 8fl, will be 

— cos®/3 tan i Sf2. 

If then { = the inclination of the orbit of Mercury = 7®, 
this error cannot amount to 


and for the greater number of the large planets it will be much 
smaller ; and, as the error of longitude, in general, as computed 
from the best modem elements, amounts only to a few seconds, 
we may in the expression above neglect SZ', and we shall then 
have 

Syg = sin (V — fl) Si — cos® /3 tan { cos (Z' — H) Sfl. 


Every observation of R.A. and N.P.D. will furnish one 
such equation, and the whole of the observations made in several 
years may be combined* and solved by the method of least 
squares for the determination of the most correct values of Si 
and Sfl. 

If finally the value of Sil has been found within limits of 
accuracy comparable to that of SI, we may substitute the value 
of Sr, which will have been found in the determination of the 
other elements, and thus obtain a better approximation to the 
values of Si and 811. 


20. In the preceding discussion we have assumed that, in 
the value of 8Z', the error of the reduction to the ecliptic may be 
neglected, or that we may, in expressing the errors of the elements 
8a, Se, Se, and Stst in terms of 8?, assume that 8Z'= 8Z. This is 
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practicallj the case in orbits of small inclination ; but it is de- 
sirable to shew how Sf is affected for orbits of any inclination 
whatever* 

Let N be the position of the ascending node ; m that of the 
planet in its orbit ; and W its place as referred to the ecliptic. 



Then, using the same nomenclature as before, we shall have 


the following equations ; 

tan (f — II) = cos { tan (Z — 12) (8), 

cos (Z — II) = cos ^8 cos (f— 12) (9), 


jsin /8 = sin i sin (Z — 12)1 
(tan ^ = tan t sin (Z' — 12)) 

from which we shall easily deduce 

dV _ cost^ 
cZZ"” cos* ^ ^ 

^ — tan cos {J! — 12), 

dt __ cos t 


• Thus, from equation (8), 

dV . dl 

co88(i'-0)~®®® cosa(^-0)* 


dV . cos® (?' - O) _ cos i 


from equation (9). 


% — -i-— = -sini tan (?--0)== -taut tan (I'-O); 
' dl cos*(^'~0) 

^ a* - tan » sin (Z' - 0) cos (Z'— 0) =» - tan p cos (Z' - 0). 
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Hence, considering T to be a function of I, i, and Cl, we shall 
have 

dl d% dll 

= SZ - tan^ cos {V ^ D) St + fl - SD, 

cos^p ^ \ COS*p/ ’ 

and since « = ^ 8a + ^Se + -^^8e+^Siv; 

da de de dir 


cos t dl dl jv cZZ »s dl ^ ) 

06 = — TT-pz -f— oa H be H — H — r 
cos p {da de de dir ) 


— tan ^ cos {11 — H) hi + 

By means of this formula we can easily evaluate the errors 
oduced by making hV = hi in any particular case ; that is, by 
cos % 

the assumptions that — = 1, and tan ^ cos (Z' — XI) = 0. 
Again, for the node and inclination, we should easily find 

g = _g==_8in;co3(f-i2)* 


and ^ = sin(Z'-n). 

Hence, taking the equation 

sin ^ = sin i sin {V — fl), 


• Thufl, by differentiating tbe first of equations (10) with respect to i, wo get 

cost . ,, 
dl cos ^ ' 

= sin {V - n), 

and, differentiating the same equation with respect to 0, 

d/3 sin i 

^cos(t-(}) 

dO cos j8 ' * 

*= - sin t cos (I' - 0). 
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and’ considering ^ to "be a function of *, fl, and I, we have 

= sin {J! — SI) hi 4 - sin t cos {V — 12) {hi — 812) ; 
which is simpler than the formula given at page 250. 

21 . On the Geocentric Motion of the Planets. 

The planets, as has been explained, move all in the same 
direction round the Sun, that is, in the order of the signs of the 
zodiac, or from west to east ; but, to an observer on the Earth’s 
surface, the direction of the apparent motion is, on account of 
the Earth’s motion, frequently changed, and sometimes they 
appear to be actually stationary. These phenomena of their 
motions may be investigated approximately by a mathematical 
process. 

Referring to page 241 for the equations 

A' cos L — p cos Z' + cos G , 

A' sin L=^p sin Z' + JS sin O , 

and considering the orbit of the planet under consideration to 
be circular, and to coincide with the ecliptic, we may put 

7 = iZ = l. 

Hence A' sin i = a sin Z+ sin O, 

A’ cos Z = a cos Z + cos 0; 

^ ^ a sin Z + sin 0 

.*. tanZ = i , 

a cos Z 4* cos 0 


and, differentiating, 

1 ^ 

COS*i‘ dt 


(acosZ4"COsO).^acosZ^4“COs0^^4-(aBinZ+sinO)^a8inZ^4-sinO^^ 

(acosZ4*cos0)^ 
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< 7 © ,, r^\ (^ , 

(a cos Z 4* cos G)* 

{«“ + acos (Z- ©)} f + {1 + « cos (I - ©)} ^ 
(a cos Z + cos 0)* ‘ 


but, by Kepler’s 3rd law, 


<70 

dt 



Hence, putting which is always positive, 

f=;8’, we. have 


dL 


=/S“{u'+a*+(a + a^)cos(7-©)}^J; 


and, from this expression, we can deduce the circumstances of 
the apparent geocentric motion. 

Thus, if Z = ©, that is, if a superior planet be in conjunc- 
tion, or an inferior planet be at conjunction farthest from the 
dL 

Earth, ^ is essentially positive, or the apparent motion is 
direct. 

If, on 5ie contrary, Z — O = 180®, that is, if a superior planet 
be in opposition, or an inferior planet be at inferior conjunction^ 
that is, at conjunction nearest to the Earth, 

= ^{a(a-l)-al(a-l)l ^ 

= /S®o (o — 1) (1 — Va), 


which is a negative quantity, whether o be greater or less than 
1, or the apparent motion is retrograde. 
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STATIONARY POINT OF THF ORBIT. 


dL 


If the planet be stationary, = 0; 

/. a* + + (« + cos (Z — o) == 0, 


or cos (Z —©)=*= — 


a “f 


a + a' 


I 


a 4- 

'jTi 






and this equation will always be possible if + a"** — 1 be 
always greater than 1. 

Now + 1 is > 1, 

if + oT^ is > 2, 
or a — 2 Va 4 1 > 0, 
or (Va — 1)’* > 0 ; 

which is manifestly the case, since it is a square number ; there* 
fore both for inferior or superior planets there is always a value 
of Z — ©, or a point in the orbit, where the planet will appear 
stationary. 

Let and a be the values of Z — © for the statiRnsiry point 
and for any other point ; 

then ~ = /3* {a* 4 4 (a 4 cfi) cos a} ~ , 


and 0 = /S’* {a* 4 4 (a 4 a*)cos or,} , 


or ^ ^ ®f) • 


dt' 


Hence in a synodic revolution, or from a = 0 to a = 360®, the 
geocentric apparent motion is retrograde as long as a is greater 
than a,, and direct as long as a is less than 
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Section II. On the actually known Planetary Bodies. 


1. Before the commencement of the present century, the 
planets actually known, reckoned in the order of their semi- 
major axes or mean distances from the Sun, were Mercury, 
Venus, the Earth, Mars, Jupiter, Saturn, and Uranus, of which 
Uranus alone was discovered with the help of the telescope by 
the elder Herschel in the year 1780; 

At the commencement of the present century however began 
that series of discoveries, which has resulted in the addition, at 
the present time (July, 1863), of 78 additional bodies to the 
planetary system, and which is still proceeding without inter- 
ruption. The bodies here referred to are small planets, for the 
most part requiring powerful telescopes to render them visible, 
revolving at nearly the same mean distance, in orbits lying be- 
tween Mars and Jupiter. Of these, four were discovered very 
near the commencement of this century, namely Ceres, by Piazzi 
on Jan. 1, 1801; Pallas, by Olbers on March 28, 1802; Juno, 
by Harding on September 1, 1804; and Vesta, by Olbers on 
March 29, 1807. There was then a long intermission of dis- 
covery, till, in 1845, on December 8, Hencke discovered Astrasa ; 
and, since that time, the discovery of additional small planets 
has gone on with tolerable uniformity, till their number, as has 
been said, amounts to nearly eighty. 

The motions of these small bodies differ in no respect from 
those of the larger planets, excepting that the excentricities and 
inclinations of their orbits to the ecliptic are generally larger. 
By means of the immense amount of labour (both of observation 
and calculation) which has been bestowed upon them since their 
discovery, the elements of the orbits of the greater number of 
them are known pretty exactly. 

But the greatest and most remarkable planetary disco- 
very of the present century is that of Neptune, almost simul- 
taneously by M. Le Verrier and Professor Adams, by analytical 
M.A. 17 
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investigations of Physical Astronomy based upon the unex- 
plained disturbances which had been observed in the motions 
of Uranus. 

2. In all that follows, we shall confine ourselves to the 
larger planets first mentioned, restricting ourselves to a few pecu- 
liarities of each which admit of mathematical development*. 

It will be desirable in tlie first place to give a Synoptical 
Table of the Elements of the orbits, and relative magnitudes of 
the large planets. 

The elements which follow have been mainly taken from 
Chambers’ Handbook of Astronomy^ and are abundantly accu- 
rate for our present purpose. They are subject to secular varia- 
tion. Those given are for 1800, Jan. 1, 0^. The apparent angu- 
lar diameters at the unit of distance for Mercury, Venus, Mars, 
Jupiter, and Saturn, are deduced from the measures made by 
the author at Greenwich and Oxford ; and, in deducing the dis- 
tances of the planets from the sun, and their diameters in miles, 
the solar parallax 8"*90 has been assumed, as there appears to be 
no reasonable doubt of the accuracy of this value. 

• It would be both needless, and out of place in the present treatise, to dwell 
upon the physical peculiarities of the separate planets, as there are so many books 
of easy reference. Such are Hind’s Solar System; the author’s Radimmtary 
Astronomy : Webb’s Celestial Objects for Common Telescopies; Chambers’ Ilandbooh 
of Descriptive and Practical Astronomy. 
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PHASES OF THE PLANETS. 


3. On the Phases of the Planets. 

The planets are opaque bodies, and are made visible to us 
only by the solar light reflected from their surface. 

The amount of phase^ or the proportion of the illuminated 
surface to the whole disk of the inferior planets, including the 
Moon, our own satellite, will therefore depend on two circum- 
stances, namely, 1st, on the position of the body with respect to 
the Sun, which determines the illuminated hemisphere, and, 
2ndly, on the position with respect to the earth, which determines 
the hemisphere visible to us. 

As the planets are all very approximately spherical bodies, 
and the inclinations of their orbits to the ecliptic, including the 
Moon, are all small, we will assume, in all which follows, that 
they are perfectly spherical and that they move in the ecliptic. 



T 


Let then /S, E, and P represent the relative positions of 
centres of the Sun, the Earth, and a planet at any time, all 
lying in the ecliptic, and let ABG be a section of the planet by 
the ecliptic. 

Draw towards the First Point of Aries ; and produce 
EP to meet it in M, 

Draw also A C and BD through the centre P at right angles 
to EP and SP respectively. 

Then is the hemisphere of which ABG is a section that 
which is visible from the Earth, and that of which BAD is a 
section is the illuminated hemisphere. 
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Hence the arc AB is the section of that part of the sur- 
face of the planet which is illuminated as seen from the Earth ; 
and this is measured by the angle APB or the angle 8PM, 
which is equal to the difference of the Geocentric and Heliocen- 
tric Longitudes of the planet diminished by 180®. 

In the case of the moon this angle, which we will denote by 
d, is called the Exterior Angle of Elongation. 

Also the arc AB of the section of the planet which represents 
its greatest phase will be seen orthogonally projected on the 
diameter A C, and will therefore be represented by the versed- 
sine of the arc. 

Hence the. measure of the phase, or of the illuminated part 
of the diameter of the planet transverse to the line joining the 
cusps, will be semi-diameter x versin d. 

It is plain that the whole of the illuminated portion of the 
disk of the planet, of which the expression above is the measure, 
will be a lune formed by planes passing through AP and BP 
perpendicular to the ecliptic, and that every part of this lune will 
be projected on the plane of which AP is the section, and there- 
fore that the projections of all the points corresponding to B on 
this plane will be an ellipse whose major axis is to the minor 
axis as 1 : cos d. 


4. Problem. To find when Venus, on approaching her in- 
fisrwr conjunction, is at her greatest brightness, neglecting the 
excentridty of the orbit. 


It is plain that the brightness of Venus will vary directly 

as the breadth of the phase of illumination, and inversely as the 

- , ^ .V \ — c,oa 8PM 

square of her distance from the earth, or as . 


Let then SE’^ (unit of distance =) 1, 
8P = a, 

EP=x. 
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Then igB*= fifP' + Pi;“ + 2/SPxP£?x cos 5Pif, 
or 1 = a^ + a? + 2aa; cos SFM; 

o® + af* — 1 


and 


cos 8PM = — 
1 — cos 8PM 


EI» 




2ax ’ 


2ax 


{a + xy — i 
2ax^ 


„ {a + xY—1 

Hence ^ j == maximum, 

X 

2x^ (a + oj) — {{a + xY — 1} = 0, 

2ax + 2x^-Sa^-^ax-Sx^ + 3 = 0, 
or + 4aaj + 3 (a’* — 1) == 0, 
whence x = Va^ + 3 — 2a, 


5. To find the angle which the line joining the cusps of 
the Moon makes with the great circle passing through the poles 
of the earth, or with the declination circle. 

Let 0 he the centre of the planet or of the moon (supposed 
to be homed, or not half illuminated) on a circle of declination 


p 



PO, P being the pole ; S the position of the Sun. Draw the 
arcs of a great circle SO and SP; then will 80 he manifestly 
perpendicular to the line of cusps. 

Let P^=A„ PO=^A^, 

angle P08 = 90® ± 0. 


and 



CORRECTION FOR DEFECTIVE ILLUMINATION 263 

Then cot (90° ± 0) = cosec P sin cot A^ — cot P cos A^, 

where 6 is plainly the inclination of the line of cusps to the 
declination circle, and P is the difference of E.A. of the Sun and 
Planet. 

Imagine now that PO is the meridian of the place of obser- 
vation, and that the zenith-distance of the moon is observed, 
when the line of cusps is nearly but not quite coincident with 
the meridian, that is, is nearly vertical. In this case, one limb 
(in the figure the south limb) will be full, but the other will be 
not fully illuminated ; and, by what has preceded, the correction 
required to the 6bserved zenith distance of the north limb will 
be — (angular semi-diameter) x vers 9, 

The same correction will apply to an observation of Venus 
or Mercury, but in this case 6 may have any value whatever 
without affecting the accuracy of the observation. 

If the Moon be gibbous we must proceed as follows : 

Draw a great circle through the Moon at right angles to the 
meridian passing through the Moon, and let it meet the meridiaij 
passing through the Sun. The point where it meets this latter 
meridian will determine the position of a fictitious sun, which 
would fully illuminate both the north and south limbs of the 
Moon ; and the elevation or depression of the true Sun above or 
below the great circle joining the moon and the fictitious sun, 
measured in the plane of that circle, will represent the angle by 
which the lowest or highest part of the illuminated hemisphere 
is distant from the limb, and therefore the angle whose versed 
sine multiplied into the semi-diameter is tlie correction required 
to observed zenith distance of defective limb. 

Thus (Fig. on page 264 ), let Pbc the north pole of the hea- 
vens; M the centre of the Moon on the meridian; 8 the true 
Sun. Draw M8^ perpendicular to Pil/, meeting P8 produced in 
S^; then is 8^ the place of the fictitious sun. Draw also 80 
perpendicular to M8^. 

Let P;S==A, P^i = A„ 80=0, 88, = 9,, 

80 = 9. 

Then cos P = tan PJf cot P8, 

= tan A,^ cot A^, 
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or tan = tan A^ sec P, 
and 

/. sin 80 = sin 0 = sin 0^ sin P8JA 



whence 6 is known, and the correction as before is semi-diameter 
X vers 0. 



• For an inferior planet the investigation is the same jas for the 
Moon, excepting that a correction must be introduced depending 
upon the distance of the planet from the Earth and Sun. 

Thus, 80 ox 0 representing the angular distance of the Sun 
from the plane of the great circle MOS, as seen from the Earth, 
the sine of the angular distance as seen from the planet will be 
, , distance of Earth from Sun 

diitance of planet from Bun ^ ^ ^ 

and <l> represents in this case the angle by which the lowest or 
highest point of the illuminated hemisphere is distant from the 
limb as viewed by an observer anywhere in the plane of this 
great circle. The correction will therefore be 

planet’s semi-diameter x versin 


6. On the Transits of Mercury and Venus across 
THE Disk op the Sun. 

The inclinations of the orbits of these planets being very 
small, namely, for Mercury 7®. O', and for Venus 3®. 23', it is 
plain that if the inferior conjunction of either of them with the 
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Earth happens when the planet is near the node of its orbit, it 
will be very nearly in a direct line between the Earth and the 
centre of the Sun, and will appear to cross or to transit the disk 
of the Sun, 


If, for example, the latitude of the planet at inferior con- 
junction be less than the Sun’s semi-diameter, that is, than 16', 
a transit will take place, and since generally 


tan P = sin (f — XI) tan i, 
we shall have (putting ^ = 16') for Mercury, 


Z'-X1 = 2M0'; 

and for Venus, 

Z'-X1 = 4®.31'; 


as the limiting values for which a transit is possible, supposing 
the observer to be stationed at the centre of the Earth, 


To find the intervals of recurrence of the transits of Mercury 
or Venus, it must be observed, that since a transit can take place 
only when the planet is very near its node at the time of con- 
junction, each must make a complete number of sidereal revolu- 
tions after one such conjunction, before another will take place. 
Let then between two transits the planet make m complete revo- 
lutions, and the Earth n revolutions, the periods being respec- 
tively Pj and Pj. We shall have then the indeterminate equa- 
tion 

mP^ = nP^y 


and therefore 


m Pj, 

^“■Pj 


and we must find what integral numbers when substituted for 
Pj and Pg will give pretty correctly the value of .the firaction 



Now, for Mercury, P^ = 87*969 days, 
P, = 365*256, 


and 
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Pj _ 87-969 
■’* P, “ 365-256 

= L_ L_ L_ L- i— 1_ i 

4+ 6-f* 1-f" I*!" 2-f- 1+ 5 + &c. 

Hence the series of fractions which approximately represent 
P 

the value of ~ is 

^ ^ 46 26^ ^ 

54’ 137’ 191’ 1092’ 

or transits of Mercury may take place at the same node after 
intervals of 7, 13,. 33, or 46 years. 

Transits in fact have been observed at the descending node 
in the month of May of the years 1661, 1707, 1740, 1753, 1786, 
1799, 1832, and 1845 ; and at the ascending node in the month of 
November of the years 1677, 1697, 1723, 1736, 1743, 1756, 1769, 
1782, 1789, 1802, 1848, and 1861. 

All these transits (excepting that for 1861) have been dis- 
cussed by M. Le Vender in his determination of the orbit of the 
planet contained in Vol. ii. of the Annales de V Ohservatoire 
pirial de Paris. 

Again, for Venus, 

P, _ 224-700 
Pg” 365*256 

_ 1 _ 1 _ ^ ^ 1 __ I 

““1+ 1+ 1+ 1+ 2+29+ 3 + 1+19+ &c.' 

Hence the converging fractions are 

8 235 713 

13 ’ 382 ’ 1159 ’ 

and transits may be expected to occur at the same node after 
intervals of S, 235, or 713 years. 

The transits of Venus at the ascending node to the end of 
the present millenary period, commencing with 1631, are those 
which occurred in the month of December in the years 1631, 
1639, and which will occur in 1874 and 1882 ; and those at 
the descending node are the celebrated ones of 1761 and 1769, 
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which occurred in the month of June, and that which will 
occur in the same month of 2004. 


7. To find the Sun^s horizontal equatorial parallax from 
the difference of the durations of the same transit of Venus 
observed at different places on the Earth'' s surface. 

The principle on which is founded this method of finding 
the Sun’s parallax has been explained in a preceding chapter 
(page 199). We now propose to exhibit the mathematical de- 
tails of the calculations. 


The first thing to be done is to find the times of the first 
and last contact as viewed from the centre of the Earth. 

Let c be the sum or the difference of the angular semi- 
diameters of the Sun and the planet (the sum corresponding to 
the external contact of the limbs and the difference to the inter- 
nal contact) ; 

L and © the geocentric longitudes of the centres of the planet 
and the Sun at the time of first or last contact ; 

\ and A the geocentric latitudes at the same time^ 


Then we have the following equations : 

cos c = sin \ sin A 4- cos \ cos A cos (L — 0), 

m n C . 2 ^ A. ^ A • 2 ^ 

or sim -=sim — h cos \ cos A sim — - — . 

A A A 

Also, since, at the time of the transit, c, X, and i — 0 are 
very small arcs, we may in general put the arcs for the sines, 
when we shall have 


c^=(x-A)*+(i:-©)“* 


In the Nautical Almanac the values of the Geocentric Longi- 
tudes and Latitudes of the planets are not given, but they can 


• M. Le ‘Verrier at first retains* the terms of the fourth order in the expan- 
sions of sin® 5 , sin® ~ ^ » &c., hut he finally neglects them as producing no sen- 
2 2 

sible effect. (Anncde% de VOhservatoire de Paris, Tome v. page 63.) 
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be calculated from the Heliocentric Longitudes and Latitudes by 
the formulas at page 241, or they can be taken immediately 
from the Spanish Nautical Almanac [Almanique Nautico calcu- 
lado en el Ohservatorio de San Fernando), Let these then be 
computed for three times at equal intervals of four hours, this 
being, with respect to the duration of the transit, a convenient 
interval, and let the middle time (T) correspond pretty nearly 
to the time of conjunction in longitude. We shall then have, for 
the times T— 4*^, and T-\- 4^, the true longitudes and lati- 
tudes of the Sun and Venus. These must then be converted 
into apparent longitudes and latitudes by the application of the 
aberration, unless the apparent places are given in the Ephe- 
meris. 

Then for any time T-\‘t {t being less than four hours, and 
the hour being taken as the unit of time,) we shall be able to 
express the latitudes and longitudes in the form a + and 

consequently we shall have, for X — A and L — ©, expressions 
of the form 

X — A = 7i-4-7ti4- 

and L — Q ^ m + 

and, substituting these values in the equation 
c^=(x-A)^+(i:-©)», 
we shall have an equation of the form 
c* = e -f- 

or, putting = A;, 

d 

from which 



which will give the two epochs for which the distance of the 
centres of the Sun and planet is eqtlal to c. 

The term of h involving f will, of course, be neglected in the 
first approximation, but, when an approximate value of t has 
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been found, it can be easily taken into account, though it has 
an exceedingly small influence on the result. 

Let now t and t be the times calculated in the manner 
explained above, when the first and last contact would be seen 
at the centre of the Earth ; 

T + St and r + St the times at one of the observing stations, 

St and St being the effects of parallax ; 

TT the Sun’s horizontal equatorial parallax, 

tt' the horizontal equatorial parallax of Venus, 

n and m the relative horary motions of the Sun and Venus 
in latitude and longitude respectively. 

Then, knowing the hour-angle and declination of the point 
of contact at the time t + S^, we can calculate the coefficients of 
parallax in R.A. and declination by the formulae on page 188, 
and, by the formulae on page 76, these can be transformed into 
the coefficients of parallax in longitude and latitude. For tha 
first contact let these coefficients be a and h ; so that the whole 
variation of i — © will be a (tt' — tt) + m'Sr, and the whole 
variation of X — A will be b (tt' — tt) + n'Sr, 


* But, differentiating the equation 

considering c as constant, 

(X - A) (SX - SA) + (L~ 0) (Si: - S©) = 0; 

.•. {a (tt' — tt) + m'Sr} (L — ©) + [b (tt' — tt) + w'St} (X -- A) = 0, 

= a (tt' — tt), suppose. 

Similarly for St' we shall obtain an expression of the form 
St =/8(‘7r'--7r). 

Hence, at the station where this observation is made, we 
shall have : 


time of first contact = t + a (tt' — tt), 
last contact = t + ^ (tt' — tt) ; 
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therefore duration of transit 


= jD = t' — T + (/3 — a) (tt' — tt). 

If now jy be the duration of transit at another station, and 
)8' and a! similarly related quantities, 

i?' = t' — T + (/3' — a') (w — tt) ; 

i)'-Z> = (^'-/Q-a'+a)(7r'-w). 

or TT 

„ tt' _ distance of Sun from the Earth 
TT ~ distance of Venus from Earth ’ 

and, as this ratio is known hy the theory of elliptic motion, let 
it be equal to h ; 


and ‘7r = 


This gives the value of the Sun’s horizontal equatorial 
parallax for the day of observation. If then the radius-vector 
of the Earth’s orbit for this day be r, we shall have at the unit 
of distance, for the constant of solar parallax, Trr. 

By Encke’s most careful and laborious discussion of all the 
observations of the Transit of Venus in 1769, the constant of 
parallax was found to be 8’'*5776, which value however has been 
proved by modern discussions (page 198) to be considerably too 
small. 
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ON THE ORBIT OF THE MOON; AND ON THE 
SATELLITES OF JUPITER, 


1. In the Chapter on Parallax, the method has been ex- 
plained by which the horizontal parallax of the moon has been 
determined by means of observations of zenith-distance made at 
two observatories having very different latitudes, but differing 
little in longitude. The mean value of the parallax thus found 
is about 57', and the earth’s equatorial semi-diameter being 
7926 miles, the mean distance of the moon from the earth is 
about 240,000 miles, or about 60 semi-diameters of the earth. 
Also, the distance of the sun being about 92,000,000 miles from 
the earth, the ratio of the distances of the moon and sun from 

the earth is about . These numbers it is desirable for the 
400 

student to retain in the memory. 

2. By observations of the moon’s vertical diameter made 
on the meridian with the mural circle or transit circle, it 
appears that the moon’s orbit must be nearly circular and 
described round the earth, since these diameters, when properly 
corrected for the difference of refraction and parallax of the 
upper and lower limbs, do not vary greatly during the period of 
a whole lunation. Thus, if we take the numbers in the Nautical 
Almanac to represent the results of observation (which they do 
very accurately), and confine ourselves to the August lunation of 
1863, we find that the semi-diameter was least on August 11, 
at about 12^ being 14'.44"-0, and greatest on August 26, at 12% 
being at that time 16'.36"‘1. 
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These numbers then being reduced to seconds will represent 
the ratio of the greatest and least distances of the moon, and, if 
we assume that the orbit is an ellipse of which the excentricity 
is e, we shall have 

1 + e 996-1 
1-e” 884-0’ 

This then may be considered as an approximate value of 
the excentricity of the orbit, and, if the elements of the orbit 
were unknown, observations of the diameter continued through 
several lunations would determine the mean value with some 
considerable accuracy. The mean value assumed by M. Hansen 
is 0-05490807. 

3. On looking however at the longitudes of the Moon 
which correspond to her greatest and least distances, we shall 
find that when reduced to the longitudes in the orbit, these 
points do not lie at the extremities of a diameter. 

Thus, on August 11, 12^, moon’s ecliptic longitude = 110^.26'; 

and on August 26, 12% = 306®. 54’. 

0 

The increase of longitude is therefore 196®. 28', or, neglecting 
the reduction from the ecliptic to the orbit, which does not 
amount to above 6', the apse or perigee appears in half a revolu- 
tion to have progressed by about 16^®. 

If again we compare the moon’s longitude at the next return 
to her perigee on Sept. 7, 23^, with the apogee next preceding, 
we shall find that the increase of longitude is only 165®, and 
therefore that in the latter half of the orbit the apse has regressed 
almost as much as it progressed in the preceding half, so that, in 
the whole lunation, the progress is about 2®. Another month 
would shew in the same manner how large and irregular is the 
motion of the line of apsides, and therefore that it is only as a 
matter of convenience that the orbit is considered as an ellipse 
at all, the points of apogee and perigee never lying at the 
extremities of a diameter of the orbit, but deviating from it 
sometimes by 20®. 
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4. But though the motion of the apse is so irregular during 
a single lunation, yet, as its motion is due to the disturbing 
influence of the* Sun, and as the Sun in the course of a year is 
in every possible position with respect to the line of apsides, a 
mean or average annual progression is produced amounting to 
about 38® ; so that it makes a complete revolution in about 9^ 
years. 


5. Every other element of the lunar orbit is sulyect to dis- 
turbances as great as those which affect the line of apsides. 

For example, the nodes or points of intersection of the orbit 
with the ecliptic are not fixed, but, on account of the disturbing 
action of the Sun, sometimes progress and sometimes regress in 
a very irregular way, so that on the whole they retrograde with 
a mean yearly motion of about 19®. 20', performing a tropical 
revolution in G793*39 days, or in about years. 

The inclination of the orbit to the ecliptic is also variable on 
account of the Sun’s distobing action, and the mean value 
assumed by Professor Hansen is 5®.8'.39"*96. 

To find the actual longitude of the Moon’s node at any 
time, we must use observations made a little before and a 
little after the crossing of the node. For instance, by the 
tabulated latitudes, we can find the day when she crosses from 
north to south, or from south to north latitude, and find or make 
observations tJf K.A. and N.P.D. for a day or two before and 
after the passage of the node. These can be converted into 
longitudes and latitudes by the processes of Chapter III. 

Let then I and V be the resulting longitudes, 

^ and the latitudes (the first north, the second 
south), 

and the longitude of the descending node, 
i the inclination of the orbit. 


Hence we have 


tan i 


tan/8 

sin (H — 1) 


tan /S' 

sin (?' — H) ’ 


M. A. 


18 
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EXAMPLE. 


sin(fl — Z) tan /3 
sin {I' — Q,)~ tan /S' ’ 



+ (^' + ^ n^ 

or tan I — ^ 11 1 


sin {0 + /3) 
-sm{0-0’ 


sin {0 - 0 
sin {0 + 0 


tan 


2 ’ 


T + l 

which gives — fl, and therefore fl ; 

di 

will he determined by the equation . 

tan X 


tan i = 


sin (O — Z) * 


and the inclination 


This value of i would however be subject to great un- 
certainty, and the inclination should be found by latitudes 
determined from observations made when the moon is distant 
nearly 90° from the node, in a way analogous to that for finding 
the obliquity of the ecliptic in Chapter III. 


Example. In the Nautical Almanac for 1863, we find the 
following longitudes and latitudes of the moon computed from 
Hansen’s Tables, and therefore representing observations very 
accurately. 

Longitude. LUtitude. 

1863, June 14, 0^ 62°.48'.54’'-3 0°.22'.58"-2 N. 

12, 68°.5r. 5’'-9 00.10'.25"-4S. 

Here Z' - Z = 6°. 2Ml"-6, + /3 = 33’. 23"-6, 

and = 5"'8, j8'-/3 = - 12'.32"-8; 

log sin {j^ — /8) = 7*5622535 

Ar. Co. log sin (/3' + /3) = — 2*0126209 

log tan = 8*7220386 

log tan - flj = _ 8-2969130 
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and ^^ = 65®.50'.0"; 

JU 

therefore 11, or the longitude of the desceriding node, is equal 
to 66®. 58'. 6", and the longitude of the ascending node is 
246®. 58'. 6". 

6. The principal inequality of the longitude of the node is 

+ I®.30'.26"sin2 (©-n), 

(the value of the coefficient being only approximate), so that if 
H represent the mean longitude of the ascending node for a 
given epoch, the true longitude is 

n + 1®. 30'. 26" sin 2 (0-11). 

h. 0 • 

For 1863, June 14, 8 0 = 83 . 12 
and 11 = 246 . 58 

therefore © - 11 = 196 . 14 
and 2 (© — 11) = 32.28 

And log sin 2 (© — O) = 9*72982 
Log90''43 = 1*95631 

Sum = 1*68613 
Number = 48'*54 

Now, in the Nautical Almanac for 1863, page 242, we have 
for H, 246®. 2'*0 ; therefore the true longitude (referred however 
to the mean equinox for 1863, Jan. 1), is 246®. 50'*54, agreeing 
nearly with that found by calculation. 

7, The principal inequality of the inclination is 

+ 8'. 47" cos 2 (0-0), 

so that if i be the mean inclination, the true inclination for 
any time is 

{ + 8'. 47" cos 2(0-0). 

18—2 



276 PERIOD OF A STNODIG REVOLUTION. 


8. The MoarHs Mean Motion. 


If the moon were without disturbance, and the times of con- 
junction with the Sun could be accurately observed, then the 
time of a synodic period could be very easily and correctly 
determined. This, however, is not the case, as the gravitation 
of the moon towards the Earth is variously affected (and conse- 
quently the time of a revolution in her orbit is different) in dif- 
ferent months of the year, and therefore the intervals of time 
between consecutive conjunctions will be different. 


Thus, taking the Nautical Almanac for 1863, we find the 
following times of new moon : 


h. xn. 

January 19, 4 . 1*8 

February 17, 15. 6*3 
March 19, 2 . 37*2 

April 17, 15. 5*2 

May 17, 4.48*5 

June 15, 19 . 36*3 

July 15, 10 . 53*6 

August 14, 2 . 2*9 

September 12, 16 . 41*8 
October 12, 6 . 42*2 

November 10, 19 . 59*4 
December 10, 8 . 23*5 


Intervals, 
tl. h. in. 

29.11. 4-5 
29 . 11 . 30*9 
29.12. 28*0 
29 . 13 . 43*3 
29.14.47*8 
29.15.17-3 
29.15. 9*3 
29.14. 38*9 
29.14. 0-4 
29.13.17*2 
29.12.24*1 


The intervals above increase with tolerable uniformity till 
the middle of the year, shewing a decrease of gravitation to- 
wards the Earth, or an increase of the radial disturbing force of 
the sun directed from the Earth, and then diminish with the 
same uniformity, shewing a decrease of radial disturbing force 
directed from the Earth. 


The mean of the intervals, or the mean synodic period for 
the year, is however 


29^ 13^ 29*"*2. 
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If now we were to take the conjunctions in the year 1862, 
we should find 

for January, 29^^. 14’'. 49*“’5, 
and for December, 20^. 17’'. 4"'*3, 
giving for eleven lunations a period of 
325^ 2’'. 14”'-8, 

or for one synodic revolution, 

29^ 13^ 17“*7. 

A result agreeing pretty well with that for 1862 ; so that, as 
might be expected, we should get a moderately accurate result 
if we could observe the times of conjunction at intervals of 
a few years with moderate accuracy. Eclipses of the sun or 
moon of course offer the best method of doing tliis, and it for- 
tunately happens that the records of the observations of several 
ancient eclipses of the moon have come down to us, which, 
when compared with observations of recent eclipses, have led to 
a very accurate determination of the synodic period of the moon 
or of the mean motion. 

The most ancient of these eclipses was observed at Babylon, 
B.C. 721, March 19, as related by Ptolemy; and the others 
were, first, that said by Ilipparchus to have been observed at 
Babylon in the 366th year of Nabonassar ; and, secondly, that 
observed at Alexandria, B.c. 201, Sept. 22. 

According to Laplace, the mean length of a synodic period 
of the moon, determined in this way, is 

29M2^ 44"'. 2^-8032, or 29^*530588. 


9. To deduce from this the tropical period^ or the time of 
a revolution of Jjie moon with regard to the equinoxes, let this 
be represented by t ; the length of a tropical year or 365‘’’24224 
by T\ and the synodic period of the moon by s. 


Then the sun’s mean daily motion being > and that of 
360® 

the moon , their relative daily motion is 

t 
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and therefore 360®. s. 
Hence s = 


(r4)- 


360®. 


or # = 


1 

t T 
tT 

t-T' 

sT 

s+T' 


If we now fiuhstitute for s and T the values given above, we 
shall find 


t = 27‘*-32158 
= 27“. 7^ 43”. 4'-5. 


10. To find the length of a sidereal revolution. 

Let p (= 50"'224) he the annual precession, and x the value 

of a sidereal revolution. Then, will be the precessional arc 

corresponding to the period x, and the time of the moon’s 
describing it will be 

t px 

360x60x60’ T’ 

. _ f 

' ® 360 X 60 X 60r ’ 

t 

or a? = 

1 

1296000 r 

^ 1290000T‘^ (imwM') 

= « {1 + -00000289887 + -000000000008} 

= t X 1-00000289895 
= 27“-32158 + *000079 
= 27“-32166 
= 27“, 7^43”. ir-4. 
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11* When the moon’s synodic period of revolution is deter- 
mined by comparison of ancient and modern eclipses, it is found 
that the most ancient eclipses give for the time of revolution a 
longer period than the more recent ones, or that the moon’s 
mean motion is accelerated. This was known to Dr Halley, 
and the amount was approximately calculated by the Rev. 
Richard Dunthome {Phil. Trans, for 1749), and was found 
to be about 10" in a century. Laplace first assigned the true 
physical cause of this semlar acceleration, which arises from 
the diminution of the mean value of the sun’s ablatitious dis- 
turbing force, on account of the secular diminution of the excen- 
tricity of the earth’s orbit, and the consequent greater distance 
of the sun from the earth and moon on the average. He did 
not carry the approximation far, but he found that, as an approxi- 
mate value of the correction to the moon’s place required oti 
this account, there should be added to the mean longitude, 
for the year 1800 + calculated on the supposition of a uniform 
motion, 

10"-207«"+0"-00185f. 

A very elaborate investigation of several ancient eclipses by 
Mr Airy and Professor Hansen has shewn that a still larger 
value of the coefficient of the acceleration is necessary to repre- 
sent them properly, amounting at least to 12". On the other 
hand it was proved by Mr Adams, originally in a paper printed 
in the Phil. Trans, for 1853, and has been established since be- 
yond controversy by several eminent mathematicians, including 
M. Delaunay, Professors Plana, Donkin, Cayley, and Sir John 
Lubbock, that the coefficient of the acceleration as derived from 
the theory of gravitation does not amount to more than 5"*7. 
For information on the interesting controversy which arose re- 
specting the disputed value, the reader may consult the Monthly 
Notices of the Royal Astronomical Society. Here we content our- 
selves with stating, that a difficulty has arisen on account of the 
necessity of accepting Adams’s value of the coefficient, because it 
is not large enough to satisfy th# ancient eclipses ; and we are 
driven either to the hypothesis of a resisting medium, or (accord- 
ing to Professor Hansen’s views) to that of a minute change in 
the length of the sidereal day, which would produce apparent 
acceleration of the same kind, to make up the deficiency. 
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The node and the perigee of the lunar orbit are also affected 
with secular inequalities, connected with that of the mean 
motion; that of the node is negative, and its coefficient is 
about three times that of the mean motion; that of the peri- 
gee is also negative, and amounts to about three-fourths of 
that of the mean motion. 


* 12. On the equations of the moon’s motion. 

It has been stated that the orbit of the moon is only approxi- 
mately an ellipse, on account of the action of the sun’s disturb- 
ing force, and that it is only for convenience of calculation that 
the orbit is assumed to be elliptical. 

The chief disturbances of the orbit, or deviations from the 
longitude calculated on the elliptic theory, are three, namely, the 
evection^ the variation^ and the annual equation. The first and 
largest of these inequalities was discovered by Ptolemy in the 
first century after Christ, and the second by Tycho Brahe in 
the sixteenth century. 

The evection has for its argument 
sin {2 (5 — ©) — 

where }) and © represent the mean longitudes of the moon and 
sun, and m the mean anomaly of the moon. And the value of 
its coeflicient is, according to the most recent researches of 
Mr Airy, 4587"*01. 

The correction to be added to the elliptic longitude is 
+ 4587"-01 sin {2 (]) ~ 0) - m]. 

The evection includes the effect of the disturbances pro- 
ducing the irregular motion of the lunar perigee before referred 
to, and the change of excentricity of the orbit. The approxi- 
mate position of the perigee at any time may be found by sub- 
tracting from the longitude, c^culated on the supposition of its 
15 

uniform progression, sin 2 (long, of perigee — long, of sun), 
and the longitude of the moon may then be calculated in an 
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elliptic orbit, with this position of the perigee, and with an 

15 

excentricity = mean excentricity x (I + cos 2 (long, of perigee 
— long, of sun)}. See Airy’s Tracts^ Lunar Theory^ Art. 66. 

The variation has for its argument sin 2 ()) — ©), and the cor- 
rect value of its coefficient is 2370"‘7. 

The correction to moon’s longitude on this account is 
4-2370"-7 xsin2 (5-0). 

The annual equation depends of course on the position of the 
sun, and has for its argument sin sun’s mean anomaly. The 
value of its coefficient is 669"*0; and tlie correction to the long’* 
tude is 

— 669"*0 X sin sun’s mean anomaly. 

Taking account then of these inequalities only, the moon’s 
longitude at any time = mean longitude + equation of the centre 
in assumed elliptic orbit (-h 22639"‘06 sinw) 

+ 4587"-01 sin {2 (J - ©) - m] 

+ 2370"-7 sin 2 (5 - ©) 

— 669"’0 sin sun’s mean anomaly. 


13. The researches of astronomers have been recently at- 
tended with complete success in developing the theory of the 
lunar inequalities, so that the places of the moon calculated by 
the tables of Professor Hansen, recently published, may at the 
present epoch be considered to represent the true places actually 
better than single observations, and, for the first time, we are 
able to say that, in the application of the method of Lunar Dis- 
tances for finding the longitude at sea, the error of the result 
will not depend at all upon the inaccuracy of the assumed places 
of the moon. The places of the moon given in the Nautical 
Almanac^ commencing with the year 1863, are computed from 
Hansen’s tables; while, for all preceding years, commencing 
with 1834, they were computed from the tables of Burckhardt. 
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These latter gave places frequently in error to the amount of 
30", and sometimes to the amount of 45"*, 

14, Since the same face of the moon is, with very trifling 
exceptions, always turned towards the earth (as proved by the 
fact that a map made at one epoch is found to represent with 
great accuracy the details of the surface presented to the earth at 
any other epoch), it is plain that she must rotate on an axis very 
nearly perpendicular to the plane of her orbit in the exact time 
of a mean revolution in her orbit round the earth. 

Since, however, it is almost certain from the analogy of all 
other planets, that the velocity of rotation on her axis is uni- 
form, while the velocity in the orbit is subject to considerable 
variations, it follows that occasionally a little more of the eastern 
limb and of the western limb will be visible than would be 
the case if the velocity in the orbit were uniform. This is called 
the Lihration in Longitude. 

It is observed also, that occasionally rather more is seen of 
the northern limb and of the southern limb than at other times. 
This is called the Lihration in Latitude, and is assumed to arise 
from the circumstance of the axis of rotation not being exactly 
perpendicular to the plane of the orbit. 

A third libration, called the Diurnal Lihration, is due to 
parallax, or to the observer’s position on the surface of the earth, 
the effect being that at rising and setting, parts near the upper 
limb are seen which would not be seen from the earth’s centre, 
and which vary according to the altitude of the moon above the 
horizon. 

On the Satellites of Jupiter. 

15. Of the planets exterior to Mars, Jupiter has four satel- 
lites, Saturn has eight, Uranus several, and Neptune at least one. 
Saturn has also a system of luminous rings all lying in one 
plane. All these objects, excepting the satellites of Jupiter, 
concern speculative rather than practical astronomy, and the 

• For a history of the successive improvements in the Lunar Tables, see the 
address on the presentation of the Gold Medal of the Royal Astronomical Society 
to Professor Hanson, in Vol, xx. of the Monthly Notices, 
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reader may consult more popular books for information respect- 
ing them. 

The satellites of Jupiter, however, are of practical import- 
ance to astronomers, as the observation of their eclipses, at 
different distances from the earth, furnished a good approxima- 
tion to the velocity of light (see page 142), and also affords 
a ready means of obtaining the difference of longitude of distant 
stations on the earth’s surface. We may therefore devote a few 
words to them. 

16. The satellites of Jupiter were discovered in 1610, by 
Galileo; their brightness, when the planet is near opposition, 
being generally eq^uivaleiit to stars of about the 7th magnitude, 
and therefore rendering them visible by the use of small tele- 
scopes. They are, to their primary planet, what the moon is 
with respect to the earth, revolving round Jupiter in nearly 
circular orbits, casting a shadow on his disk, and disappearing 
on entering his shadow. 

That their disappearances are owing to their eclipse in the 
shadow of Jupiter is proved by the fact of their taking place at 
different distances from his body according to the relative posi- 
tions of Jupiter, the sun, and the earth, but always towards 
those parts, and on that side of the disk, where the shadow 
ought to be by computation. 

That the satellites move directly^ or according to the order of 
the signs of the zodiac, is proved from the fact that a satellite is 
never eclipsed or occulted except when it appears to move in 
this direction, that is, towards the east, while, on the other hand, 
transits over the disk always occur when the satellite is appa- 
rently moving from east to west. 

The synodical period of each satellite is found by comparing 
the intervals between the times of successive eclipses, and espe- 
cially those which occur near the time of opposition of the planet. 
Thus, the mean of the times of disappearance and reappear- 
ance of a satellite is the time when it is very nearly in the 
direction of the line joining the centres of the sun and Jupiter, 
and therefore, the difference of the times of two successive 
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eclipses will be very nearly the synodic period, and from this, 
when it has been well determined, the sidereal period can be 
determined by the formula on page 278. If, instead of two 
successive eclipses, two separated by a long interval be chosen, 
which happen, when the earth, Jupiter, and the satellite, are 
nearly in the same relative positions, the difference of observed 
times divided by the number of revolutions of the satellite will 
give the time of a revolution with much greater accuracy. 

17. That the satellites move in nearly circular orbits is 
proved from the fact, that their mean motions do not differ con- 
siderably from their true motions. The excentricities of the 
orbits of the first and second are insensible, those of the third 
and fourth small (that of the fourth being the larger) and varia- 
ble, on account of their mutual perturbations. 

The inclinations of the orbits to the plane of Jupiter’s 
equator are very small, all being included within half a degree. 

Their mean distances from the centre of Jupiter have been 
determined by micrometrical measures, or times of comparative 
transit, near the time of greatest elongation. They are approxi- 
mately, measured in parts of Jupiter’s semi-diameter, 6*05, 9*62, 
15*35, and 27*00. Of course, when the periodic times are accu- 
rately known and the distance of one satellite, the distances of 
the others can be determined by Kepler’s third law. 

18. The following very curious relation has been found 
between the Jovicentric longitudes of the first three satellites at 
any time. If these be denoted by Zj, Zj, then 

?^-3Z,+ 2Z3=180", 

from which it follows that they cannot all be eclipsed at the 
same time, as this would require that Z^. 
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ON THE DETERMINATION OF GEOGRAPHICAL 
LATITUDE AND LONGITUDE, 


1 , Geographical Latitude has already been defined (p. 6), 
and it is there stated that it is equal to angular elevation of the 
celestial pole above the horizon of the place of observation, or 
that the colatitude is equal to the arc included between the 
observer’s zenith and the pole. This suggests, for a fixed obser- 
vatory furnished with a mural or a transit-circle, a very obvious 
method of finding the value of the colatitude, namely, by ob- 
serving meridian distances of Polaris or some other circumpolar 
star, both above and below the pole, and taking the half sum of 
the results. 

If, for instance, be the zenith-distance (corrected for 
refraction) observed at the transit above the pole, and 0,, at the 
transit below, and 7 the colatitude ; 

then 7=^(^u + ^i)- 

Let, generally, the value of be the mean result of m obser- 
vations, and that of Zi the result of n observations; then (see 
Airy’s Theory of Errors of Observations) the prohahle error of 
will be the probable error of a single observation (ej divided 
by Vm, and the probable error of Zi will be the probable error of a 
single observation (el) divided by Vn ; and therefore the (probable 
error)® of 7 will be 
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and, if we assume that the observations above and below the 
pole are equally trustworthy, or that e„ = ei = e, 


(Probable error)" of 7 = > 
or, probable error of 7 = | -y/ ^LlL^ ^ 


and, since the weight of a result is inversely proportional to the 
square of its probable error, the weight of this value of 7, when 
brought into combination with values derived from other deter- 

minations, will be — ; — • 

’ m + n 

2 . In the reduction of a long series of observations of 
meridian zenith-distances, it is usual, when the colatitude is 
approximately known, to deduce the North Polar Distances of all 
stars and other objects observed, from the observed zenith-dis- 
tances, by application of an assumed colatitude; and, at the 
end of the year, to collect all the results of observations of cir- 
cumpolar stars, for the correction of the colatitude. 

Thus, using the same notation as before, let 7 be the assumed 
colatitude, and 7 + S7 the correct colatitude ; then, from a series 
of m observations of a star above the pole, giving for the 
resulting north zenith-distance, corrected for all astronomical 
inequalities (such as refraction, aberration, precession, and nuta- 
tion), we obtain for the correct mean N.P.D. 7 + S7 — and, 
similarly, for the result of n observations below the pole, we 
get for the mean N.P.D. of the same star, 



1 

I 

thus 

7 + S7 - «„ = 2, - 7 - S7, 

or 
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Now, the quantities — 7 and ^i — Zi are plainly the values 
of the N.P.D. of the star, deduced with the erroneous value ( 7 ) 
of the colatitude, and therefore the error of the colatitude is 
half the difference or half the algebraical sum of the seconds of 
N.P.D., as deduced from observations t)f the same stars above 
and below the pole. 

If several [p) circumpolar stars have been observed for the 
determination of the colatitude, and if, as before, m and n repre- 
sent for one of them the number of observations above and 
below the pole ; then, assuming them to be arranged in the order 
of their distance from the pole, and that the intervals of N.P.D. 
are tolerably equal, weights are given proportional to the 
numbers 


2p 


mn 


2 (^- 1 ) 


Wb + n ’ 


2(p-2) 


m -\-n 


&c.. 


to make allowance for the additional uncertainty of the observa- 
tions made at successively greater distances from the zenith. 


Example. At Oxford, after reducing all the observations 
of the year 1861, on the assumed colatitude 38°. 14'. 24"*8, the 
stars in the following table, of which the headings of the respec- 
tive columns give all necessary information, were used for the 
determination of the error of the assumption. 
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Stars. 

jNumber 

of 

Obser- 

vations. 

N.P.D. on 
assumed 
Colatitude. 

Number 

of 

Observa- 

tions. 

Algebraic 
sum of 
Determi- 
nation. 

Weight 

Product. 

X Ursse Minoris. . . 

S.P. 

4 

3 

. O'" 

1. 6.26-3 
- 1. 6.23-9 

7 

## 

+ 2*4 

11 

+ 26-4 

Polaris 

S.P. 


1.25.55-4 
- 1.25.51-8 

10 

+ 3*6 

13 

+ 46-8 

R.H.O. 897* 

... S.P. 

H 

2.26.57*6 
- 2.26.55*4 

3 

+ 2*2 

4 

+ 8*8 

Cephei Sl.^J^ev.) 

2 

4 

2.45. 9-7 
- 2.45. 8-8 

6 

+ 0*9 



24 Ursse Minoris. 
S.P. 


3. 1.13*3 
- 3. 1.12-9 

6 

+ 0*4 

B 


B Urs 06 Minoris... 
S.P. 

4 

3 

3.23.53*1 
- 3.23.49*9 

m 

+ 3*2 

9 

+ 28*8 

Radcliffe 2738 ... 
S.P. 

1 

1 

3.41.47*2 
- 3.41.44*2 

2 

+ 3*0 

3 

+ 9-0 

Radcliffe 2320 ... 
S.P. 

2 

2 

5.32.54-6 
- 5.32.53-4 

B 

+ 1*1 

5 

+ 6*5 

22 Ursse Mai oris. 
S,P. 

1 

1 

17.10.62-3 

-17.10.52-8 

B 

-0*5 

2 

- 1*0 

B. A. 0.3245 

S.P. 

1 

1 

17.18. 3-4 
-17.18. 3 0 

2 

+ 0*4 

2 

+ 0-8 

Cephei 

... S.P. 

11 

3 

20. 2.67*8 
-20. 2.58*6 

14 

-0-8 

10 

- 8*0 

B^ Cephei 

S.P. i 

3 

3 

20. 3. 1*5 
-20. 3. 2 8 1 

6 

-1*3 

6 

- 7*8 

6Urs9B Majoris... 
S.P. 

2 

3 

24..52. 6-0 
-24.62. 7 0 

5 

-1*0 

5 

- 6*0 

aUrsje Majoris... 
S.P. 

2 

2 

27.29.58-3 
- 27.29.670 

4 

+ 1*3 

4 


a Cephei 

S.P. 

9 

3 

28. 0.10-8 
-28. 0. 9-4 

12 

+ 1*4 

8 

+ 11*2 

B Ursse Majoris . . 

S.P. 

1 

3 

32.52.24-6 

-32.62.22*7 

4 

+ 1*9 

3 

+ 6*7 


• B.H.O. 897 denotes that the star is No. 897 in Mr Carrington’s Bed Hill 
Catalogue of Circumpolar Stars : in like manner, Eadcliffe 2738, denotes that the 
star is No. 2738 in the Radcliffe or Oxford Catalogue of Stars, published in 1861. 
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For explanation of the weights attributed to the separate 
results it will be sufficient to compute that for X Ursse Minoris. 
Ilere^ = 16, w = 4, w = 3. Hence the weight 

4x3 x32 384 

4 + 3 7 

and to prevent the use of numbers too large, this, as well as all 
the other weights, has been divided by 5, from which we get the 
number 11 in the table. 

Dividing then the sum of all the products by the sum of all 
the weights, we get the quantity + 1''*36, and, it will be readily 
seen from the formula previously given, that 
287 + 1 "*36 = 0, 

or 87 = - 0''-68. 

Hence, the true value of the colatitude, as deduced from the 
results of 1861, is 

7 + 87 = 38^ 14'. 24"-8 - 0"*68 
= 38®. 14'. 24"-l. 

Still, it would not be prudent to accept this result as un- 
questionable, since the assumed colatitude (undoubtedly subject 
to a small error from some cause) is that whieh was deduced by 
Mr Johnson by an elaborate discussion of the results of the 
observations of several years. 

3. The method given above is quite independent of any 
assumed positions of the objects observed, and therefore serves 
for the independent determination of the N.P.Ds. of all objects 
observed ; but an astronomer, on fitting up a new observatory, 
might obtain by means of a single evening’s observations a tole- 
rably accri^te value of the latitude by comparison of the observed 
izenith-distances of a series of standard stars with their declina- 
tions or North Polar Distances, given in the Nautical Almanac. 

Thus, if as usual z be the observed south zenith-distance of 
a star, corrected only for refraction ; A its N.P.D. ; and 7 the 
required colatitude, we have 

« + 7 = A, 

or 7 = A - 


M. A. 


19 
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Example. From the Catalogue of the Places of Stars 
observed at Oxford in 1858, the following results of observed 
zenith-distances are obtained by subtracting the assumed colati- 
tude 38°. 14\ 24"‘8 from the mean North Polar Distances. 


star. 

Mean South 
Zenith Distance, 
1858, Jan. 1. 

Mean N.P.D. 
from 

N.A. 

Resulting 

Colatitude. 

a Andromedse... 

23.27.11*1 

O'" 

61.41.37-2 

o » " 

38.14.26-1 

e Piscium 

44.38. 5‘6 

82.52.31*1 

25-5 

a Ceti 

48.13.47-0 

86.28.12*4 

25*4 

Capella 

5.54.41-3 

44. 9. 6-8 

24-5 

Tauri 

23.1G.35-G 

61.31. 1*4 

25*8 

B Orionis 

62.10. 4-8 

90.24.28-7 

23-9 

B Geminorum . . . 

29.31.12*6 

67.45.36-8 

24*2 

Castor 

19.33.51*4 

67.48.16-0 

24-6 

Pollux 

23.23.39*9 

61.38. 4-9 

25*0 

6 Cancri 

23.34.14-2 

61.48.40-0 

25-8 

83 Cancri 

33.27.17*8 

71.41.42-5 

24-7 

Kegulus 

39. 6. 0*6 

77.20.25-8 

25*2 

Y Leonis 

31.12. 4-8 

69.26.30-6 

25-8 

p Leonis 

41.43.24-7 

79.57.50-6 

25*8 

1 Leonis 

40.27.50-3 

78.42.16-0 

25-7 


The mean of the values of the colatitude in the table above 
is 38®. 14'. 25"*2, which agrees moderately well with the assumed 
colatitude 38®. 14'. 24"’8, and shews that for south stars the 
assumption is correct within very trifling limits of error. The 
consistency of the separate results also shews the goodness of 
the observations. 

4. The method of finding the latitude given aboiie is that 
practised in a fixed observatory, furnished with a mural or tran- 
sit-circle, and depends on the observation of meridian zenith- 
distances of stars. The latitude may also be found by the use 
of the transit-instrument placed in the prime vertical (as has 
been explained in Chapter ii., pages 33 to 39), and this method 
is available for finding the latitudes of stations by travellers or 
surveyors, furnished with a small transit-instrument, and with 
independent means of local time. But in general, both at such 




LATITUDE BY SUITS ALTITUDE. 


291 


stations and at sea, the sextant is employed for the determina- 
tion, by measuring (by the help of a surface of mercury) the 
angular distance between the sun or a star, and their reflected 
images, that is, their double altitudes ; and we will proceed to 
shew how, by a repetition and combination of such observations, 
the determination of latitude is effected. 


5 . First Method, 

By observing the zenith-distance or altitude of the sun or a 
known star at any hour-angle h. 

Using the usual notation 

cos z = cos h sin A sin 7 + cos A cos 7 

= cot <fi cos A sin 7 -f cos A cos 7, 

(by making cot <f> = cos h tan A) 

cos A . , , , 

= — -- , sin (6 + y); 

8m(j> 

, • / , \ cos z sin (b 

whence sin (<p + 7) = r- ^ » 

cos A 

which determines </> 4- 7 and therefore 7, since 0 is determined 
by the equation 

cot <f} = cos h tan A. 


6. Second Method. 

By observed altitudes or zenith-distances of any star observed 
near the meridian. 


Let z be the zenith-distance corresponding to hour-angle A, 
and z^ the meridian zenith-distance. 


Then 


and 


cos 


^ — cos z — cos A cos 7 
sin A sin 7 ’ 


1 = 


cos z^ — cos A cos 7 
sin A sin 7 ’ 


, , cos z^ — cos z 

1 - cos A = ; , 

sin A sin 7 
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. g — e. . g + ga 

Bin ^ = I X • 

2 sm A sm 7 

Let now « — «« = a? (a small arc), 

a 4- a, , a? 

“ — • = a, + -; 

sin®- 

sm ~ = sin A sm y ' • 


For a first approximation, 


• Q Jh 

sin®- 

. a; . . . 2 

sin- = sm A sm 7 ■ ". ■ " ■■■ , 

aj . . „ 1 sin A sin 7 ,2 . g , ,, 

2 4 sm Zq 

1 sin A sin 7 , « . - ,f 

a; = , L sin 1". 

2 sm 


Recurring now to the equation 


sm"- 

. X .. . 2 

sm - = sm A smy ^ ■■1 — 
2 • f , 


it will become by expansion 


sm A sin 7 sm®- 
. a? '2 

sm - = ■ — 

2 • X • X 

sm cos — + cos sm - 


sin A sin 7 sin® - 
sin 2^0 + 1 z^xx sin l" 


(very nearly) 


sin A sin 7 sin® 


- {1 — i cotflf^xa?sin 1"}, 


sm^, 
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or, substituting for x on the right-hand side of the equation, its 
approximate value, * 


I sin 1" _ 1 . sin- 1"X [i-l «°Asm 7 C 0 .n. 




1 smAsm7,„ . 1 sm 7 sin* A cos^. 

or a; = ^ l gm V' - -3 S sin® 1'' 

2 sin^j, 8 sui^Zq ’ 

in which expression approximate values of 7 and z^ must be 
used. 

z^=^Z‘-x is determined, 

and 7 = A — 2?^ being the meridian south zenith-distance) is 
known. 


If greater accuracy be required, we can easily deduce the 
more correct expression 

1 . . / . 1 . \* 

2 sin*~ A sin A sin 7 / sin*- A sin A sin 7 \ ^ , 
2 ^ _ I 2 ^ I 2cotg3 

^ “ sin z^ sin 1" \ sin z^ J * sin 1'" ’ 

With a sextant or an altitude and azimuth-instrument, a 
series of zenith-distances, corresponding to different values of A, 
may be observed, and each of the observations will give a value 
of z^^ and therefore of 7. 

In Schumacher’s Hulfstafeln (Warnstorff ’s Edition) will be 

2sin*^ 2sin^^ 

found tables of the values of the logs, of 

sin X sin X 

facilitate the use of the formula given above. 


7. Third method. 


By observations of zenith-distance of Polaris made at any 
hour-angle. 

In this method the peculiarity is that, the N.P.D. of the star 
being small (about 1®. 25' at the present time), advantage may 
be taken of this circumstance to expand the difference between 
the colatitude and the zenith-distance, which is always small, 
in terms of the N.P.D. 
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Let this difFerence be cc, that is, let 7 == + a? ; 

/. cos « = cos A sin ^ + x) sin A + cos {z + x) cos A 
= cos h sin A {sin z cos x + cos z sin x} 

+ cos A (cos cos oj — sin z sin a?}, 

and 1 =s cos A sin A [tan z cos x-\- sin a?} 

+ cos A {cos X — tan z sin a?) 

« cos X {cos A + cos A tan z sin A} 

+ sin X {cos A sin A — tan z cos A} 

= a cos a; — 5 sin a? (1), 

if a = cos A + cos h tan z sin A, 

and h = tan z cos A — cos h sin A. 

Then, developing a and b by powers of A to the third order, 
we have 

a == 1 + cos A tan . A — — — cos A tan z — , 

40 V 

and 6 =! tan« — cosA. A— A’ + cosA ^ . 

2 o 

Recurring now to equation (1), or 

1 = a cos a? — & sin a?, 

we must proceed to find the value of x in terms of A by the 
method of indeterminate coefficients. 

Let then x = ^4 A + RA^ + CA® (2) 

(since, for a star at the pole, or for A = 0, a; would also be 
equal to 0, and therefore there is no term independent of A). 

Then cos a? = 1 — ~ 

2 
a;® 

sin a? = a; — ~ 

6 

= ^A + 5A»+(o'-^)a». 


and 
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Substituting then in equation ( 1 ) the values given above, 
of a, b, sin a?, and cos x, we have 

1 = 1 + cos A tan z . A 

— Q-4’‘ + | + ^tana — ■4 co8A^ A* 

' 1 1 
AB + a A’' cos h tan 0 + - coa A tan e 

Jt Q 

+ tan 0 — ^ tan — £ cos A 

and this equation must be identically true. 

Hence A = cos A, 

B tan 5 (1 + A^) + A cos A 

m 

= -i(l-cos*A) 

= -| 8 in’A, 

and i? = — ~ sin® A cot z. 

A 

Also, since the terms in B of the coefficient of A® destroy 
each other, 

^(7 — tan 2 ; = — I cos A tan « (1 + ZA?) + ^ tan 

whence G tan » = - cos h tan « — - cos® A tan z ; 

O o 

and C = ^ sin® A cos A ; 

3 

aj = c 08 A.A — isin’A cote . A’ + | sin® A coaA. A'. 



thua 
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And 7 ~ « 4- a? 

=s 0 + cos A . A — i sin* A cot . A* + ^ sin* h cos A . A®, 

o 

or, since x and A must be expressed in angle, • 

7 = 0+ cos A . A — i sin 1"' sin® A cot z . A® 

A 

4- \ sin® 1'' sin® A cos A . A®. 

o 

The coefiicient of A® is a function of A 'only, and may there- 
fore be tabulated, as also the factor - sin 1" sin® A of the coeffi- 
cient of A®, but the last term is generally exceedingly small. 

In the Nautical Almanac are given tables containing for 
Polaris the values of the second and third terms of the right- 
hand side of the equation above, calculated, with the sidereal 
time of observation as the argument, for the mean values of the 
R.A. and N.P.D., and there is an additional table giving the 
correction required for the true values of R.A. and N.P.D. on 
any given day. (See Some Critical Remarksr on the Tables in the 
Nautical Almanac^ by the late John Riddle^ Esq^. in Vol. XX. of the 
Monthly Notices^ page 339.) 

8. The development might also have been effected by Mac- 
laurin’s Theorem in the following way. 

I*' 

Then we have seen that = 0. 

And, taking the equation, 

cos z = cos A sin {z 4- x) sin A 4- cos {z 4- x) cos A, 

and differentiating it, x and A being the variables, we get 

. dx 

0 = cos A cos {z + ®) sin A ^ + cos A sin (* + x) cos A 
. dx 

— sin {z 4- X) cos A ^ — cos {z 4- x) sin A, 
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and, making a? =S 0, and therefore 


dx 
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and remembering that sin A = 0, we get, 

fdx\ 


cos A sin « — sin z = 0, 


or 


(dx\ _ 


cos h. 


Differentiating again, 

r 


— cos h sin {z + x) sin A + cos h cos {z + x) cos A ^ 


+ cos h cos {z + x) sin A 


d^x 

dA* 


( dx\ . 

^ j -f sin {z 4- x) sin A 


dx 

5a 


— sin [z + x) cos A 
dx 


+ cos A cos {z + x) cos A — cos h sin {z + x) sin A 


dx 


+ sin [z + x) sin A ^ — cos {z + x) cos A ; 


and /. cos® A cos z — cos® A cos « — sin ^ 

+ cos® A cos z — cos z J 


©] = o. 


or (|^)^ = -sinUcota, 

and therefore 

X = cos A • A — i sin® A cot z . A®, 

£ 

as before. 

The student will probably not be inclined to pursue the in- 
vestigation to another differentiation, though it is not difficult, 
if the terms which vanish (or which contain sin A) are omitted 
in the writing down. 
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Thus, retaining only the terms which will^ot vanish when 
» = 0 and A = 0, we shall find 

^ -t f \ A 

-3cosAsin(«-f a?)cosAf^l + 2 cos A cos + a?) cosA^ 

+ sin (a + x) cos A - cos (a + x) cos A (g£j 

dx 

0={ +3sin(a + £c) cosA^ 

-cos(a + a!)cosA(^)(J) 

/ d^QC\ 

— sin (a + x) cos A - cos h sin (a + x) cos A, 
and, putting x-0, and A = 0, and substituting for 
(^) values, we get 


— 3 cos’A sina — 2 sin’fe cosA cosa cota + cos'A sina 
4- sin*A cosA cosa cota + 3 cosA sina 

4- sin’* h cos h cos « cot s — sin z f ^3) 
— cos h sin Zy 


4- sin’* h cos h cos « cot s — sin z ^ 
— cos h sin Zy 

or 2 cos A sin a — 2 cos’ A sin a — sin a = 0, 

and (^) “ ^ h COB h; 

IT2T3l3A>j=5““‘‘“”*’ 


which is the coeflScient of A® as before. 


9. Fourth method. 

By two observed altitudes or zenith-distances of the same 
star at different hour-angles, to find both the local time and the 
colatitude. 
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Let a and A be the E. A. and N.P.D. the star ; B and 5' 

the positions of the star at the sidereal times t and i ; z and 
the zenith-distances ZS and ZB* ; PB== PB* = A. 



Draw 88' an arc of a great circle. 

Then the angle BPS' = 15 [t* — «) = 0 suppose. 

And sin — ^ = sin P8 sin - = sin A sin ~ , 

Z AM 

which gives 88*. 

0 

Also cot PS 8' = cos A tan 2 , which determines the angle 
P88* or PS* 8. 

Next, in the triangle ZS8* we know the values of the 
three sides Z8^ ZS*, and 88', from which we can determine the 
values of the three angles ZS8', Z8'8, and 8Z8*. 

Then the angle PSZ=- P8S* - Z8S' is known, 
and /. cos PZ = cos 8 sin PS sin SZ + cos PS cos 8Z, 

is determined, or the value of the colatitude is found. 

Finally, the hour-angle Qi) corresponding to the first obser- 
vation can be computed in the triangle P8Z, and the sidereal 

time t of the observation = a is therefore determined. 

15 

The problem is but little altered if two known stars be 
observed, or the sun. In the latter case the N.P.D. or P8 will 
not be constant, and the variation of E.A. during the interval 
t* — t, must be allowed for, in determining the angle 8P8*. 
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10. It has been^thought better not to complicate the preced- 
ing problems by considerations relating to the mode of observ- 
ing the time, and the correction necessary to be applied for the 
losing or gaining rate of the chronometer. In the preceding 
instance the observed interval of time between the two observa- 
tions must be reduced to the sidereal intervals by application of 
the rate. Let the daily losing rate be r seconds of time, and T 
the observed interval expressed in hours. Then in this time 

T 

the chronometer will have lost (if it is going uniformly) — r ; 
and therefore the true sidereal interval will he 

At sea there will be also a correction to be applied for the 
change of position of the ship on the earth’s surface between the 
two observations. (See Francoeur, Astronomie Pratique^ page 
230, edition of 1830. This book is well worthy of the attention 
of the student of Nautical Astronomy.) 


11. Fifth method^ or that of Douwes, 

By two observed altitudes of the sun without a knowledge 
of the time of the observation. 

Let z and ^ be the observed zenith-distances, corrected for 
refraction and parallax. 

A the N.P.D. of the sun’s centre at the middle epoch be- 
tween the observations, which is supposed to apply to both 
observations. 

h and K the hour-angles as usual. 


Then 

and 


cos z cos 7 cos A + sin 7 sin A cos % (3), 

cos z' = cos 7 cos A -h sin 7 sin A cos K (4) ; 

cos z — cos z* = sin 7 sin A (cos h — cos h!) 


O * A • ^ h • h “1“ Ih 

1 2 sm7 sin A sin— — sm 


« 2 sin 7 sin A siny sin 6, 


2 
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if we put y = ^ (A' + A) = the mean of the hour-angles, 

1 15 

and ^ = o *) “ TT ^ known interval of time between 

the observations ; 

. cos z — cos z* 

smy = -—. ; T — ; — 

^ 2 sm 7 sin A sm ^ 

I • , . h •■{- h 

wnicn gives y or — - — ; 

* a 

A = y + ^ is known, or the hour-angle at the first observation, 
that is, the time before or after apparent noon. 

Finally, from equation (1) we get 

cos = cos 7 cos A + sin 7 sin A {1 — (1 — cos A)} 

= cos (A — 7) — 2 sin® \ sin 7 sin A, 

or cos ( A — 7) = cos « + 2 sin® ~ sin 7 sin A ; 

and, if the first hour-angle, or A, be small, we may substitute for 
7 on the right-hand side of the equation an approximate value 
deduced from the latitude by account, and we thus obtain the 
value of A — 7, and a corrected value of 7. 

12 . Determination of Geographical Longitude. 

If, through the axis of the earth, we suppose a series of 
planes to be drawn intersecting the surface; the great circles 
thus traced on the surface are called Meridians ; and the angular 
distance between any two of these great circles is the difference 
of geographical longitude of any places whatever situated upon 
them. Different zeros of longitude are assumed by different 
nations, each taking for the zero the meridian which passes 
through the chief Observatory of its capital city. 

The general principle for the investigation of differences of 
longitude will be readily , understood from our notions of sidereal 
and mean solar time, as explained in the fifth Chapter. 
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Sidereal time, for example, at any place is the hour-angle of 
the First Point of Aries for that place, and mean solar time 
is the hour-angle for the mean sun for that place. The differ- 
ence of the houi’-angles — whether sidereal or mean solar — for 
two places at the same instant of absolute time, that is, the dif- 
ference of local times at the same instant, will therefore be the 
difference of the longitudes of the places. If therefore we could 
observe at two stations whose difference of longitude is required, 
the same phenomenon at the same instant, then it is plain that 
the difference of the observed local times at the two Rations 
would be the difference required. 

A great many different methods have been employed for the 
purpose of finding the longitude, and every one is aware that 
the finding of the longitude at sea is the most difficult, and, at 
the same time vitally important of the problems which the 
mariner has to solve ; but all the methods are different applica- 
tions of the principle mentioned above. 

We will consider first, the methods which have been in 
use for determining the difference of longitudes of fixed obser- 
vatories, and afterwards those employed for finding longitudes 
at sea. 


13. The principal methods employed are the following : 

(i) By signals previously agreed upon. 

(ii) By transmission of chronometers backwards and 
forwards between the stations. 

(iii) By eclipses of Jupiter’s satellites. 

(iv) By meridional transits of the moon and neigh- 
bouring stars — called the Method of the Culmination of the Moon 
and Stars. 

(v) By sextant observations of the moon’s greatest 
altitude. 

(vi) By lunar distances. 

(vii) By eclipses of the moon. 

(viii) By eclipses of the sun. 

(ix) By occultations of the fixed stars and the planets 
by the moon. 
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L The Method of Signals. 

1*4. This method was formerly employed only for sta- 
tions within a short distance from each otlicr, and the signals 
generally employed were cither rockets or masses of gunpowder 
fired from the more elevated station. If the stations were too 
far apart, a chain of intermediate stations was selected, and the 
difference of longitude of each successive two was determined by 
the difference of the local times at which the explosion was 
observed. 

The determination of local time with great accuracy at each 
station was however a very troublesome and expensive part of 
the operation, involving, where great accuracy was required, the 
establishment of a transit-instrument. 

15. Of late years, however, the extension of telegraphic 
communication has, in the case of fixed Observatories, brought 
into use a new method of signals capable of application to any 
two Observatories or stations which are on or near a line of 
railway or a line of telegraphic wires ; and of this some account 
must be given. 

The idea is due entirely to some American astronomers, 
who about fifteen years ago invented a method of registration 
of transits of stars by the aid of galvanism. Several persons 
appear to have arrived almost simultaneously at the same 
leading principle, amongst whom were Dr Lock, Professor O. M. 
Mitchel, Professor Bond, and Mr Walker, though the methods 
of application were rather different. The method which has 
continued in ordinary use in the United States is that of Professor 
Bond, who applied it, so as to supersede the ordinary method 
of observing transits by the eye and ear, at the Observatory of 
Harvard College, Cambridge, Massachusetts. And our Astro- 
nomer Koyal soon after its introduction in America, devised a 
similar apparatus, with some specific differences, for observing 
transits a.t the Royal Observatory, Greenwich. 

16. The following account of the apparatus used at Green- 
wich is extracted mainly from the Introduction to the Green-- 
wich Observations for 1860. 
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“ In the ground-floor of the North dome there is mounted a 
clock of a peculiar construction, whose motion is governed by 
the conical rotation of a pendulum. One spindle of the clock 
gives motion to a revolving brass cylinder ; and, as the clock 
with conical pendulum moves without jerks, the cylinder re- 
volves without jerks, and with a motion sensibly uniform. The 
cylinder revolves in two minutes of time ; and its cylindrical 
surface moves through about one-third of an inch in one 
second of time. The barrel is covered with woollen cloth, and 
upon this a sheet of paper is folded, the ends of the sheet being 
cemented together ; and, when the sheet is filled by the register 
about to be described, the cement is softened, the paper is re- 
moved, and another sheet of paper is substituted in its place. 

Another spindle of the clock turns two long screws, both 
parallel to the axis of the cylinder, which cause a travelling- 
frame to traverse the whole length of the cylinder. In one 
revolution of the cylinder, the frame moves through OT inch. 
This travelling-frame carries two levers, each lever being armed 
at one end with a pricking point; the mounting of each lever 
being such that, when the opposite end is pulled away from the 
cylinder the pricking end is impressed upon the cylinder, and 
makes a permanent puncture on the paper. The prickers are 
mounted in such a way that when their points have entered the 
paper, they yield laterally to the motion of the revolving cylinder, 
and do not scratch the paper. Two galvanic magnets are fixed 
on the travelling-frame, so as to attract the lever-ends opposite 
to the pricking points. All that is required therefore to cause 
these points to make punctures upon the paper, is, to send 
galvanic currents through the galvanic magnets. 

‘‘ One of the prickers is devoted to the register of seconds of 
time through the transit-clock. For this purpose, the wires of 
its galvanic magnet (after passing through a galvanic battery) 
are led to the transit-clock, and the circuit is there completed at 
every second of time by the following mechanism. Upon the 
escape-wheel axle, a wheel of 60 teeth is mounted ; and, at every 
second, the start of a tooth of this wheel presses together two 
springs, included in the galvanic circuit, during a very small 
fraction of a second. Thus a series of punctures is made upon 
the revolving cylinder, one at every second of the transit-clock. 
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Proper means are provided for breaking the circuit at pleasure, 
and at the same time stopping the movement of the travelling 
frame, so as to avoid unnecessary consumption of paper upon 
the revolving cylinder. The other pricker is used for the 
register of the times of the transits over the nine wires in the 
transit telescope. The wires of its galvanic magnet, after pass- 
ing through a battery, are led to the pier of the transit-circle, 
and .terminate in two large springs, which touch two large 
insulated brass rings upon the conical axis of the transit-circle. 
From these brass rings wires are led within the telescope, to 
a contact-piece near the eye-end, where the observer, by a touch 
of the finger, can complete circuit, and then make a puncture 
on the revolving cylinder,” 

17. At Greenwich, the transits of all objects observed are 
recorded by the apparatus described above, and it is easy to see 
how the difference of longitude of two Observatories (Green- 
wich and Paris for example), each furnished with similar means 
of self-registration by means of galvanism, may be determined. 

As the extent of circuit of the galvanic wires used for record- 
ing the times of transit of stars observed with the transit- 
telescope is of no consequence, presuming that the current has 
strength enough to drive the pricker, we may conceive that one 
of them, instead of returning back to the battery, is put in 
connexion with one of the telegraph wires proceeding to Paris 
by means of branch wires proceeding from each Observatory to 
the nearest points of approach of the telegraph wire ; then the 
wires proceeding from the other ends of the batteries being put 
in connexion with the earth, if the circuit is only broken arbi- 
trarily at one point at each Observatory, the observer, by com- 
pleting it at this point, will, by suitable arrangements made 
beforehand, put in action the galvanic magnets driving the 
prickers at both Observatories, so that the stars observed at each 
Observatory will in fact be recorded on the apparatuses for self- 
registration at both. And, supposing this to be done, the times 
of transit of stars observed at Paris will be recorded in terms 
of the Greenwich transit-clock, and the transits of the same 
stars, as they pass the meridian of Greenwich, will be recorded 
in terms of the Greenwich transit-clock. Similarly the transits 

20 
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qf stars observed at both Observatories will be recorded in 
terms of Paris transit-clock. And thus every star observed at 
both Observatories gives a difference of longitude which is sub- 
ject only to the errors arising from the velocity of transmission 
of the current, and the personal equations of the observers with 
the transit-instruments. The former is eliminated by taking 
the mean of the results as recorded at Greenwich and at Paris, 
and the latter by interchanging the observers during the ope- 
rations. 


18. The best determination of longitude by direct compari- 
son with Greenwich was that made by the Astronomer-Royal 
and M. Le Verrier in the year 1854, for obtaining the difference 
of longitude of the Observatories of Greenwich and Paris, but 
the longitudes of the Observatories of Edinburgh and Brussels 
have been determined in a similar way. Many of the Obser- 
vatories on the continents of Europe and America have also 
been connected by similar means, and the method has been 
extensively used for the large surveys of the United States. 

For further information on this important subject, see Monthly 
Notices of the R,A.8.^ Vols. x, Xi, xv, and xviii, and for a 
detailed account of the apparatus at Greenwich, see the Or. Ob. 
for 1856, Appendix. 

II. Method by Transmission of Chronometers. 

19. The availability of this method depends upon the steadi- 
ness of the rates of the chronometers employed, and, on account 
of the excellence to which this class of instruments has arrived 
in the present century, it has been employed with advantage on 
several occasions. 

One of the most remarkable applications of the method is 
that by which the Astronomer-Royal determined, in the year 
1844, the longitude of a station in the island of Valentia, on the 
south-west coast of Ireland. This island is the most westerly 
point of Europe, and is in very nearly the same latitude as 
Greenwich ; and it offers therefore peculiar advantages for the 
measure of an extensive arc of parallel by time-comparisons with 
the National Observatory. 
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For the greater convenience of carrying out the plan of 
operations, intermediate observing stations were established at 
Liverpool and at Kingstown near Dublin, transit-instruments 
being established at Kingstown and Valentia; and, omitting 
all details respecting the transmission of the chronometers (30 
in number) by railway to Liverpool and by mail steamer to 
Kingstown, and of passing them on after comparison with the 
transit-clocks at those places to Valentia, the general plan of 
operations was as follows. 

Immediately before leaving Greenwich the chronometers 
were compared with the Greenwich transit-clock, and were then 
taken in a carriage to London for transmission to Liverpool by 
railway, where the director of the Liverpool Observatory was in 
waiting to carry them to the mail steamer for conveyance to 
Kingstown. The person in charge of the observing-station at 
Kingstown was in waiting to receive them, and to compare them 
with his transit-clock, and they were then passed back again to 
Greenwich, and compared with the Greenwich transit-clock 
immediately on their arrival at the Observatory. 

The chronometers were thus transmitted backwards and for- 
wards as rapidly as possible, for about a month, making nine 
journeys from Greenwich to Kingstown, and eight journeys from 
Kingstown to Greenwich. 

They then made four journeys each way (occupying about 
eight days) between Liverpool and Kingstown, and afterwards 
made ten journeys each way (occupying considerably more than 
a month) between Kingstown and Valentia, going to Limerick 
and Tralee by mail coach, and then by private carriage and boat 
to Valentia. Finally, they made about four journeys each way, 
between Liverpool and Greenwich, occupying about seven days. 

20. The operation therefore consisted of three distinct por- 
tions, namely, of the determination of the independent differences 
of longitude between Greenwich and Liverpool, Liverpool and 
Kingstown, and Kingstown and Valentia, local time (or the 
error of the transit-clock on sidereal time) being determined 
with the transit instruments at Greenwich, Liverpool, Kings- 
town, and Valentia. 


20—2 
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21. If the rates of the chronometers were equally steady, 
and, if they were the same while they were at rest as while 
travelling, the whole process of reduction for deduction of the 
differences of longitude would he much more simple than it 
actually is. But it is found that there is a well-marked differ- 
ence between the rate of a chronometer while travelling and 
while at rest, and, to determine this, it was usual to compare the 
chronometers twice at some of the stations, that is immediately 
after arrival and before sending them away again, and this 
furnished materials for determining immediately the travelling 
as well as the stationary rate. Take, for example, the case of 
transmission between Greenwich and Liverpool. The compari- 
sons taken at Greenwich before departure and after return, give 
the whole loss or gain of the chronometer for that period, 
while the two comparisons at Liverpool give its loss or gain 
during the stationary period ; the difference is therefore the loss 
or gain duidng the time it was travelling. 


22. The application of the most probable rates to the 
chronometers so as to determine for each chronometer employed, 
with the greatest possible accuracy, the Greenwich sidereal time 
corresponding to the local sidereal time at the station where 
longitude is to be determined, at the time of the comparison 
of the chronometers, is a very difScult problem, and has been 
treated by Mr Airy with his accustomed clearness and fulness 
in his account of the results of the expedition in the Green- 
wich Observations for 1845. The general problem of the 
determination of longitude by means of chronometers presents 
however no other difficulty, and we need not dwell on it any 
longer, except by saying that the operations were repeated 
during the present summer. 


23. By a rigorous and instructive comparison of the longi- 
tude obtained, with that given by the great Trigonometrical 
Survey, Mr Airy arrived at the satisfactory conclusion, “ that no 
improvements can be made in the earth’s figure, so far as they 
apply to the circumference of a parallel, or to the measure of 1" 
on the arc perpendicular to the meridian ” And he con- 
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eludes that, in latitude 51®.40', the length of 1" in an arc perpen- 
dicular to the meridian is 101*6499 feet. 

24. I have gone into some detail with regard to this 
celebrated expedition, because it was impossible otherwise to 
give the student any notion of the difficulties or the large 
amount of work which have to be encountered in such a series 
of operations, though the general aspect of the problem mathe- 
matically considered is so simple. Another very important 
expedition of a similar kind was that undertaken by Professor 
W. Struve in 1844, for the determination of the difference of 
longitudes between Pulkowa and Greenwich. All the details of 
the operations are given in a work published by him, and 
entitled ExpMition Ghronometrique» 


III. Method hy Eclipses of Jupiter* s Satellites. 

26. Since the eclipses of Jupiter’s satellites happen at the 
same instant of absolute time for all places on the earth’s surface, 
they afford occasionally excellent means for determining longi- 
tude, by comparison with the predicted times in the Nautical 
Almanac, which are computed by the theory of the motions of 
the satellites. In all cases however the method is rendered less 
certain by the circumstance, that the times of observed diasap- 
pearance and reappearance depend upon the telescope employed, 
larger telescopes giving later times of disappearance and earlier 
times of reappearance than smaller ones. The method has 
been also up to the present time practically useless at sea, on 
account of the impossibility of keeping a telescope steady 
enough for observation on tlie deck of the vessel in motion. 
A few years ago, however. Professor Piazzi Smyth devised 
an apparatus called by him A Free Revolver Stand, which 
afforded a perfectly steady surface for observation, and by 
means of which he actually saw the satellites of Jupiter with 
perfect ease and comfort, while going to Teneriffe on board the 
yacht Titania. (See Notices of the R.A. S. Vol. xvii. page 36, 
and Vol. XVIII. page 65 ; also Smyth’s Teneriffe, an Astrono- 
mer s Experiment). 
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IV. Method hy Meridional Transits of the Moon and neigh-* 
louring Fixed Stars ; or the Method of the Culmination of the 
Moon and Stars. 

26. The use of the moon’s motion in E.A. for the determi- 
nation of longitude has been long known, and lunar transits 
observed over different meridians have been for a long period very 
generally employed for the purpose. In the year 1824, how- 
ever, Mr Baily brought into general use a considerable improve- 
ment in the method by proposing that there should be observed, 
in addition to the moon’s transit, the transits of certain stars 
preceding and following her, and lying as nearly as possible in 
the same parallel of declination. In accordance with the sug- 
gestion of Mr Baily, the Royal Astronomical Society undertook 
for some time the preparation and circulation of lists containing 
the places of the moon and the selected moon-culminating stars, 
till, at the reformation of the Nautical Almanac in 1834, the 
lists were incorporated in that work. 

By consulting the Nautical Almanac for any year commenc- 
ing with 1834, it will be seen that there are given the exact 
R.A. of the moon’s bright limb (1 L before opposition and 2 L 
after opposition) and of the selected stars ; the variation of R.A. 
in one hour of terrestrial longitude ; and the sidereal time occu- 
pied by the transit of the moon’s semi-diameter over the meri- 
dian ; all computed for the Greenwich transit. 

27. The object of observing stars in the same parallel (or 
nearly so) with the moon is that the difference of time between 
the transits of the star and the moon, on which the determina- 
tion of the difference of longitude of two stations depends, will 
be essentially free from the errors of adjustment of the transit- 
instrument employed, these errors being simple functions of the 
zenith distances or the polar distances of the objects observed. 
Still it is desirable that the observations, in cases where great 
accuracy is necessary, should be rigorously corrected for instru- 
mental errors, because an azimuthal deviation of any consider- 
able amount would entail upon the resulting longitude an error 
depending upon the motion of the moon in R.A. while describ- 
ing by the diurnal motion an arc equivalent to that deviation. 
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28. The process for finding the longitude of any station 
relatively to Greenwich, is as follows. 

Suppose the moon’s limb and one culminator to be observed 
at both Observatories, the station whose longitude is sought 
being I degrees east or west of Greenwich. 

Let and tj be the Greenwich sidereal times of observed 
transit of the moon’s limb and of the star at Greenwich, 

tn and tj' similar times for the other station, 

8^ the sidereal time of transit of moon’s semi-diameter at 
Greenwich, 

8^ the sidereal time of transit at the other station), 

must be interpolated from the Nautical Almanac with an 
approximate value of the longitude,) 

a the apparent R.A. of the star, 

aj and the E.A, of the centre of the moon at transit of 
centre over the two meridians. 

Then a - — (C ± ^i) = suppose (un known quan- 

and a - a„" = - (C' ± O = suppose j 

••• = («)• 

This quantity is the increase of moon’s E.A. in its 

passage over an arc of terrestrial longitude Z, and is positive, 
when the second station is west of Greenwich, and negative 
when it is east. 

Let now I be the increase of moon’s E.A. in one hour of 
longitude (given in the Nautical Almanac for Greenwich transit 
of the moon). Then, if the longitude I be expressed in seconds 
of time, we have the equation 

I 

3600 I ’ 

Z = 3600‘x ^*^^\ 


or 
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If the diflference of longitude be small, it will be suflScient to 
take for the value of. I that given in the Nautical Almanac for 
Greenwich transit; but, if it be large, (amounting to several 
hours for example,) it must be interpolated for the middle epoch, 
by the values given for successive lunar transits in the Nautical 
Almanac. 

29. It will readily be seen from the process above that it is 
not absolutely necessary that the same star should be observed 
at the two stations ; but in the case of different stars it would 
be necessary that their E.A.’s should be accurately known ; and 
there is therefore liability to another source of inaccuracy. 

Thus, let the K.A.’s of the two stars be a and a". 

The equation (a) will take the shape 

or - a^' = A ~ - (a' - a''), 

and the result will be affected by the difference of the errors of 
a' and but will still be independent of the assumed equinox 
used in obtaining those Eight Ascensions. 

In Vol. XIX. of the Memoirs of the Royal Astronomical 
Society will be found a paper by Mr Airy on the Weights to he 
given to the separate Results for Terrestrial Longitudes^ which 
is well worthy of the attention of the student. One important 
conclusion arrived at by Mr Airy is that for observations on 
the same evening or for the same transit of the moon, the in- 
crease in the number of comparison-stars adds very little to the 
accuracy of the result ; but that observations of the moon and 
stars on different evenings add to it very greatly. 

That the increase of the number of stars on the same even- 
ing does not add much to the accuracy of the result is easily 
proved as follows : 

Let represent the error of observation of a transit of the 
moon, 

2 ?, represent the error of observation of a transit of a 
star, 

and suppose that n moon-culminating stars have been observed. 
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Then the probable error of (moon-transit — mean of star- 
transits) ___ 

and, if which may be generally assumed, the pro* 

bable error of result 

and therefore very little additional accuracy is gained by increas- 
ing the number of stars beyond three or four. 

Thus, if we make successively n = 1, 2, 3, 4, 5, 10, 20, we 
get for the probable error of the result, 

for w = 1, probable error =jp x 1*414 

2, p X 1-225 

... 3, px 1*155 

4, ^x 1*118 

... 5, p K 1*095 

10, ^x 1*049 

... 20, jp X 1*025 


30. As an example we will deduce the longitude of the 
Observatory of Sydney, New South Wales, by comparison of the 
transits of rj Cancri and the moon’s second limb, observed at 
Greenwich and Sydney on Jan. 9, 1860. 


From the volumes of the Greenwich and Sydney observa- 
tions we get the following data : 


Greenwich. i 

m. B. I 

Corrected transit of 17 Cancri 8.24. 29*76 ' 
})2L 8.46.23*91 

«, = - 73'*01 

and (from N. A.) = 153’*91 

.*. /8i = - 20’".41‘*14 
79 ,- 79 , = -26”. 13"*90 


Sydmey, 

h. zn. s. 

8.23. 44*47 
8.19.25*74 

«, = - 74**03 


79 ,= + 5”. 32**76 


1573**90. 
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Again, to determine the value of I at the Sidney transit of 
the moon, we must interpolate the value given in the N. A. for 
the upper and lower Greenwich transits of the moon, referring 
all the computations to Greenwich Mean Solar Time. Thus : 


Greenwich 
Mean Solar Time. 

I, 

1st Difference. 

2nd Difference. 

h. m. 

s. 

8. 

8. 

JdA 8 • 12 • 30 

163*55 

-4-59 


9. 1. 0 

158*96 

-5*05 

-0‘46 

9 . 13 . 30 

153*91 



-4*82 

-0*23 


Again, K.A. of moon on passing the meridian of Sydney (or 
Sidney Sidereal Time of Transit) = 8^ 19™. 6“ on Jan. 9, and, if 
we assume the longitude of Sydney to be lO**. 5“ east, the Oreen- 
wich Sidereal Time of Sydney Transit is Jan. 8, 22^ 14'". 6“, 
and the Greenwich Mean Solar Time is easily found by compu- 
tation to be Jan. 9, 3**. O'". 35“. 

Hence, by interpolation, the value of I for Sydney transit of 
the moon is 

= 158’-96 - 0'-771 - 0’-006, 
or J,= 158'-183, 

and 

Hence I = - 3600 x = - 36309''-l 

loo'Oo 

= 10^5’".9■•l east. 

Note. As the method of interpolation by second differences, 
which is applied without explanation in the text, may not be 
ffuniliar to the student, 1 subjoin the following explanation 
of it. 

Let a? be a function capable of being expressed in the form 
x^a + bt + ci®. 
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And let and ic+j be its values corresponding to values 
of t, — 1, 0, and 4* 1. 

Then we have 

= a — 6 + c, 

a+i == a + J + 
and, differencing, we get, 

1st diff. 2nd diff. 

2c 

i + c 

2& = sum of 1st differences of x for values x^ and 
and 2c = second difference of x. 

Hence the method in the text is obvious. 

As a second example we will deduce the longitude of the 
Observatory at Washington, U. S., by comparison of the 
observed R. A, of moon’s first limb, and 'v/r* Caucri, on Feb. 14, 
1859, with the corresponding Greenwich observations. The 
Washington observations are given in the Monthly Notices^ 
Vol. XX. p. 287. 

Greenwich, Washington, 

E.A. of }) 1 L 7 . ^ . 55-67 7.43. 14’’-47 

Cancri 8 . 1.59-83 8. 1.59-90 

s^ = + 76“-79 «, = + 76"-36 

/3,= + 31“.47’-37 /8, = + 17“.29'-07 

/j= 168-02 /,= 166-29 

y3^_^^ = + 14”. 18-30 
= + 858-30. 

For computation of a, and /, we must proceed as before, 
ftsanm in g the longitude of Washington 5**. 8“ west. 

Thus, Washington sidereal time of ) ^ - 


transit of l)’s centre... j 

Add west longitude 5. 8. 0 

Greenwich sidereal time 12.52.31 

And, Greenwich mean time 15.14. 6 
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And, for interpolation, we have from the N. A. 



8 . 

1st DifT. 

2nd Biff. 

J. 

1st Diir. 

2nd Diff . 

h. m. 

Feb . 13, 21 . 21 
14, 9.53 
14, 22 . 23 

76-79 

76-69 

-0 77 

-110 

-0-33 

171*11 

168*02 

16360 

-3-09 

-4-42 

-1-32 

-0*94 

-017 

-376 

-0-66 


Hence s, = 7 6-79 - x 0'-94 - x 0*-17 

= 76-79 - 0’-40 - 0*-03 
= 76-36, 

and J, = 168“-02 - ~ x 3*-76 - f—Yx 0'-66 
* 12*5 \12*5/ 

= 168*02 -r-ei-o*'! 2 


= 166-29, 

and 1=:^^^= 167-16; 


Z = + 3600 X 


858-30 


167-16 
= + 18484-6 
= 5^ 8” 4-6 west. 

The longitude given in the .Nl -4. is 
5*^. 8“. 12«-0 west. 


V. Method hy Sextant Ohservations of the Moon'^s Greatest 
Altitude. 

31. This method was recently proposed by Mr W. Spottis- 
woode as applicable to cases wherein the moon’s motion in 
declination is rapid, and there is not time or opportunity to 
apply the more correct method of Lunar Distances. Mr Spottis- 
woode’s paper is printed in VoL xxix. of the Memoirs of the 
B.A.8. 

The method consists in determining the moon’s declination 
at the time of her greatest altitude. This being ascertained, if 
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the local time he known, we have merely to compare the Green- 
wich time, deduced from the Nautical Almanac^ at which she 
has that declination, and the difference of times is of course the 
longitude expressed in time. If however the local time he not 
known, the hour-angle at the time of the greatest altitude must 
he computed from one of the formulae derived from the investi- 
gation. The process is as follows. 


With the usual notation, we have 

cos z = cos 7 cos A + sin 7 sin A cos h (1), 

and, if « he a minimum (the altitude being a maximum) we 

have = 0 ; 
ah 


\ 0 = sin 2 ; 


dz 

dh 


. » 6?A • *A*7 • A 7 ^‘A 

= COS 7 sin A ^ + sm 7 sm A sin A — sin 7 cos A cos h ; 

dh dh 




or (cot 7 — cot A cos A) + sin A = 0, 

rfA 

or, putting 


m (cot 7 — cot A cos 7^) + sin /^ = 0 ( 2 ). 


Now, since the time of greatest altitude takes place when 
the moon is very near the meridian, h will he very small, and 
2? + 7 will differ from A hy a small quantity. 

Let therefore «+7=A + a7, a; being a small quantity. 


Then from equation (1) we have 

j ^ h^ cos 2? — cos 7 cos (2? + 7 - x) 
cos h ~ 1 ~ • • 7 I \ 

2 sin 7 sin + 7 ~ x) 

— cos g — cos 7 {cos (g + 7) + a? sin jz + y)} , 

sin 7 {sin (« + 7) — a? cos (« + 7)} ’ ^ ’ 

= (by reduction) 


and 


= 1—05 


A® = 2a? 


Binz 


sin 7 sin {z -1- 7) 
sin z 


, nearly; 


sin 7 sin (»+7) ’ 
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Again, in equation (2), since h is small, we may put sin A = A, 
and cosA» 1, 

(cot 7 — cot A) 

sin (A — 7) 
sin 7 sin A 

sin {z — x) 


! — w 


= — m 


sin 7 sin A 


= — m 


sin 2? 


sin 7 sm 


7 ; — r (to the first order), 
in (s 4-7) ^ 


and 


= 2a;-r- 


sin2? 


sin“7sin® (fif + 7) sin7sin («4-7) ’ 


m sm z 

or a; = — .-r- 


2 ’ sin 7 sin (2? + 7) * 


or, in seconds of space, 




m 


sm z 


2 sin 1'" * sin 7 sin (« + 7) * 
and A = 2; + 7 — a? 


= + 7- 


m 


8inz 


2 sin 1" * sin 7 sin (« 4- 7) * 


c?A 

For the computation of or of ^ , we must remember that 


this expression reckoned in seconds of space is the value of the 
moon’s change of declination in one second of hour-angle. 


Now 


dA _ 1 €?A 15cli ^ 
dh 16' dt ^ dh ’ 


and, on account of the moon’s motion in R.A. which has a 
tendency to diminish the hour-angle, the average value of 

dh 

is nearly 1 ’ 04 . 


But, if we take for dA the moon’s motion in N.P.D. in one 
hour of longitude (given in the Nautical Almanac in the Section 
of Moon^ Culminating Stars), dt will be 3600 seconds of longi- 


tude expressed in time, and 


16dt 

dh 


will be equal to unity; and 
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therefore ■ ^ ~ r n in the expression above, will be (if we denote 
2 sm 1 ' 

by m' the moon’s motion in one hour of longitude) 


Coe. If m!' be the motion of the moon in N.P.D. in one 


minute of longitude, the value of — ; — - 7 , will be 
® 2 sm 1 

2. 15*. (60)* sin 1" "" ^ 

and this may be easily tabulated for different values of m'\ 


VI. Method of Lunar Distances^ 

32. Of all the methods for obtaining the longitude by means 
of sextant observations, this is the most important and useful, 
especially at sea ; and astronomers, from the infancy of nautical 
science to the present time, have used their utmost efforts, by 
tables and other means, to simplify for the use of sailors the 
rather intricate computations which are required. 

The principle of the method is easily explained. 

In the Nautical Almanac are given for every three hours of 
Greenwich mean solar time, the correct Geocentric angular 
distance of the moon from the large planets and certain bright 
stars easily observable with the sextant. These distances are 
computed from the places of the moon given by the best lunar 
tables, and from the most correct places of the stars. At the 
present time, or since the use of Hansen’s lunar tables, the 
places of the moon are sensibly accurate, that is, the errors are 
within the limits of the errors incidental to observations made at 
Greenwich or other great Observatories ; and the places of the 
stars are also sensibly without error. Therefore the lunar 
distances are sensibly accurate, and represent those which would 
be observed from the centre of the earth ; and these are to be 
compared with the distances from the bright limb of the moon 
of some of the planets or fixed stars which have been observed 
with the sextant at the place of which the longitude is to be 
determined. 
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These latter^ or observed, distances, after the application of 
the augmented semi-diameter of the moon must be cleared from 
the effects of refraction and parallax before .they are comparable 
with the geocentric distances, and, since these corrections are 
functions of the altitudes of the objects observed, it is necessary 
to observe with the sextant their altitudes above the horizon of 
the place /)f observation, in addition to the lunar distance. The 
observation of a lunar distance which can be depended on, in- 
volving as it does a series of altitudes of the moon and stars, so 
as to get by interpolation the altitudes at the time of the obser- 
vation of the distance, is therefore a laborious operation. But, 
supposing this to be done, and the observed distance for a known 
instant of local mean solar time to have been cleared from the 
effects of refraction and parallax; then it is easy to find by 
interpolation in the Nautical Almanac the exact instant of 
Greenwich mean solar time at which the moon has this geo- 
centric distance from the other object which has been observed ; 
and the difference between the Greenwich time and the local 
time will be the required longitude. 

33. We will now proceed to shew how the Clearing of the 
Lunar Distance is effected, by the method proposed by Lieutenant 
Eaper {Monthly Notices of li.A. S. Vol. xviii. p. 303), though, 
for the deduction of the formula equivalent to Mr Raper’s, we 
shall prefer to use simply the methods of Spherical Trigonometry, 
as recommended by Mr J. Riddle {Monthly Notices, Vol. xix. 
No. 3). 



RAPEES METHOD, 


321 


Let Z be the observer’s zenith ; M and M! the geocentric 
and apparent positions of the moon depressed by parallax in 
the vertical circle ZMM ! ; 8 and S' the geocentric and apparent 
positions of the planet, refraction not being taken into conside- 
ration, or being supposed to be allowed for independently. 

Let M8y the true distance, = S, 

M’8\ the apparent distance, = S', 

Z;8f=90"-a and Z/S'=90®~a', 

ZM=- 90® - 8 and ZM' = 90® - /3'. 


Then co^MZ8 = 


cos 8 — sin a sin 8 
cos a cos 8 


cos y — sin a sin ^ 
cos a cos S' ^ 


cos a' cos S' cos S — cos a cos S cos 8' = sin a cos a sin S cos S' 

— sin OL cos a sin S' cos S 


= (by adding and subtracting sin a cos a' cos S sin S' on the right- 
hand side of the equation) 

sin a cos o! sin (/3 — S') 4- cos S sin S' sin (a — a'). 


Let now 7f and tt' be the horizontal parallaxes of the moon 
and planet for the place and time of observation ; then, a — a' 
and S^ S' being the parallactic effects on the planet and the 
moon in altitude, 

sin {S — = cos S' sin tt, and sin (a — a') = cos a' sin tt' ; 

cos a' cos S' cos 8 = cos a cos S cos 8' + sin a cos a cos S' sin tt 

+ cos S sin S' cos o! sin ir ; 

^ cos a cos S - • . n . Of • # 

or, cos 8 = j cos o -I- sin a sin tt + cos p tan S sm tt 

’ cos a cos S 


cos a cos /3 w . . • . • o • f 1 

7 W cos 8 + sin a sin tt + sm ^ sm tt very nearly, 

cos a cos/y j j 


Cor. 1. If the object observed with the moon should be a 
fixed star, the last term of the preceding expression of course 
vanishes. 


M. A. 


21 
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Coe. 2. Again, if m and rn! and s* represent the distances 
of the moon and planet from the centre of the earth and from 
the observer’s position, then it is plain that 

m cos H j s cos a' 
and f ~ , 

m cos j3 ^ s cos a 

and the preceding expression becomes 

cos S = cos S' + sin a sin tt + sin ^ sin tt'. 
sm 

Coe. 3. The correction of the distance for refraction which 
is supposed to have been previously applied, is approximately 
the sum of the resolved parts of the two vertical refractions ; 
that is of the vertical refractions multiplied respectively by the 
cosines of the angles EM' S' and ZS'M'y which must therefore be 
calculated. 

34. When the observed lunar distance has been cleared of 
refraction and parallax, or the true value of S has been obtained, 
we must find, by interpolating between the values of S given in 
the Nautical Almanac for intervals of 3^, the cxiact Greenwich 
mean solar time at which the moon was at this distance from 
the star or planet observed. 

In proceeding to take the first and second differences of the 
distances, we shall, as in the examples of longitude deduced 
from observations of the moon and culminators, have an equa- 
tion of the form 

3 == ct -f* ht ••..... (l) , 

where a = value of S for middle epoch, 

h = half sum of first differences, 
c = half second difference, 

and t = required number of hours from middle 
epoch divided by 3. 

This equation may be solved immediately, and t expanded 
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in powers of the small quantity S — a (= a?, suppose) by the 
Binomial Theorem. 

Thus, we have 


2ct + 6 = ± + 4ca?, 

in which we take the upper sign, so that t = 0 when a; = 0 : 

5c^x^ ^ 14cV 


hence 


, cx^ 2cV 

bt = x-^+-^ 


+ ~lH 


.( 2 ). 


Or we may, without solving the equation, proceed at once 
by successive approximation, as follows. The equation may be 
written in the form 


X ct^ 

6“T 


(3), 


whence ^ ^ ’ to 1st power of x. 


so 




to 2ncl power of x, 


X 

C /X cx^\^ 

___ 

b[b~l/) 

X 

cod' 2c^x^ 

~b~ 

b^'^ b^ ’ 


to 3rd power of x, 


and the process may be continued ad libitum. 

This method may be applied with advantage in cases where 
3rd or higher differences must be used ; thus, in the case of 3rd 
differences we have an equation of the form 


whence 


B = a bt 4" d^ i 

X dt^ 

^”"6 "“T *"T ’ 


and, proceeding as above, we shall find 

a? cx^ /2c* d\ ^ cd\ x* 



Example. We will take the distances of a Aquilse from 
the moon on June 1, 1863, and require the Greenwich mean 
solar time at which the distance was 52®. 30'. 33". {Nautical 
Almanac for' 1863, page 115.) 

21—2 
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The distances and differences will he thus arranged ; 


• 

Distance, 

Difference, 

June 1, 12*^ 

54®. 34'. 34" 

-95'. 27" 

15*^ 

52.59. 7 

-94.49 

18“ 

51.24.18 

-95'. 8" 



8 = -5708" 


2nd, Differ. 
+ 38" 

c = + 19" 


Let now x’- 


cx 

T* ' 


Then a = 52®. 59'. 7" 
8=52.30.33 


x= -28'. 34" 
= -1714" 


c 
h 

x' = — ■ 


19 

6708 

19 X 1714 


x_ 1714 
5 “ 5708 

= + 0*30028 


(5708)’* 

Log x’ = — 6*9997964, number = — 0*0009995, 

< log (2a;'®) = 4*3006228, number = ^ 0*0000020. 

Hence 3 < = + 0’**90084 x 1*001001 5 

= 0‘‘*90174 

= + 54“.6"*26, 

and the Greenwich mean solar time will be 
June 1, 15\ 54”. 6**26. 

35. We will in addition give the method of clearing the 
lunar distance which has been in ordinary use. 

Using the same notation, we have as before 

cos 8 — sin g sin j3 cos 8' — sin a' sin /3' 
cos a cos cos a! cos y3' 

Adding unity to each side of the equation and reducing, we 


get 


cos 8 + cos {a+0) _ cos 8'+ cos {a! + ^) ^ 
cos a cos ^ ~ cos a' cos y3' 


9 
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cos’ ^ (a + ^) - sin’ i 8 cos | (a'+ + S') . cos i («' + /3' - S') 

’ COS a COS yS cos a cosyS' 


or, 8m’- = 


where a — a' = combined effect of vertical refraction and parallax 
for the moon ; 

and /3 — = combined effect of vertical refraction and parallax 

for the planet. 

To adapt this to logarithmic computation, let 
• 2 ^ COS o( cos ^ 1 / ^ 1 . ^ . 

f = W c7s yS' 2 ^ ^ 2 ^ ) ’ 

.*. sin’ I = cos’ ^ (a + y9) — sin’ ^ 

= i {1 + cos (a + ^)} - 1 (1 - cos 4>) 

= i {cos (a + yS) + cos (f>} 

U 

= cos i (a + /3 + ^) . cos i (a 4- /3 - ^) , 
or sin^ = ;y/ cos ^ (a+^ + ^) .cos (a + ^-^) (6). 


36. We may also deduce another expression for the cleared 
distance involving only versed sines of angles, which has been 
much used. 

Thus, recurring to the fundamental equation, 
cos S — sin a sin ^ _ cos h’ — sin a' sin /3' 
cos a cos ^ cos a' cos ’ 

we have, by subtracting unity from each side and reducing, 

cos 8 — cos (g - -- yS) ___ cos S' — cos (a' — /8') 
cos a cos cos OL COS /3' ' 
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or cos 8 = cos (a - /S) + £ {cos S' - cos (a' - yS')} 

' ' cos a cos /3 ^ '■ 


f.jy ^ 1 COS a cos /3 

f if cos ^ . 


i) 


2 ‘ cos a cos /3'> 
cos {oL'- fi) 2 cos 9 {cos S' — cos (a' — ^')] 

= cos {cl — -j- cos Hr S') 4" cos {6 — S') 

— cos (0 + a' — /S') — cos (0 — a' + /S'), 
or, since cosine = 1 — versine, 

1 — versin S = 1 — versin (a — /8) 

+ 1 — versin (0 + S') + 1 — versin {9 — S') 

— 1 4- versin (0 + a' — /S') - 1 + versin {9 — ol + /S'), 
or versin S = versin (a — /3) + versin {9 + S') + versin {9 — S') 

— versin {9 + cx! — /S') — versin (0 — a' + /S'). 


37. Method hy ohservations of Eclipses of the Sun and Moon^ 
and of Occultations of stars hy the Moon. 

Since tlie inclination of the orbit of the moon to that of 
the earth is small, its mean value being about 5®. 9', it is plain 
that if, at a conjunction, the moon should be very near the node 
of her orbit, she will be interposed wholly or in part between 
the sun and the earth, or an eclipse of the sun will take place ; 
if, on the contrary, she be near her node at opposition, the earth 
will be interposed between her and the sun, and, the sun’s light 
being prevented from falling on her, her surface presented to 
the earth will be unilluminatcd wholly or in part, and an eclipse 
of the moon will take place. 

Since this latter obscuration of the moon by the earth’s 
shadow takes place for inhabitants of every part of the earth’s 
surface at the same instant of absolute time, eclipses of the 
moon would afford good means of determining the longitude by 
observations of the beginning and the ending of the eclipse in 
different places, but the entrance of the earth’s shadow on the 
surface of the moon is a phenomenon too vague and indistinct 
to be capable of being observed with much accuracy, and, in 
addition, eclipses occur so seldom that practically this method is 
not of much- use. 
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38. On the contrary, the times of the beginning and end 
of a solar eclipse, and of an occultation of a star by the moon, 
are capable of being observed with great accuracy, and though, 
on account of the moon’s parallax, the computations of both 
these phenomena are intricate and troublesome, yet every ad- 
vantage is taken of them whtoevcr they occur, both for deter- 
mination of longitude, and for the correction the relative places 
of the sun and moon. The whole theory is therefore of so much 
importance, and enters so much into the operations of fixed 
Observatories, that it is desirable to devote a chapter to the 
subject. 



CHAPTER XI, 


our ECLIPSES OF THE SUN AND MOON; AND ON 
OGGULTATIONS OF STARS OR PLANETS BY TEE 
MOON 


1. If the moon moved in the ecliptic, then at every con- 
junction with the sun she would be interposed in a direct line 
between that body and the earth, or an eclipse of the sun would 
take place ; and, at every opposition or time of full moon, the 
earth would be interposed in a straight line between her and the 
sun, or an eclipse of the moon would take place. The same 
effects will manifestly take place, if, at the times of conjunction 
and opposition, the moon be in one of the nodes of her orbit, 
that is, if at that time she be crossing the plane of the ecliptic. 
Eclipses of the sun and moon depend therefore on the distance 
of the moon from the node at conjunctions and oppositions, both 
for the possibility of their occurrence, and for their magnitude 
and duration when they do occur. 

2. On Eclijpses of the Moon. 

Let ah, cd be tangents to the sun and earth {8 and T) in 
any plane passing through their centres and on the same sides 
of them ; ad, cb, tangents on opposite sides of them in the 
same plane. Then, if this plane be supposed to revolve round 
8 T as an axis, and the tangents be produced beyond T, two sets 
of conical surfaces will be generated representing the shadow 
cast by the earth, and, if the moon while passing opposition in 
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her orbit be so near the ecliptic as to come within 

either of these cones, an eclipse will take place. 



Let now a5, cd be produced till they meet the axis 8T 
produced in A. Then it is evident that within the cone aAc, 
no light whatever can fall, and if the moon in passing from 
to iifg should be altogether within it, the eclipse will be total, 
while on the contrary if only part of her surface should be within 
it, the eclipse will be partial. 

It is equally plain that within the portions of the conical 
surfaces formed by ad and cd produced on the one side of STA^ 
and by ch and ah produced on the other side, tliat is, within the 
spaces M^dM^j, and MJbM^ a portion of the sun’s light can enter, 
continually decreasing from , where the whole disk of the sun 
is visible, to where no portion of it is visible. These spaces 
are called the penumlrce in contradistinction to the space in- 
cluded within the cone a Ac which is called the umbra ; and while 
the moon is in the former her surface as viewed from the earth 
is only obscured, but not rendered invisible ; wliile, during her 
progress through tlie umhra^ a portion or the whole of her surface 
is rendered invisible, as far as the direct incidence of the sun’s 
rays is concerned. 

3. The magnitude and duration of an eclipse of the moon 
will therefore be seen to depend, first, on the distance of the moon 
from the ecliptic while passing through the shadow; and, second- 
ly, on the angular breadth of the shadow at the distance of the 
moon, as seen from the earth. To determine the latter, let 8 
and s be the angular semi-diameters of the sun and moon, and 11 
and P their horizontal parallaxes for the time of observation. 
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Then the angular radius of the shadow as seen from the earth 
= A M^TM= TMfi - TAb 

= TMfi-8Ta+ Tab 

= p-^+n. 

And the angular radius of the penumbra 
= aM^TM 
= TBM^+ TMfi 
= TMfi + STa + Pa T 

= P+/S'+n. 

The length of the shadow, or TA, 

_ earth’s radius 
sinJAT 

_ earth’s radius 
“ sin {aTS- T^) 

_ earth’s radius 
sin {S — n) 

4. The least values of P, S, and 11 are about 
53'.56"'0, 15'.46"-0, and 8'''8. 

The greatest values are about 

61'.22"-0, 16'.18"-2, and 9"*1. 

And the mean values are about 

57'.14''-0, 16'.2"-0, and 8"-9. 

Hence the least value of the radius of the shadow at the dis- 
tance of the moon is 37'. 46"‘6, the greatest value is 45'. 45"*1, and 
the mean value is 41'.20"’9. 

And the corresponding values of the radius of the penumbra 
are69'.50"*8, 77'.49"-3, and 73'.24"-9. 
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The mean length of the shadow beyond the earth is 

earth’s radius 
sm 15'. 53"-l 

_ earth’s radius 
~ 953*1 X sin i" 

= 21G*4 X earth’s radius 

= 3*6 X mean distance of the moon from the earth, 
nearly. 


5. On the Lunar Ecliptic Limit, For the purpose of pre- 
dicting future eclipses, it is desirable, by inspection of the 
positions and motions of the sun and moon, to be assured 
whether an eclipse is possible, so as to avoid the trouble of 
unnecessary calculations. Now an eclipse cannot take place 
except the moon be near her node at the time of opposition in 
longitude or right ascension, and therefore the chief point of 
inquiry is, what is the limiting distance from the node, within 
which an eclipse must under all circumstances take place. 

Imagine then that at the time when the moon is passing 
through her node at N, the centre of the shadow is at 8^ on the 



ecliptic NS. Let Nm be a small portion of her orbit considered 
as a straight line, and, on overtaking the shadow, let her limb 
just touch its circumference at a, the centre of the shadow being 
at 8. Then if we take for 8a and ma their greatest values, 
namely, 45'. 45"*1 and 16'.45"-0, == 62'.30"‘1 =3750"-l ; and, 

the angle at N being the mean inclination, whose value is 5°. 9', 
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SN= 


3750^^-1 
sin 5®. 9' 


= 41777" 

= 11^36M7". 


And this is the limiting value of the distance of her node 
from her position at opposition which will allow an eclipse to be 
possible, and is usually called the Lunar Ecliptic Limit. 

Cor. In the time in which the centre of the moon has gone 
from N to m, and in which therefore her longitude has increased 
by N8 very nearly, the shadow has advanced from 8* to 8^ 
and these spaces are proportional to the horary mean motions of 
the moon and sun, or as 32'.56"*5 to 2'.27"*9. Hence we 
should find /S/S' = 52'. 6", and A/S'= 10°.44'.ll". 

Therefore to determine at any opposition of the moon, when 
she is near her node, whether an eclipse is possible, we may take 
the longitude of the node and the longitude of the sun for the 
time when the moon has this longitude. The difference, neg- 
lecting 180®, must not be so great as 10®.44'.ll", if an eclipse be 
possible. Of course all the suppositions which have been made 
are only approximately ‘true, for the moon’s appulse at a is not 
the true opposition in longitude, nor is 8 the position of the 
moon referred to the ecliptic, but a more correct investigation is 
quite unnecessary. 

6. To find the time, magnitude, and duration of a lunar 
eclipse. 

Let Nn be a small portion of the ecliptic and MN of the 
lunar orbit, considered as straight lines ; t and m the positions 
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of the centres of the earth’s shadow and of the moon at opposi- 
tion ; T and M the positions at time t before opposition (th( 
moon moving towards the node at N) ; 

X the moon’s latitude at opposition, and g the horary 
motion in latitude ; 

m and n the horary motions of the moon and the cen- 
tre of the earth’s shadow (or of the sun) in longitude ; 

c the distance of the centres of the sun and shadow at 
time t before opposition. 

Then tT^ nr, and tn = mr ; 

Tn= (m — n) t, and Mn = X + • 

(X 'VgrY + (m - nY t’* = c^; 

or, if we put = = relative horary motion in longitude of 

sun and moon, 

(X + grf + m'V® = 

which will become, if we put tan 6 — ^, 

^ m 

^ V + 2X^ sin^ 0 . T = (c^ — X^) sin® 0, 

6 being evidently the inclination of the relative orbit of the 
moon to the ecliptic. 

Solving this equation, we get 

T = i (— X sin® 0 + Vc® — X® cos® 6 . sin 6)^ 

in which expression the double sign denotes the times of 
entering upon and passing out of corresponding phases; and 
the times of the different phases of the eclipse will be determined 
by assigning proper values to c. 

Let t' and r” be the two values of t given by the quadratic ; 
so that 

t' = - (—X sin® 6 — Vo®— X®cos® ^ . sin 0), 
d 

and t" = ^ (— X sin’ 0'+ Vc’ — X* cos’ 6 , sin ff). 

t/ 

These values can he equal only if <?— X® cos®6>= 0, or if c=Xcos 6 , 
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This corresponds to the least distance of the centres of the moon 
and centre of the shadow, or to the middle of the eclipse. 

If c = radius of penumbra + moon’s semidiameter 

wc get the times from opposition of the first and last contacts 
with the penumbra, and the first and last instants of total 
immersion in it. 

Finally, if c = P — /S'^- n + 5, we get the times of the cor- 
responding phases of immersion in the shadow. 

The magnitude of the eclipse will be determined by the 
portion of the-moon’s diameter which is rendered invisible at the 
middle of the eclipse, and this will manifestly be (since \ cos 6 
is equal to the distance of the centres of the moon and the 
shadow at the middle of the eclipse), 

moon’s semi-diameter — (\ cos 6 — semi-diameter of shadow) 

= s — /S+P + II— Xcos0; 

or, if as usual, the diameter be supposed to be divided into 
12 equal parts or digits^ the number of digits eclipsed will be 

-(s- /S'+p+n-\cos0). 

S 

Cor. All that has been said above with respect to the 
motions of the sun and moon in longitude and latitude will 
apply to right-ascensions and declinations, excepting that the 
motion in E.A. must be multiplied by the cosine of half the 
sum of the declinations of the centres of the moon and shadow, 
and that the motion of the shadow in declination (or that of, the 
sun) must be taken into the account, that is, g will be the rela- 
tive motion of the moon and shadow in declination. 

7. Example. We will take the Lunar Eclipse which hap- 
pened on June 1, 1863. 

The elements given in the Navlical Almanac (which can be 
easily calculated from the data in pages I., III., and V. of the 
month of June) are the following : 
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Greenwicli mean time of opposition in B.A., June 1, 
n\24“ 22*-8, 

16^37”.17'•74 
Jdecl. - 21®.43'.47"-6 
©decl. + 22'’, 5'.41"*3 
decl. of shadow — 22®. 5'.41''’3 ; 

and therefore difference of declinations (= X) 

= + 0®.21'.53"*7 (moon north of shadow), 

5 hourly motion in II.A. {m) 40'. 8"‘4 

O (w) 2'.33"-3 

m' = (m — n) , cos decl. = 34'.52"’4 
]) hourly motion in dccl. — l'.49"’6 

© + 20"-2 

.*. shadow — 20”'2 ; 

and therefore g — — 1'.29"’4 (motion southwards), 

)) equat. hor. parallax 60'.41"'0 = P 

© 8"-8 = n 

}) true semi-diameter 16'.33"’8 = s 
© 15'.48"-1 = /Sf. 


Then 


tan 6== 


89-4 

2092-4 


= - -04273, 

and 0 = 357®. 33', 

cos 0 = 0-99909, 

\=4-21'.53"-7, 

.-. Xcos0 = + 21'.52"-5. 

Semi-diameter of shadow = P— /8'+ 11 

= 45'.l"-7 (nearly the maximum value). 
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Semi-diameter of penumbra = P+ /S + H 

= 76'.37^'-9, 

X sin" ^ + 2"*4. 

We will, for tlic sake of economy of space, content ourselves 
with determining the times of first and last contact with the 
shadow. 


For this we shall have 

c==P->S + n + 5 
= 45'. 1"‘7 + 16'. 33"*8 
= 61'. 35"-5. 

And, to compute the value of Vc" — X"cos"^'|we must use a 
subsidiary angle such that 


— cos 6 = cos <f>, 
c ^ 

and .*. V?— X"cos"0 = c sin<^. 

Log (X cos 0) = 3-11810 

Ar. CO. logc= 6-43233 


Thus, 


Sum = log cos ^ = 9-55043 

Log sin (j> = 9-97072 

Logc= 3-56767 
Log sin 0 = - 8-63091 


Sum = Log {Vc" — X"cos"0 . sin 0} = — 2-16930 
and 


Vc" — X" cos" 6 . sin 0 = — 147"-7 
— X sin" 0 = — 2-4 ; 

145-3 145-3 


t'= + - 




9 
150-1 


89-4 


: ~ 1^ 6253 
:-l\37™ 3F-1, 


’ + = + 1'‘-6790 


89-4 


: 1". 40“. 44*-4. 


and 


9 
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Hence, the time of first contact with shadow 
= n\ 24”. 22“-8 - 1\ 37” 31“-1 
= 9'*. 46“ 51“-7, 

and the time of last contact with shadow 

= 1 1**. 24”. 22^-8 + 1". 40”. 44*'4 
= 13\ 5”. 7*-2, 

agreeing within a minute with the times given in the Nautical 
Almanac. 


The magnitude of the eclipse is (in digits) 
- {5 — /8 + n — \ cos 0}, 


16-5G3 


: 14-3814 


= (in diameters of the moon) 1*1985. 
: or the middle of the eclipse 


, _ „ _ ^ \ sin® 0 
0 
2^-4 

= + 89^ = + « 


= + 1”. 36”-5. 

Therefore the time of the middle of the eclipse was 
11'‘. 24™. 22^-8 + 1™. 36"-5 
^ll'^’. 25™. 59^-3. 


8. Before leaving the subject of lunar eclipses, it is neces- 
sary to remark that the diameter of the shadow, as determined 
by observations of various instances, is always larger than that 
determined from theory. The theory supposes that the cones of 
the umbra and the penumbra are formed by rays drawn from the 
sun’s surface, accurately touching the earth’s surface. This pro- 
bably is not the case, as it is likely that many of the rays which 
graze the surface will be stopped or absorbed by the earth’s 

22 


M. A. 
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atmosphere. This would he equivalent to increasing the earth’s 
diameter or the moon’s horizontal parallax, and it is found in 
fact necessary, for the purpose of reconciling the observations 
with the theory, to increase the parallax by about one-sixtieth 
part. If this be done in the preceding example, the magnitude 
of the eclipse will be found to be 1*231. 

Another effect, probably due to our atmosphere, is the dull 
red coloured light visible on the surface of the moon, while she 
is totally immersed in the shadow and should therefore be invi- 
sible. The solar rays, in passing through the atmosphere, are 
bent inwards, so as to form a cone of faint light interior to the 
cone which forms the mathematical shadow, and, in some cases, 
the effect observed is much more striking than in others. It 
was particularly observable during the eclipse of June 1, 18613, 
which has been chosen as an example of calculation, the moon 
being distinctly visible during the whole of the eclipse, though 
she was for more than an hour totally immersed in the shadow. * 

9 . On- Eclipses of the Sun, 

An eclipse of the sun is a phenomenon perfectly analogous 
to an eclipse of the moon, and if we interchange, in the figure 
on page 329, the positions of the earth and moon, many of the 
formula already derived may be rendered applicable. 

A different mode of treatment is however necessary, because 
it is required to determine, not only the general circumstances 
of the eclipse, but the parts of the earth’s surface at which an 
eclipse will take place, and to furnish thp data for its calculation 
at each particular place, the apparent positions of the sun and 
moon being different at each on account of the effects of parallax. 
We will first give one or two general propositions. 

10. Let, as before, abdc be a section of the cone envelop- 
ing the surfaces of the sun and earth, and let M be the position 
of the moon as it is about to enter within the cone, when a 
portion of the light of the sun will be hindered from reaching 
the earth. This determines what is called the heginning of the 
eclipse generally on the earth. 
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a 



Draw tangents Tb, Te, to the sun and moon, and join TM. 

Then, the angular distance of the sun and moon as seen 
from the centre of the earth at commencement 

^ STM 

^ STc cTe eTM 
= STc + Ted-- Tee + eTM 
= /8^-i-jp — n + 5, 

(using the same notation as before). 

And the angular semidiameter of the section of the conical 
surface at the distance of the moon 

^STe 

^STc^cTe 

= /S-hP-n. 

11. find the length of the moon^s shadow. 

Let 8, M, and T, in the same straight line, he the centres of 
the sun, moon, and earth; aAcy a section of the conical surface 
enveloping the sun and moon, A being cither within the earth’s 
surface, or at a very small distance from it> as is plain from the 
fact that the angular diameters of the sun and moon, as seen 
from the earth, are very nearly equal 


a 



22—2 
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Then length of shadow MA 

Me moon’s semid*^ 


sin MAa sin {SMa — Mae) 

— semid^ x*2729 

sin {SMa — Mae) ’ 

the fraction *2729 being the value of ^y^^’s se^5^ ~ according 

to the best modern determinations ; it is in fact the value of 
moon’s angular semid**. 
moon’s mean hor^ parallax ’ 

An 

Now z SMa = ^ ^ SAa nearly 

sr 


and 


MS 


X z SAa very nearly 


ST ^ . 

=ir8'^ 


z Mae — 


Ma 

_ earth’s semid'. x *2729 

m 

8A earth’s semid'. x ’2729 , 

= MS’ ^2 

ST 

= X n X *2729 nearly ; 

QT 

z MAa = n X *2729} 

ST 

~ — n X *2729} 

= n X -2729} 

n~p 

= p^{-8'-nx-2729} 

= suppose. 
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Hence, length of shadow 

_ earth’s semid'. x *2729 
sin 0 

Cor. Since 0 is a very small angle, we may put for sin 6^ 
6 X sin 1". Then the length of shadow will he 

earth’s semid*^. x (P — H) x *2729 
P (/S — n X -2729) X sin 1"' 

earth’s semid^ x — 5^ x *2729 
"" (/y-11 X -2729) xsinl" 

_ earth’s semid*^. x *2729 f H ^ H x *27291 
ximl" r ~ P S j 

very nearly. 

Taking then the greatest value of S and the least value of 
P, namely 978'' and 3236", and, for the value of H, 9"*0, we 
shall find, 

least length of shadow = earth’s semid’'. x 57*54. 

Similarly, taking the least value of 8 and the greatest value 
of P, namely 946" and 3682", we shall find, 

greatest length of shadow = earth’s semid^ x 59*60. 

Now the moon’s distance from the earth varies from about 
64 semidiaraeters of the earth at extreme apogee to 56 semi- 
diameters at nearest perigee. It will therefore sometimes happen 
that the apex of the conical shadow will not reach the earth, and 
that sometimes it will pass beyond it. In the former case, if we 
produce the sheets of the cone to intersect the earth’s surface, 
they will cut off a circular space, at the centre of which the 
observer, being in the moon’s penumbra, will see only an annu- 
lus or narrow ring of the surface of the sun. This is called 
an annular eclipse. If, on the contrary, the apex 3f the cone lie 
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beyond the earth it will, in its passage across the earth’s surface, 
intersect it and cut off circular portions within which no light 
from the sun can come to the observer. This is a total eclipse. 

12. Calculation of a Solar Eclipse far a particular place^ ^ 

The first thing to be done is to find, for any given time, the 
moon’s apparent hour-angle or right ascension, and apparent 
declination, in terms of her geocentric hour-angle and geocentric 
declination. 

Let = the geocentric latitude of the place, 

a = . geocentric E.A. of moon’s centre at sidereal time 
h = geocentric hour-angle west, so that h = t^ay 
A = moon’s geocentric TSJPD. 

T =s distance of centres of earth and moon in terms of 
earth’s equatorial radius, 

p = the earth’s radius for the observer’s position. 

Then refer the moon to rectangular axes of co-ordinates, the 
equator being the plane of xp; the axis of x in the intersec- 
tion of the meridian and equator, positive towards the south; 
that of p at right angles to it, positive towards the west ; and 
that of z parallel to the earth’s axis, positive towards the North 
pole. 

Take also another set of rectangular axes, x\ y\ z\ parallel 
to these and passing through the observer’s position. 

Then it is plain that if E and A' be the moon’s apparent 
hour-angle and N.P.D., and / the distance of the observer from 
the centre of the moon, we shall have the following equations : 

a? =c r sin A cos A, x' = / sin A' cos A', a — a:' = p cos <j>\ 

y = ysinA sin A, / sin A' sin A', ^ — ^ = 0, 

z = rco8 A, = r' cos A', z--z =p sin <f>' ; 

* See Woolhouse’e Article on [Eclipses, in Appendix to N, A, for 1836, 
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/. / sin A' cos A' = r sin A cos A - p cos 
r sin A' sin h* = r sin A sin h 
r cos A' = r cos A — p sin 


Also iP being the moon’s horizontal equatorial 

parallax) ; 

/. cot Ji = cot A — - cot (f>\ 

aim /\ a-ir» h • ' 


and 


cot A' == sin It < 


sin A sin h 
cos A . 

p-psm^ 


Sin 


sin A sin h 
sinP 


= fi_P£E£^Y!^'cotA. 

\ cosA / sin A 


or 


and 


coti-coa'. r’‘^°"f' 

sin A sin h 


cot A cot A' _ p sin P sin ff> 
sin h sin E ”” sin A sin h 


.( 1 ), 

( 2 ), 


which equations serve for determining immediately the apparent 
from the geocentric hour-angle and N.P.D. 

The calculations would however be rather troublesome, 
requiring seven-figure logarithms, and it is better to find expres- 
sions for hli = 1i — A, and SA = A' — A. 


Multiply (1) by sin 1i sin A, 

. . 5 ., psinPeosd' . ,, 

sin (A — A) = sin oh = ^ ; — v -- — sin h , 

sm iJk 


.(3) 


_ p sin P ^ ^ 

sm A ^ ' 


tan Sk = ^ {sin A + cos A tan 8A}, 

sin A 
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or 


tan Sh = 


p sin P cos <f> . , 

sin A 

^ p sin P cos d> , 
sm A 


.( 4 ). 


Again from (2), 


cot A cot A' 
sin h sin K 


_cotA-^tA' / I _ 1 \ 

sm h vsin h sm 4 / 

. Sh /, Sh\ 

2 sin -2 ^ + ”2 j 


sin (A' — A) 
sin h sin A sin A 

p sin P sin ^ 

~~ sin A sin 4 ^ 


sin h sin 4' 


cot A' 


n . .84 sin 84 

but ^ 

2 cos — 


p sin P cos A' sin Ji » 
= smA ■— 


2 cos 


sin 8A 

sin 4 sin A sin A' 


p sin P sin p sin P cos cot A' 
sin A sin 4 sin 4 sin A 



sin8A=/5sinP 


sin sin A' — cos cos A' 



= p sin P sin <f)' (sin A cos 8A + cos A sin 8A) 
cos (h + y) 

— p sin P cos <l> " ' ' ■ (cos A cos SA — sin A sin BA ) ; 

cos — 



APPARENT HOUR- ANGLE AND N.P.D. 


345 


tan SA = 



p sin P sin sin A 


_ 

tan 0' ' bh 

cos- 




1 — p sin P sin ^'cos A 


cos 


1 + 




tan A 

tan (h' * hh 

cos- 


.(5) 


p sin P sin <f>’ sin A 


L 


h'^h 

. * cos — r 

cot A 2 


tan d> ‘ h' — h 
cos — 


1 — p sin P sin cf) cos A ^ 1 + 


h h 
cos — - — 
tan A 2 


tan d)' ’ li — h 
cos— - 


To prepare (5) for easy calculation, let 

SM 


cot</)' 


Then SA = 


^cos(a^) 




cos- 


= tan and — : — = 
COSi/r 


Q sin A cos yfr (1 — cot A tan ■^Ir) 

1 — ^ sin 1" cos A cos (1 + tan A tam/r) 

^sin(A--f) ,g) 

1 — ^ sin 1" cos (A — ^ 
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and, from (4), 8^=- 


pPcos<f> . , 

- — 

sm A 


1 - 


p sin 


P cos (}> 


sin A 


cos A 


(7); 


or thus, if 


p sin P cos cj} 
sin A 

8A = /Lt sin A + i sin 2h + &c. 


Note. We have, for tan SA and tan SA, put 8A sin 1" and SA 
sin 1", and for sin P we have put P sin 1". More correctly we might 

use SA j \ (See page 183.) 

But, if five-figure logarithms he used, it will he sufficient to 
subtract 2 from the last figure of the logarithm of SA, and 1 from 
the last figure of the logarithm of SA, when the computations 
are completed. 


13. We can also express SA in terms of li and A'. 


Thus 


SA = ^ 


, sin A' 
sin A ’ 


where 


Q'= pP cos <!>', 


or 


SA=^' 


sin A' 

sin (A' — SA) 


sin E 

sin A' (1 — cot A'. SA) 


very nearly. 


sin Ti 1 

sin A' ’ 1 — cot A' xp sinP {sin </>' sin A' — cos </>' cos A' cos A'} 


with sufficient accuracy, 

_ sin A' ^1 

^ sinA'*l-~^'cosA'(l-*cot<^'cotA'cosA')’ 

where Q"— p sin P. sin 
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Example. For the reappearance of S Cancri at the limb 
of the moon, observed at Greenwich, 1860, March 4, we find the 
following data : 

K = 22®. 30'. 34"-3 
A' = 71®. 20'. 7" 

P= 3636"*37 
= 51®. 17'. 26" 

Logp= 9-99911 

.-. Log/) = 9-99911 9-99911 

Log P = 3-56066 3-56066 

Log cos = 9-79614 Log sin (f> = 9*89227 

Sum = Log Q = 3-35591 Log sin 1" = 4*68557 

Sum = Log Q" = 8-13761 


Log cot A' = 9*52865 
Log cot^' = 9*90386 
Log cos/i.' =9*96557 

Sum (log a) = 9*39808 
a = 0-250082 
l-a = 0-749918 

Log = 9-87501 
Log ^" = 8-13761 
Log cos A' = 9*50519 

Sum = log /3 = 7-51781 
/3 = 0-003295 


1-/8 = 0-996705 
Log =9-99856 

Ar. CO. = 0*00144 
Log sin A.' = 9*58301 
Log cosec A' = 0*02347 
Log Q = 3-35591 

Sum = log (8/t) = 2-96383 

hh = 920"-08 
= 15'.20"-08 

^= 7'.40"-04 
*+ § = 22®.22'.54"-3 

A 
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SA = p Psin 0 


, sin (A' — •^) 


where tan = cot 




Log cos + ^ = 9-96598 

Ar. CO. log cos — ^ = O’OOOOO 
Log cot <f>' — 9-90386 
Sum=Logtan'^= 9-86984 

^ = 36.32.23 
A' = 71.20. 7 

A' -•«|r = 34.47.44 


Log sin (A' — Vr) = 9-75638 
Log sec ilr = 0-09505 
Log {p Psin <f>') = 3-45204 

Sum = Log SA = 3-30347 

SA = 2011"-3 
= 33'.31"-3 


Using now the geocentric values 

h = 22®. 15'. 14"-2, 

and A = 70®. 46'. 36", 

we will, for a test of the degree of accuracy of the formula), 
find, by means of (4) and (5), the values of h' and A'. 


The formulae are 


p P cos d) . , 

. sin A 
sin A 


VII, — . ■ ■ p , 

, p sin P cos A , ’ 

1 — - I — cos A 

sin A 

and = 

1 - Q sin 1 cos {A—ijr)’ 

where ^ has been already computed, and = 36®. 32'. 23" ; and 
A--^ = 34®.14'.13"; and Q = 

COS 
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We have then, 

Log (p P cos <^') = 3 '3559 1 
Log cosec A = 0*02492 
Log cos h = 9’96639 
Log sin 1" = 4*68557 

Sum = log a' = 8*03279 

a' =0*010784 

1 - a' = 0*989216 

Log (1 — d) = 9*99529 

Ar. CO. = 0*00471 

Log = 3*38083 

^ V sin A ) 

Log sin h = 9*57831 

Sum = Log S/i = 2*96385 

SA = 920"*12 
= 15'.20"12 


Log (p sin P sin = 8*13761 
Log sec yfr = 0*09505 
Log cos {A — ^|r) = 9*91736 

Sum = Log /S' = 8*15002 
0 = 0*014126 
1 - y8' = 0*985874 
Log (1 - ^') = 9*99382 

Ar, CO. = 0*00618 
Log Q = 3*54709 
Log sin (A — = 9*75021 

Sum = Log SA = 3*30348 

SA= 2011*3 
= 33'. 3r*3 


The values of Bh and 3A, as calculated in the Greenwich 
Observations, are 

15'. 20" *08 and 33'. 31"19. 

If six-figure logarithms were used, we could secure accuracy 
to the hundredth of a second. 


14, To find the value of the augmented semidiameter of the 
moon. 

The angular semidiameter of the moon will be larger at the 
observer’s position than at the centre of the earth in the propor- 
tion of r to r\ or rather the sines of the semidiameters will 
be in that proportion. If then a' and s be the apparent and 
geocentric semidiameters, 

sin s _^r 
sin 8 r ’ 

Let, in the accompanying figure, TZ* be as usual the geocen- 
tric colatitude, and M and M the geocentric and apparent posi- 
tions of the moon ; z and z' the corresponding zenith-distances. 
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Now, if wc imagine a perpendicular to be drawn from the 
moon to the earth’s radius at the observer’s position (produced), 
its length will evidently be expressed both by r* sin z' and by 
r sin z ; 

/. y*' sinks' = 7* sin 2 ?, 
sin s* r 

or — =-i 

nms r 


sin z* __ sin {z + Bz) 
sin z sin z 

= cos Sz 4- cot z sin Sz 

= (since Sz is the parallax in Z.D.) 

cos Sz p sin P cot z sin {z + Sz) ; 

. , . ^ V sin z cos Sz 

/. sm (z + Sz) = : — 5 , 

^ ' 1 — p sin P cos ^ 

sin s' cos Sz 

or = ; 55 , 

•sin s 1 — p sm P cos z 

j * f * j cos Sz 

and sm s = sm s X ; — ^ , 

1 — p sin P cos Z 

This expression is rigorously correct, but wc may, without 
sensible error, put cos Sz=:l, 

1 , sinsf 


and then 


I — p sin P cos z ’ 


with scarcely sensible error. 


1 — p sin P cos ^ ’ 
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Cor. It is also evident that 

sin s* _ sin z _ sin bl sinfe' 
sins sin; 2 ; sin A ’sin A 

Note, A table of corrections for Augmentation of Moon^s 
Semidiameter is given in Loomis’s Astronomy (Table xili. page 
378 ). 


16. From the preceding formulse we are now enabled to 
deduce from the geocentric E.A., N.P.D., and semi-diameters of 
the moon (interpolated from the Nautical Almanac for a series 
of equidistant times at short intervals) the corresponding appa- 
rent R.A., N.P.D., and semi-diameters. We might also, by appli- 
cation of the effect of the sun’s parallax in P. A. and N.P.D., deduce 
the apparent R.A. and N.P.D. of the sun. But, as the relative 
motions of the sun and moon are all which are required, it will 
be sufficient to use the difference of the horizontal parallaxes of 
the sun and moon instead of the moon’s horizontal parallax in 
the preceding expressions, and afterwards to disregard the solar 
parallax, the hour-angles and declinations of the two bodies 
being of course nearly equal. Thus, if 

P' = psin(P-n), 

we must use sinP instead of p sin Pin the formulse. 

Having then calculated at short intervals a scries of appa- 
rent positions of the sun and moon (at intervals of half an hour 
for example, and then by interpolation for every five minutes), 
the apparent relative orbit of the moon will be traced out, and 
the contact of limbs will take place when the apparent distance 
of the centres of the sun and moon is equal to the sum or differ- 
ence of their apparent semi-diameters. For a distance equal to 
the sum of their semi-diameters we shall have the commence- 
ment or the ending of the eclipse ; and, for a distance equal to 
their difference, we shall have (for places where the eclipse is 
total or annular) a total beginning or ending, if s be greater 
than /S', and an annular beginning or ending if s' be less than 8. 

Let now T be the time nearest to the first or last contact of 
limbs for which the series of apparent E.A. and N.P.D. has 
been computed, and let the time of contact be t being a 
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small fraction of the intervals used for computation ; at the time 
let the difference of E.A. of centres of sun and moon be 
a, and the difference of N.P.D. be d. Then, if c be the sum of 
semi-diameters, it can be easily shewn, as at page 267, that 
sin A sin with sufficient accuracy, A and D being 

the approximate N.P.D.’s of the centres of the sun and moon 
for time 

Now by differencing the series of computed values of a and 
these quantities can be expressed (as in the case of the 
transit of Venus, page 269) in the forms 

a = m + rnt -f 

and 

and therefore we shall have an equation of the form 

hf, 

and, as before, 



where 

3 9 9 

and the term involving t will be neglected in the first approxi- 
mation. 

If c represent the difference of the semi-diameters, the two 
values of t will give the times of beginning and ending of the 
total or annular eclipse for places on the central line of the 
shadow, and, if c represent the sum of the semi-diameters, the 
two values will give the times of first and last contact of the 
limbs of the sun and moon. But it is safe to use only that 
value which is very near to the middle epoch of the interpolation, 
and to deduce another value for the other phase of the eclipse. 

16. To find the positions of the points of first and last con-- 
tact on the suns limb. 

For the two values of t deduced from the solution of the 
quadratic, we can calculate the values of A and B ; and then, if 
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be the angle made in each case with D, or with the declina* 
tiou-circle passing through the centre of the sun, and 

2o- = 0 + A + 2), we shall have 

cosj 

/c + Z) — A / sin a , 

“ V — 23 — V is:D “““'y- 

17. During the progress of a solar eclipse an opportunity is 
offered for determining the difference of the errors of the tabular 
places of the sun and moon, and the errors of their assumed 
semi-diameters, by observations made with an equatorial. The 
classes of observations which can be made are the following : 

(1) Transits of the limbs of the sun and moon observed 
with an unchanged position of the polar axis, giving the correct 
difference of the R.A.’s of the limbs, to be compared with the 
tabular differences, involving the errors of tabular semi-diameters 
and errors of tabular R.A. of the centres of the sun and moon. 

(2) Differences of N.P.D. of the limbs, giving similar com- 
parisons for N.P.D. 

(3) Differences of N.P.D. of cusps. 

(4) Differences of E. A. of cusps. 


^ sin c7 sin (q- — A) 
sin D sin c 


We will take these cases in their order. 

(1) Differences of B,A, of Ihribs of the sun and moon. 

Let a (in arc) and A be the tabular apparent E. A. and N.P.D. 
of the centre of the moon at time of transit of limb over mean 
of wires ; A and D those of the centre of the sun at time of transit 
of sun’s limb. 

s' fi 

Then a + and A + - — will be the E.A.’s of the first 
smA sinZ> 

or second limb of the moon and sun. The sidereal interval of 
transit will therefore be 


^ sin D sin A * 


M. A. 


23 
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and the variation of this expression will he 


dA — da + 


dS 

sinD 


± 


ds' 
sin A 


, S(x>aD 
* sin*i> 


dDT 


s' cos A 
sin* A 


dA 


(7). 


The observed difference of E.A. of limbs must then be 
equated to the tabular difference plus the errors of elements as 
given above. 

(2) Difference o/N.P.D. of limbs. 

In this case the observed differenee must be equated to the 
tabular difference plus 

dD-dA±d8+ds' (8). 

(3) Difference of N.P.D. of cusps. 

Let a be the excess of the II.A. of the moon above that of 
the sun; and a'^ the difference of E.A. of a cusp and of 
each centre, so that a, + «'« = «• 

Then, if A^ be the N.P.D. of a cusp, we shall have, as at 
page 267, the following equations : 

S^-{D-Af 
" aiuD sin Ac 
__ a'*-(A-Ac)* 

‘ sin A sin A^ ’ 

and = a, 

which are easily solved by a tentative method, whieh can be 
readily applied, because, in the course of the observations, the 
difference of N.P.D. of the cusps and limbs can be observed at 
short intervals if necessary, and approximate values of A^ will 
therefore be known. 

Thus, assuming a value of A^, we can compute, for a given 
time, the values of and a'c, and the sum of these ought to be 
equal to a. The difference will shew how great is the error of 
the assumption, and we must then repeat the process with a new 
value. A skilful computer will get the correct value in three 
or four approximations. 
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The values of and may however be found, without 
much trouble, by a direct computation. 

Thus, the same notation remaining, 
let jE> — A = c?, and i> — A^ = ^; 

/. A — A<.=:Z—C?, 

and we have the two equations 

sin D sin 

= {Z- dy + sin A sin A^. (a — a^\ 


Subtracting these equations, and neglecting the small term 
{sin D — sin A) sin A^. . we have 

2^6? — + 2 sin A sin A^a . — sin A sin A^a® = 

or, if a sin A sin A^ = a, 

and ^ {8^ ad) = a, 

Zd + dae == a ; 




^ad ad 8^ — a® 

d'^ + ad * c? + c^d 


Let now 


aa 


= tan® 0 ; 


and 


/72 2a 2/1 adS^—d 

. Z^- -^ cosra . ^2 . cos tf, 

Z== ^cos®0 + Vaa 8'^ — d sin®^ 
d ^ d 

^ • 

=. -,cos“ e + — V(f/8“-a“cos’0 

d “a 


where 

Also 


= 8 cos {Q + ^), 


, a cos 0 
coa^-—^ . 



Sa sin {0 + 
d ' tan d 


23—2 
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The omitted quantity (sin D — sin A) sin A^. . a/ may then he 
calculated with the value of and substituted in the equation, 
and the operations may be repeated, a corrected value of A^ being 
used in the computation of a. 

To obtain the errors of the elements, we must differentiate 
the equations on page 354; thus we shall have, (considering A^, A, 
and D' in the denominators to be constant, as their variations 
will not sensibly affect the result,) 

da = da^ + da\ 

da'c_ A — A, _ 

<?Ae a', sin A sin A, ~ ^ 

da, _ i) - A, 

dD a, sin Z) sin A ^ 

da', _ A — A, _ 

dA a', sin A sin A “ ~ ^ 

d^_ S 

dS a, sin D sin A, 

da', s' 

ds' a', sin A sin A, ’ 

Hence, we shall have • 

da = (^Q + q) dA,~ Q dD — q dA 

. 8 s' 

a, sin Z> sin A. a'* sin A sin A. 

or <?A,= ^^- + — ^ dq 

^ + 2 Q + q q + q Q + g- o.sin2)sinA. ^ 

1 s' 

^ + 2’o',sinA sinA,^ 

And the quantities Q and q admit of easy calculation. 
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(4) Difference of B,.A. of cu^s. 

Let a and A be the R.A.’s of the centres of the moon and 
sun, and Og that of the cusp. 

Then we have 

dac=da, — dA = — QdD+ QdA, 

+ A - A 

a, sm D sin Ag 

and da\'= d<i — dae = — g_dA + g^dAt 

+ -r- . - f ■ . da' I 
a c sm A sm 

therefore, eliminating (?A<., we get 

(^ + j) — QdoL — Qg[ (c?A — dD) 

+ — 

sm D sm A« 

r-T y ■ v -.ds', 

a^smA smAe 


or 






Cg sin i) sin Ag (^ + j) 




a'gSinA sinA.(C + j) 


. ds . 


( 10 ). 


18. For an example of the calculation of an eclipse during 
which observations of all the classes here discussed were made, 
the reader may consult the Greenwich Observations of 1860 for 
a very instructive example. 

In this instance, however, the apparent places of the moon 
have been deduced in a different way from that which has-been 
given at page 342, namely, by a method, which has been in use 
at Greenwich for the reduction of observations made with the 
altazimuth during several years, called the method of normal 
centric co-ordinates. The object is to avoid the change from 
the astronomical to the geocentric zenith in the calculation 
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parallax, and this is effected hy taking, as the origin of co- 
ordinates, not the centre of the earth, hut the point where the 
earth’s normal at the place of observation meets the polar axis. 
Of course .the moon is rather more distant from this point than 
from the earth’s centre, and therefore a small correction is 
necessary to the horizontal parallax, and the geocentric semi- 
diameter; as also to the geocentric N.P.D., the correction to 
the latter being the angle made by lines drawn from the moon 
to the centre and to the foot of the normal. 

Without going into details we may state the value of the 
quantities concerned and the corrections required; 7 being as 
usual the astronomical colatitude. 

Distance of centre from foot of normal 


= a (suppose). 


V 1 — + tan® 7 

Correction to N.P.D. (subtractive) 

r - ^ X a sin N.P.D. 

moon s distance 


= a sin JP sin N.P.D. 


Correction-factor to hor. equat. parallax 

_ normal-centric radi us distance from centre 
earth’s semi-major axis dist, from foot of normal 

_ 1 — g sin P cos N.P.D. 

Vl — e®cos®7 

Correction-factor for semi-diameter 

= 1 — g sin P cos N.P.D. 

The student will have no difficulty in investigating the 
expressions here given. The normal-centric correction having 
been applied to N.P.D., the normal-centric zenith-distance and 
azimuth can be computed, and the normal-centric parallax having 
been added to the zenith-distance, these can again be converted 
into apparent R.A. and N.P.D, referred to the observer’s posi- 
tion. 
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This method was used at Greenwich for deducing the appa- 
rent K.A. and N.P.D. of the moon for the solar eclipse of 1860, 
July 18, before referred to. 


19. Variation of Moor! s Parallax in Hour^angle and N.P.D. 

Since the amount of the parallax depends on the zenith-dis- 
tance, it is plain that it will vary very rapidly with change of 
hour-angle, and, in certain cases, expressions for its rate of 
change at any distance from the meridian are very useful and 
necessary. 

Expanding SA, we get 

tan hh ^ hH* sin 1'' (very nearly) = ^ sin h 


1 p* sin^P cos® 
■^2 sin® A 


sin 2h -h &c. 


And, differentiating with respect to A, 

d {Zh) _ p sin P cos , dh 

dt sin A ^ dt 

, p® sin®P cos®^' s 

+ =- 2 A — ^ cos 2A -^ + &c., 

sm®A dt 

if one second be taken as the unit of time, then ^ will be 

dt 

the change of moon’s hour-angle in 1®, and will be equal to 
(15" — m) sin 1'', where m = motion in E. A. in one second ; 

X fpsinP cosZ , 
d (on) = (15 — m) St ^ — cos n 

p®sin®P cos®^' 07 , p I 1 

-i- ^ ^ cos 2h + &C.V very nearly. 

Again, taking equation (5) and expanding, we get (if we put 
psinP = P'), 

tan SA = SA sin 1" 

= P’ sin A sin {1 (cos A — | sinii . SA)} 

X {1 + JB' sin <f>' cos A (1 + cos A) } 
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(snbstitating for 8A its approximate value sin A), 


TV . A . .»fA cotA , . B cosA cos*^' . ,,, 
i?smAsm^{l-^cosA + -2 

X (1 + 22' sin cos A + J?' sin A cos (f>' cos A} 


cot A , 22 cos A cos® A . ^ 

' tan^ 2 sm^A sm^ ' 


(22' sin A sin^'x-j 


TV • If A 7 vC 0 S®AC 0 SA , 

+ B sin (A cos A — 5 : — r— 2- cos A 

^ sm A 


TV • A 1 / T TV COS A cos*<A' 

+jK sinAcos^ cosA— ^ ^ * 


and, differentiating with respect to A, and collecting terms, 
we have 


£^sinl" 

ah 

^ . ,,(2Af/cotA , cos*A cosA'N . , 

*=JJ'sm A sin* i — ,, + B — . ^ sin A 

. TV cos A cos® A' 1 \ 1 

sm<^ V 2 sin* A/ J 

dh 

■= ^ {(p sin P cos cos A + p® sin®P sin cos ^'cos 2 A) sin A 
(tt 

+ p* 8in®P cos® cot ^ Q + sin*A^ sin 2A}, 


and, if we take, as before, one second as the unit of time, 

d (SA) = (15" — j») X {(p sin P cos <j> cos A 

+ p* sin*P sin (f> cos cos 2A) sin A 

+ p* sin®P cos*<^' cot A + sin* A^ sin 2A}. 



ON OCGULTATIONS OF STARS JST TEE MOON. 361 


20 . On Occultations of Stars hy the Moon. 

An occultation of a star may be treated as a particular case 
of an eclipse of the snn, the only difference being that the 
star has neither proper motion, parallax, nor sensible diameter. 
Since however the position of the star, when the immersion 
or emersion takes place, may be considered as a point of the 
limb of the moon, the application of the parallax in hour-angle 
and N.P.D. (properly corrected) to the hour-angle and N.P.D. 
of the star will give the geocentric position of the point the 
limb which was in contact, and the equation (6) on page 352 
will determine the time of immersion or emersion, if we make 
c equal to the geocentric semi-diameter of the moon, as inter- 
polated from the Nautical Almanac for a time tolerably dose 
to that of immersion. 

For this idea, which simplifies greatly the calculation of 
occultations, we are indebted to Carlini, who first proposed his 
method in the Milan Ephemeris for 1809. 


21. The geocentric position of the point on the moon’s 
limb, of which the apparent position is defined by the E.A. and 
N.P.D. of the star, can be found by the use of formulae (7) 
and (a) (pages 346 and 344), of which an example has been 
already given, and no other method can excel this in simplicity 
or accuracy. Since however many students may have occasion 
to study the indirect method of finding the position of the 
“ Corresponding Point,” which has been so long in use at 
Greenwich, it is desirable to give a short explanation of this 
method. 

In the first place, the horizontal equatorial parallax which 
has been computed for the moon’s centre must be coiTected for 
the point of the limb at which the occultation takes place. For 
the investigation of this correction which, at the maximum, 
amounts only to 0"’16, the student may consult any of the 
volumes of the Greenwich Olservations from 1843 to 1846, 
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where he will find also the correction tabulated. We will call 
the corrected parallax F to distinguish it from P. 


Then from equation (3), page 343, we get 


where h represents the geocentric west hour-angle of the cor- 
responding point, and A the geocentric N.P.D. 


This is put into the shape, seconds of 


(A' -A) 
2 


sin {h! — A) 


cos sin A' psinP' 
^ 2 sin A ’ F ' 


X seconds of F. 


Again, formula (2), page 343, gives 

cot A cot A' __ p sin F sin 
sin A sin h! ^ sin A sin A ’ 


or cos A sin A' sin A' — cos A' sin A sin h 

= p sin F sin sin A' sin A', 

which may be put under the form 

^ {sin (A' — A) (sin A' + sin A) + sin (A' + A) (sin A' — sin A)} 
2 

= p sin F sin sin A' sin h\ 


, • / A f AN 2p sin P sin 6 sin A sin A 

whence sin (A — A) = ^ . ... x ...-- ^ 

' ' sin A + sin A 


sin ( A^ + A) (sin h* — sin A) 
sin A' -I- sin A 


p sin P sin 0' sin A' sin A' ./A'+A\ , fK—h\. ,a/.an 

T TTt — V-k — “‘(“a") +^)- 

sm TT-COS — ^ \ \ / 


Putting jP= i p cos sin h' x seconds of P', 

G — psm <f> sin A' sin h' x seconds of P'. 


and 
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cs 3 ifh—h — • h —h smP^ 

Seconds of — - — = jT cosec A -r— yn — jr . — 

2 Sin (ft — ft) F ' 

and seconds of A' — A 


^ K-h h' + h sinP' A'-A 

= wsec cosec yr-; yr 

2 2 P sin (A — A) 


h' + h 2 A'-A 
2 * K — h ' sin (A' — A) 

2 


7i'-A 


— sin (A' + A) cot 


X seconds in - ^ (12). 

Formulae (11) and (12) are tlicn put into a logarithmic form 
and solved by successive approximation, the convergence being 
very rapid. 


22. Taking now the known eq^uation 
^ sin A sin D . a“, 

where c = geocentric distance between moon’s centre and coi*- 
responding point, 

a = difference of E.A. of point and centre, 

and cZ = difference of N.P.D., D and A being the absolute 
N.P.D.’s ; we solve it by assuming 

ci^ 

tail® ^ sin P sin A, 

and therefore c = sec 

Now, c heing the computed value of the distance of the cor- 
responding point from the moon’s centre, and s the tabular 
geocentric semi-diameter, let c + 3c and s + 8s be their true 
values. Then we shall have to satisfy the equation 

s + Ss = c + 8c, 
or a — c + 8s = 8c, 

0 ® = df* + sin A sin D . o®. 


but, since 
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we get, by difiFerentiating all the quantities, 

T B 

ho=-hd + ^(sin A cosDSjD + cos A sinDSA) + sin A sin D. ^Sa 

— ^ (8^ _ ZD) + ^ (sin A cos DhD + cos A sin 2>SA) 
c 2c 

+ sin A sinD . - So 


= (without sensible error, since o* is a very small quantity, and 
A and 2> are so nearly equal), 

^ (SA - Si>) + sin (A + D) (SA + Si>) + sin A sini?. ^ So 

= sin (A + 2))| SA + sin (A + i))} Si) 

+ sinA sini). ~ 8a; 

c ^ 

or, if D "be greater than A, 

- {; + + i>)} 8-0 + {j - £ »i" (A + i))} 8A 

+ sin A sin i) . ~ 8a 
c 

= aZD + /S8A + 78a suppose (13). 


We shall now have to substitute in this equation the values 
of 8Z>, 8A, and of Sa (=Sa'^SA), where A is the K.A. and D 
the N.P*D. of the corresponding point. 


Thus, commencing with the star, if the R.A. and N.P.D, be 
increased by e and/, the R.A. and N.P.D. of the corresponding 
point will be increased sensibly by the same quantities. 


Also, if the horizontal parallax be increased by — th part, 


n 


the effect of parallax on the K.A. and N.P.D. of the correspond- 
ing point will be increased in the same proportion, that is, the 


R.A. will be increased or lessened by 




n 


accordingly as the 
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hour-angle ia west or east, and the N.P.D. will be lessened by 

n 

Again, if be the error of the observed time of immersion 
or emersion, or of the time for which the position and parallax 
of the moon has been calculated from the ephemeris, then, by 
the change of hour-angle of corresponding point in this time, the 
parallax, and therefore the position of corresponding point, will 
be altered by the quantities formulated in page 359, and at the 
same time the variation of E*A. and N.P.D. of the moon’s centre 
in ht will be + and ± where m and n represent the 
motions in a second of time. 

From these considerations it will be easily seen, x and y 
being the tabular errors of E.A. and N.P.D. of the moon’s cen- 
tre, that 

moon’s corrected E. A. = a + a? + m'S<, 

N.P.D. =s A 4- y + ; 

geocentric E. A. of corresponding point = A + e + correction for 
change of parallax in ht ± correction for increase of parallax ; 

and geocentric N.P.D. of corresponding point = Z>+/4- paral- 
lax-corrections ; 

8a = a;+m'S^, SA=y-fm'S^, 

SA = 6 + parallax-corrections, 
hD =f 4- parallax-corrections, 

and the student will find no difficulty in forming equation (13) 
on page 36^”^ in any particular case^ remembering that a is 
always to be esteemed positive in taking the difference between 
a and A. 

23. On the application qf observations of Solar Eclipses or of 
Occultations of Stars by the Moon^ to the correction of Oeo^* 
graphical Longitudes approximately hnovm. 

An intelligent traveller furnished with a portable-transit, a 
chronometer, and a sextant, will never find any difficulty in 
finding an approximate longitude of the station he is visiting, 
either by the method of moon-culminating stars, or of lunar 
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distances, or of the time of moon’s greatest altitude. If in addition 
to this he be fortunate enough, in an unknown region, to observe 
the local time of the beginning or ending of a solar eclipse, or 
of the immersion or emersion of some star occulted by the 
moon, he will, if he have also got a tolerably correct value of 
the latitude by some of the processes -explained in the last 
chapter, be able, as soon as he has time to make the requisite 
calculations, to obtain a much closer approximation to the true 
longitude. 

The method of doing this is almost obvious from the investi- 
gation of Article 21. Thus, having assumed a longitude, he 
will compute the Greenwich mean time of the observation 
(which we will suppose to be that of an occultation of a star) 
and will, by interpolation from the data of iht Nautical Almanac^ 
find the values of geocentric E.A. and N.P.D. of moon’s centre 
and of the equatorial horizontal parallax and semi- diameter ; 
and will also take out from the Nautical Almanac {Elements of 
Occultations) the E.A. and N.P.D. of the star, or of the apparent 
point of the moon’s limb where the occultation took place. 

The difference between the sidereal local time of the obser- 
vation (reduced to arc and called the R.A, of the zenith) and the 
E.A. of the star will give the value of and he will then 
proceed to calculate the values of li — h and U — D, and thus 
obtain the value of A, and therefore of A (= sidereal time of 
observation — western hour-angle) and Z>, that is, of the geo- 
centric E.A. and N.P.D. of the point corresponding to that at 
which the contact with the limb took place. The difference of 
E.A. (a) and N.P.D. (<4) of the moon’s centre and this point 
are connected by the equation 

c® = cT + sin A sin D . a®, 
and c must be calculated by the formula 

C = C? sec 
c? 

where tan® sin D sin A. 

The coefficients of SA, SD, (which may be assumed to be equal, 
the term multiplied by a® being omitted) and Sa must then be 
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calculated, and the equation (13) formed, or the expression for 
Sc in terms of the errors of A, i>, and a. 

This value of Sc must then be equated to 

s — c-{-Ss, 

and the final equation must be formed, by substituting for Sa, 
Sa'^SA; and finding the values of 8a, SA, 8 A, and SD, accord- 
ing to the precepts of Article 22. 

We shall thus arrive at an equation of the form 
5 — c + 85 = Ee + Ef — Gx — Hy + ISt + KSP. 

Now, the places of the stars are so well known at present, 
at least such as arc usually occulted by the moon, that we arc 
always sure of finding a place for a star so correct as to enable 
us to put e = 0 and /= 0 ; Hansen’s Tables are also so correct 
that we may put a? = 0, y = 0, and 8P=0. 

Hence our equation becomes 

5 — c + 85 = Iht, 
or, if we put also 85 = 0, 



Now, if the observation of the time of immersion or emersion 
be supposed correct, 8^ will arise simply from error of assumed 
longitude, and its magnitude will be proportional to the dif- 
ference of s and c. If then, on a first assumption of longitude, 
the calculated value of c result greatly larger or smaller than 
that of s, a new assumption must be made, by the use of the 

approximate correction 8^ = — j— , 


and the calculations must be 


repeated two or three times, if necessary, with the successively 
corrected values. 


24 . If the time of first or last contact in a solar eclipse be 
the basis of calculation, then the relative parallax and the 
relative motion of the sun and moon must be used, and the 
parallax must be applied to the moon. The augmentation of 
moon’s semi-diameter must also be applied. In this case c will 
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be equal to the sum or difference of the semi-diameters of the sun 
and moon. For the details of the process See a paper hy Pro- 
fessor ChalUs in the Supplement to the Nautical Almanac for 
1854. 


25. BesseVs method of treating Oocultations. 

Though the method previously given leaves very little to be 
desired in the combination of perfect accuracy with simplicity 
of calculation, yet the subject would not be complete without 
some explanation of Bessel’s theory, which is superior to all 
others in symmetry and elegance, and can be applied better to 
finding the longitude of an unknown station. 

If we conceive a cylinder to envelope the moon, of which the 
axis is the line joining the centre of the moon and the star, 
then when the occultation of the star is observed at any point 
of the earth’s surface, that point must be in the surface of the 
cylinder produced to meet the earth, and, as the star is at an 
infinite distance, all observers situated in the curve in which the 
cylinder intersects the earth’s surface will see the occultation at 
the same moment of absolute time. 

Using Bessel’s notation, let now tt be the horizontal equa- 
torial parallax of the moon ; a and S the R.A. and declination of 
her centre; a and d those of the star; fi the E.A. of the 
zenith (sidereal time of observation multiplied by 15) ; and for 
the system of co-ordinates let the earth’s centre be the origin ; 
the axis of z parallel to the line joining the centre of the moon 
and the star, that of x in the equator, and having the E.A. 90®+ a ; 
and that of y having E.A. a and declination 90® + d. 

Let now ^ and r) be the co-ordinates of the observer’s posi- 
tion (or of one of the points where the cylinder intersects the 
earth’s surface), and x and y of the centre of the moon; then 
the distance of the centre of the moon from the origin will be 

, if the earth’s equatorial radius be taken as the unit of 
linear measure, and it can be easily shewn that 
f p cos sin (/4 — a) 


( 14 ), 
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and rf = p (sin cos d — cos if> sin d cos (/t — a)} *(15). 

Also 

® 8 sin (a - ft)l (16), 


and y = ^ - {sin ScoscZ— cosS sincZ cos (a — a)}. ...(17) ; 

and, since the plane of xy is perpendicular to the axis of the 
cylinder which envelopes the moon, it is plain that if we call 
the moon’s semi-diameter k (in Bessel’s notation Z), 

( 18 ). 

Since a — a is a very small angle, and 8 is nearly equal to tZ, 

it will be more convenient to write equation (17) in the form 

^ si^ ^ \ ^ (a-a)}. . . (19). 

Also for k we may put the value previously used, namely 0*2729, 

which is that assumed by Hansen as derived from the Green- 
wich Observations {Table de la Lune, page 39). 

In the use of these equations for the determination of longi- 
tude, is known from the sidereal time of observation, and 
therefore the values of ^ and 7} can be immediately calculated. 

For the calculation of x and y, let t be the local mean solar 
time of the observation, and t — (o the corresponding mean 
time on the first meridian (Greenwich for example) for which 
the places of the moon are calculated in the Ephemeris which 
is used. Thus co is the east longitude of the place of observa- 
tion. Let also t be a time arbitrarily chosen, yet differing so 
little from ^ that, during the interval ^ — o) — r, the inoon’s 
motion may be supposed uniform, and x and y may be repre** 
sented with suflScient accuracy by the expressions 

cr = + n (^ — a> — t) sin N + dx, 

y = + n (< - o) - t) cos iV'-f 

M. A* 24 
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where n sin N and n cos N represent the changes of x and y for 
the unit of time in which w, t are expressed, and are obtained 
by differencing three or four values of x and y calculated at 
short intervals on each side of the time ^ — t ; and dx and 

dy are the tabular errors of x and y, depending on da, dS, da, 
d [d), and dir. 

Substituting these values in equation (18), and attributing 
an error dk to h, we get 

{Jc-\-dkY=^ f — 0) — t) miN-\’dxY 

+ (^0 ^ ^ ® ^ 

And, putting for x^—^ and y^—^q, mmiM and Twcosif, 
and developing, (neglecting ¥) 

4* + 2^: . (^ — 6) — t)® + (^ — a) — t) cos (ikf- N) 

+ 2n (^ — 0 ) — t) (sin ^ efoj + cos ^ dy) 
+ {rn sin M + dxY + [m cos M + eZy)* 
s=w(^ — a) — t)+w cos + (sin + cos 

+ m*sin® (ilf— AT) + 2m {sin Jf— cos (ilf — AQ sin iV} da? 

+ 2m {cos M — cos [M — N) cos N] dy, 
and, if we put X for Qin Ndx + cob Ndy, 
and V for — cos AT da? -f sin N dy, 
we shall have very approximately 

&* + 2A? = {w (^ — ft) — t) + X + w cos (If — N) Y 

+ {m sin (if- AT) - X}\ 

Lastly, let sin'^ = ^sin(ilf— AQ; 

^ 2dk /. , XV (n. . \ m 

• • ^ + “T” “ ij “ t + jcos(i!f-JV)} , 
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or 1 ^ ^ ^ {M-^N) 

/ T^i ^ V ~ . . 2dk 

= ± y cos^ ^ + 2 ^ sin i/r i- — 

= + [cos ^ ^ tan ^ sec ; 

... ^-ct)-T = -~COS(iIf~JV^)-^ 
n ^ n 

,{h • , i] 

+ j- cos T "t" ~ tan — sec > 
from which «, or the longitude, can be found immediately. 


[For a method essentially the same as that of Bessel the 
reader may consult a paper by Captain A. R. Clarke, R.E., in 
Vol. XXIX. of the Memoirs of the H. A. /S]. 


24—2 



APPENDIX. 


ON THE ANNUAL PABALLAX OF THE FIXED STABS. 


1. By inadvertence this subject was not treated of in its 
proper place, which would have been either at the end of the 
Chapter on Parallax, or of that on Aberration. 

The stars are all situated at distances from the earth so 
immense that the angle which the earth’s radius subtends at any 
one of them is immeasurably small, but it is not so certain that 
the radius of the earth’s orbit does not subtend a measurable 
angle at some of them, and indeed it is certain by the measures 
of Bessel and other Astronomers, that this angle is measurable 
in the case of 61 Cygni. This displacement in the star’s posi- 
tion is called Annual Parallax, and we will proceed to investi- 
gate its laws. 

2. The maximum parallax or constant of parallax is analo- 
gous' to the horizontal parallax of the sun, moon, and planets; 
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that is, it is the angle which would be subtended at the star hy 
the radius of the earth’s orbit, supposing the star to be situated 
in the pole of the ecliptic. We will denote this by Let 
'VIE be the ecliptic and E the position of the earth, the sun 
being the centre of the circle. Then, just as in the case of 
planetary parallax, if S be the true position of a star, and S' 
its apparent position as affected by parallax {S'SEheing the arc 
of a great circle), 

88'^(l>Qm8E, 

and, if 0 be the centre of the circle, or the projection of the 
pole of the ecliptic, and great circles 08'L and OSMhe drawn, 
the angle LOM is the parallax in longitude. Draw now S'm 
perpendicular to OM. 


Then parallax in longitude « angle JOM 


8'm ^milSE^uiSE , 

_ sin IE 
cos SL 


_ , sin (earth’s longitude — star’s longitude + 180' 
sin (Q — l) 


') 


</>■ 


cos\ 


if I and \ be the longitude and latitude of the star, and © the 
sun’s longitude as usual. 

Again the parallax in latitude 

= 8m = -SS' cos I8E 

= — <j>sm 8E cos I8E 
= — <f> sin BE cos 8EI cos IE 
= — tf> sin 18 cos IE 
= — ^ sin (180® — \) cos (0 — i) 

= — ^ sin X cos (0 — 2). 
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Now aberration in longitude 


cosX ^ 


and aberration in latitude 

= - 20"-45 sin X sin (© ~ Z). 


If then we denote by a and y8 the aberrations taken out for 
the value 90® + ©, we shall have 

aberration in longitude, a = 4* 20*'*45 — ^ , 


latitude, /3 = — 20'''45 sin X cos (© — Z) ; 

nth 

that is, parallax in longitude = — , 


and parallax in latitude 


20''-45 • 


In the same way it can be shewn that we may find the 
parallax in R.A. and N.P.D, by substituting in the correspond- 
ing aberration formulae 90® + O for ©• 


Example, Find the parallax-factor in N.P.D. for y Draco- 
nis, for which the mean R.A. for 1863, Jan, 1 is 17^. 53“. 25®-53, 
and the N,P.D, is 38®, 29\ 37"-64. 

The aberration-factor in N.P.D. is 
cos 0 ) cos © (tan o) sin A — sin a cos A) + sin © cos a cos A 
= cos © (sin Q) sin A — cos w sin a cos A) 

+ sin © cos a cos A, 
where w == 23®. 27'’3. 

Hence Log sin o) = 9’59993 

Log sin A = 9*79409 

Sum = 9-39402 

1st Number + 0*24775 
2nd Number + 0*71772 

+ 0*96547 
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— Log cos <» = — 9'96255 
Log sin a = — 9‘99982 
Log cos A = 9‘89358 

Sum + 9‘85595 

2nd Number + 0-71772 


therefore aberration-factor 


Log cos a = — 8*45765 
Log cos A = 9-89358 

Sum = - 8-35123 
Number = — 0*02245 


= 0*96547 cos © — 0*02245 sin ©. 


Let now -4 sin ^ = 0*96547, 

and A cos ^ = — 0 02245 ; 

A = V (0*9655)“ + (0*0225)“ 

= *9658, 

and cot./) =-^111^ = -0*02325; 

.*. ^ = 91 ”. 20 '. 

Hence aberration-factor = + 0’9658 sin (O + 91®. 20'), 
and, if we increase O by 90°, 
parallax-factor for N.P.D. 

= -0*9658 sin (0 + 1®.20'), 
and parallax-factor for N.Z.D. 

= + 0*9658 sin (Q 4- 1®.20'). 

(See Mem. B. A. S., Vol, xxix., page 185). 


3. Several attempts have been made to determine the 
parallax of some of the brightest fixed stars by means of meri- 
dian observations of N.P.D., but with very questionable success. 
The observations require to be of first-rate excellence to give 
any chance of success, and the uncertainty of refraction, unless 
(as in the case of 7 Draconis observed at Greenwich) the zenith- 
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distance be very small, will produce uncertainty enough to pre- 
vent the detection of so small a quantity as the parallax. The 
observations of a Centauri made by Professor Henderson and 
Sir T. Maclear at the Cape of Good Hope, seem however to 
prove a parallax of about 1" for that star, and M. Peters of Altona, 
in a most valuable paper on annual parallax, printed in the 
Aatronomische Nachrichien^ has discussed his meridian obser- 
vations of five other stars, Groombridge, 1830, i Ursm Majoris, 
Arcturus, Polaris, and Capella, to which he assigns very small 
parallaxes, varying from one-fifth of a second of space to half 
a tenth of a second. The only positive result however which 
is deducible from such very small quantities is the proof of the 
almost immeasurable distances of the stars in question, and the 
necessity of seeking for the parallaxes by some other more effec- 
tual method. 

4. Now such a method was applied by Bessel in the case 
of 61 Cygni, by the use of the celebrated Heliometer at 
Konigsberg. 

A heliometer differs in nothing from an equatorially mounted 
telescope, excepting in having a divided object-glass. The glass 
is cut through its centre, each half glass being fastened into a 
separate cell, and the cell is made capable of moving laterally 
by being attached to a sliding-plate moved by screws acted 
upon by rods which are within reach of the observer. Each 
half glass produces a separate image of the object which is 
viewed, (excepting in the case when the optical centres of the 
two coincide, or at the zero of measurement,) and the angular 
distance of the two images is proportional to the distance by 
which the centre of one half glass has been moved past the 
centre of the other. This distance is read off in parts of a 
scale attached "to the sliding-plate, and the value of the scale 
can be determined in angular measure by taking transits of the 
two images corresponding to different readings of the scale, over 
a system of wires in the eye-piece, or by some other equivalent 
method. 


5. It will be readily seen that a heliometer enables an 
astronomer to measure with great accuracy moderate angular 
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distances, such as the distance between the components of a 
double star, or the diameter of a planet, and it is by this means 
that it is so useful in the investigation of annual parallax. It 
can be easily proved as in the case of the aberration-curve (page 
151) that, if a star has sensible parallax, it will appear to 
describe in the course of a year an ellipse about its mean place, 
and that therefore if it be in the neighbourhood of a star of 
which the parallax is insensible, it will alternately approach to 
and recede from this latter star. Now 61 Cygni is a double star of 
which the components are of about the 5th and 6th magnitudes, 
and 18"' apart, and Bessel, using for his point of reference the 
middle point of the space between the two stars, measured the 
distances of two small stars (a) and (&), one of which lay nearly 
in the direction of the line joining the stars, and the other at 
right angles to this direction, the distances being about 462" and 
706" from the principal star. 

It would be easy to prove that the maxima and minima of 
parallax in distance in the direction of these stars would be 
separated by an interval of about half a year, and in fact the 
formulae expressing the parallactic elFects are the following : 

Parallax in distance of (a) from 61 Cygni is 
^ X 0*909 sin (© - 9^ 7'), 

Parallax in distance of (&) from 61 Cygni is 

^ X 0*894 cos (© — 24°. 45'), 

that is, they involve, the one the sine, and the other the cosine 
of nearly the same arcs. (See Mem. of i?. A. S.f Vol. xil., 
page 46.) 

If tlien the screw by which the measures were made should 
be differently affected by temperature at different seasons of the 
year, so that, on this account, an effect might be produced on 
the measures having an annual period and therefore similar to 
parallax, it would be impossible that the fluctuations in the 
measures with reference to both the stars should be confounded 
with parallax, if they had their origin in temperature ; and if, 
on the contrary, the fluctuations should have their maxima and 
minima in both cases in conformity with the formulae represent- 
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ing the parallax, and should agree in giving nearly the same 
value of the constant, there would remain very little doubt of the 
certainty of the result. Now this severe test was perfectly well 
answered, and the parallax assigned to 61 Cygni by Bessel was 
0'''369. Mr Johnson, with the still more excellent heliometer of 
Oxford, has verified this value, the mean of his results being 
0"-402. 

We are then confident that we know within tolerable limits 
of accuracy the distance from the sun of one star in the hea- 
vens, but with regard to all other stars to which a measurable 
parallax has been assigned, we may still reserve our opinion. 
Even with regard to a Centauri, it is most desirable that the 
parallax of 1" attributed to it by Mr Henderson and Sir T. 
Maclear should be substantiated by differential measures of its 
position with regard to some neighbouring star. 


On Third Differences of Functions, and Differences of a still 

higher order. 

6. The method of interpolation by second differences has 
been explained at page 315, but, in many cases which occur in 
Astronomy, third differences, or even fourth differences, would 
be necessary to give results with the required degree of accu- 
racy. 

W^e will proceed to explain the method to be pursued when 
third differences are required. 

Let S = a + 5^ -f ct* + dt, 

and let be the values of S corresponding to 

the values of t, - 2, - 1, 0, + 1, and + 2 ; then, as before. 



1st Biff. 

2nd Biff. 

3rd Biff. 

— 2 J 4“ 4c — Sd 
^-1 = a— 64 -c — e? 
So =a 

= b -f c + d 

^^^a + 2b + 4:C + Sd 

i — Zc + 7d 
h— c + tZ 

6 + c + (Z 

5 + 3c + 7<Z 

+ 2 c — 6 (Z 
+ 2 c 

+ 2 c + 6 <Z 

+ 6 (Z 
+ 6 <Z 
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And, if Sj, Sj, and S, be the sums of the 1st, 2nd, and 3rd 
differences respectively, it is plain that 

7. The student will have no difficulty in finding by fourth 
differences the values of J, c, and e, in the equation 

h =- d -)r ht + d^ + 6 ^* ^ 

if a higher order than the third is necessary. 

It would be found for example that, if seven consecutive 
values of the function were taken, corresponding to the values 
of f, — 3, - 2, — 1, 0, + 1, + 2, and + 3, and the differences be taken 
to the fourth order (2^ being their sum), 

e = = c=ls,-13e, and&=lS,-9(f. 


If only five consecutive values of the fiinction be taken, and 
Ai be the 4th difference, 

e = <^=^2^3. c=~t,-5e. 




Cor. By a process of approximation similar to that used at 
page 323, it may be shewn that 


X 

C 

a? 1 

'2c* d\ 

0?® 

/5c® 

5cd c^ 

i ® 

« =T - 
0 

"5* 

P + ( 

h) 


["F" 
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1. What is meant by the mean of the wires of a Transit- 
instrument? The intervals in time between the transits of a 
star across five successive wires being 10®, 11®, 9®, 10®; find the 
time of transit across the mean of the wires : the time of transit 
across the 1st wire being 9^. 20®. 

2. If the western pivot of a transit-instrument be ol' higher 
and more to the north than the eastern, a star is unafiected 
whose N.P.D. is 

= co-latitude + tan~^ ’ 

3. Prove that in the interval between the sun’s transit and 
culmination, his centre describes an hour-angle whose sine 

, m sin (Z — S) , •» , . 

equals ■ nearly; I being the latitude of the 

place, 8 the declination of sun’s centre, and m the ratio of the 
apparent motion of the sun’s centre in declination and right 
ascension. 

4. If t be the interval (in arc) of the passage of a star 
whose N.P.D. A is small, between the middle wire of a transit 
telescope, supposed in the meridian, and any other wire, and if 
a be the equatorial interval between the wires, shew that it will 
be determined by 

sin A sin t 


tana = 


1— 2sm“Asin®^ 
A 



EXAMPLES AND PROBLEMS. 


381 


6 . A transit instrument being fixed so that its plane of 
motion coincides with the prime vertical, the time of transit of a 
known star is noted as it passes this line on each side of the 
meridian ; calculate the latitude of the place of observation. 

6 . Shew that in the course of any day the highest point of 
the ecliptic describes in the sky about the highest point of the 
equator an oval which may be defined by the intersection with 
a sphere of a cone of the 4th order. 

7. Find when the inclination of the ecliptic to the horizon 
increases fastest. 


8 . Express the latitude and longitude of a star in terms of 
its observed altitude and azimuth, the observations being made 
at a given place, when the first point of Aries was on the 
meridian. 

9. The number of seconds occupied by the sun in rising on 
a given day and at a given place, may nearly be represented by 

132 

V cos (Z + 8 ) cos (Z — 8 ) ’ 

I being the latitude, and 8 the sun's declination. 

10. At a place in latitude Z, a wall of height h has an 
azimuth of a to the east of south ; shew that at the time of the 
equinox, the wall casts no shadow at a time denoted by 

tan“^ (sin Z tan a) hours before noon : and that at noon the 
breadth of the shadow is = h tan I sin a. 


11 . At a place in the arctic zone the sun will remain above 

the horizon at the summer solstice for cos~^ days, 

TT \Sin G)/ 

neglecting the excentricity of the earth’s orbit, I and to being the 
latitude ^f the place and the obliquity of the ecliptic. 


12. Three stars A, B, (7, are very nearly in a great circle, 
the angle ABO being 180® — where /S is small: if t be the 
time which elapses between the great circles AB and BO being 
vertical, 7 the co-latitude ; then 

^ sin « j3 
~ cos -4 sin 7 ’ 15 ’ 

where z is the zenith distance and A the azimuth of B. 
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13. Shew that when the sun rises in the N.E., at a place in 
latitude I, the time of sunrise is ^ cos"* (— sin® Z). 

oU 

14. Shew that the time at which the sun is south-east may 
be determined by means of the expression 

— sin*"' (tan S cos I cos 

10 

where 8 is the sun’s north declination, I is the latitude of the 
place, and tan ^ = sin 1. 

15. Given the latitude of a place, find the time of the year 
when a given star rises at a given hour. 

16. On a given day, in a given latitude, the sun being in 
the meridian, determine geometrically the angle at which a rod 
of given length must be inclined to the horizon, that its shadow 
may be the greatest possible. 

17. The altitudes of two stars as they pass the prime 
vertical are observed, and the difference of their K.A’s. is 
known ; find the latitude of the place. 

.18. In a given latitude, find the altitude of the sun on the 
day of the equinox, at 9 in the morning. 

19. If P be the pole of the heavens, Z the zenith, and S a, 
given star, find when the angle Z8P increases fastest. 

20. At what hour, in a given latitude, will the vertical 
circle passing through a known star cut the equator at a given 
angle ? 

21. In any latitude find when the time of rising of the 
sun’s disk bears the greatest ratio to the time of its crossing the 
meridian. 

22. Determine when the sum of the zenith distances of two 
known stars in a given latitude is a maximum. 

23. The times of the sun’s rising and setting being calcu- 
lated for a given place, what correction is necessary to make 
them serve for another place not far distant from it? 



EXAMPLES AND PROBLEMS. 383 

24. Supposing the sun to remain above the horizon a given 
number of days, find the latitude. 

25. Find the azimuth of two known stars which are seen at 
the same instant in one vertical plane. 

26. Tf a body fall to the earth in the time the deviation 

to the east of the point from which it fell will be \ gof cos I ; 

where I is the latitude, and a the angle described by the earth 
in V. 

27. In a given latitude a vertical rod is placed at a given 
distance from an east and west wall, so as to cast a portion of its 
shadow upon it; find the equation to the extremity of the 
shadow traced upon the wall on a given day. 

28. If D be the apparent diameter of the sun, d the alti- 
tude of its centre, and 5^, and the respective lengths of the 
pure shadow and penumbra, cast by a vertical rod upon a 
horizontal plane, prove that 

. l/ sin2g \ 

5,““2Uni> /• 

29. Determine the position of the place nearest to the 
north pole, at which the sun rises on a given day at the same 
instant as at Greenwich. If y, z, be the zeniths of the place 
and of Greenwich, and yzx a quadrant of a great circle on the 
celestial sphere, the projection of the locus of x on the horizon 
of z is an arc of an ellipse, whose excentricity = cosine of lati- 
tude of Greenwich. 

30. The altitudes of a star when it crosses the meridian of a 
place and the prime vertical are a, a' ; shew that, if S be the 
declination of the star and I the latitude of the place, 

cot S = sec a cosec a — tan a, 
cot I = tan a — sec a sin a . 

31. Shew that the time of sunset is earliest some days 
before, and the time of sunrise latest some days after, the 
shortest day. 
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32. If Z, S be a star’s latitude and declination, its distance 
{d) from the sun, at the moment of his crossing the equator, 
may be found from the equation 

sin® d sin® (o = sin® Z — 2 cos o) sin Z sin S + sin® 8. 

33. At a place on the equator the lengths of the shadows 
at noon of a vertical rod are h and h\ towards the north and 
south respectively, on successive days : determine approximately 
the time of the vernal equinox. 

34. What is the latitude of a place at which, at the time of 
an equinox, a star is on the horizon when the sun rises, and on 
the prime vertical when it sets ? Shew that when the sun and 
this star are on the meridian of any place at the same time, the 
declination of the sun and star being 8 respectively, 

tan S' = tan 8 tan o), 

(o) being the obliquity). 

35. Explain the reason why a ship in sailing round the 
world counts one day too much or too little accordingly as she 
starts eastward or westward. 

Supposing that the ship in sailing touches successively at 
various places, where will the loss or gain of a day first begin to 
appear? 


36. On January 1st, 1856, the equation of time was 
+3“.36®*04 at apparent noon, and on January 2nd, 1856, the 
equation of time \yas -f 4®.48®’0 at apparent noon. What was 
the apparent time at mean noon on January 1st? 

37. If X be the time (expressed in angle) that the clock is 
before the sun when the sun’s mean longitude is Z — due to the 
obliquity of the ecliptic (o)) alone — shew that 

aixr — sin 2Z 

tan a) = — . 

« „ Ci> 

cos® ~ + sin® - cos 2Z 
2 2 
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38. If the obliquity were small and the maximum 
value of the equation of time would be very nearly ~ seconds 

o 

of time. 


39. A style projects from the vertex of an upright cone; 
trace the hour-lines on the surface of the cone : and find the 
time of day during which the dial will serve. 

40. Shew that if the hour-angle of a body at any instant, 
and the mean time, be known, its R.A. may be determined. 


41. The time of the sun’s rising and setting on Nov. 1st 
are found from the tables to be 6 ^'. 56 “, and 4 ^'. 32 "' : find ap- 
proximately the equation of time. 


42. If the sun’s distance below the horizon when tioiliglit 
ends be 18®, its duration at the equator is 


hours. 



43. AVhy is the mean duration of twilight shorter at the 
equator than elsewhere, and when is its duration there shortest? 


44. Assuming that the angular displacement of a star, due 
to refraction, may be expressed in a series, ascending by odd 
powers of the tangent of the star’s apparent zenith-distance, 
explain how the coefficients of such a series may be determined. 

45. Prove that if c be the sun’s depression below the 
horizon when twilight ceases at a place whose latitude is \, and 
the angle at the sun made by great circles through the zenith 
and the pole be S at that time, and 8' at sunset, the duration T 
of twilight is given by the equation 

.* 2 1 “ cos c cos {S' — 8) 


46. From the observed altitudes and $izimuths of two stars 
near the zenith their distance from one another is found. Find 
the correction to be applied to this distance in consequence of 
refraction. 


M. A. 


25 
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47. At what time of the year will the aberration in declina- 
tion of a star whose right ascension is 90°, vanish ? 

What was Bradley’s object in observing 7 Draconis, when 
he discovered aberration ; and why did he select that particular 
star for observation ? 


48. In consequence of the aberration of light, every star 
appears to describe an ellipse in the heavens, of which the true 
place of the star is the centre. Prove this, and find the axes of 
the ellipse. 


49. State how the sun, planets, and fixed stars are affected 
by aberration ; and shew that the part of the aberration arising 

cos SPT 

from the motion of the planet varies as , S being the 


sun, T the earth, and P the planet. 


^/SP 


50. If, at a place between the tropics, z be the zenith 
distance of a known star, when the ecliptic comes upon the 
zenith of the place of observation, and 6 the longitude of the 
earth, when the corresponding aberration in zenith distance 
vanishes, prove that 6 is determined by the equation, 

X //) sin^^cos^; 

cot (0 — X) =r , =r , 

V sin {z + sin {z — /3) 

when \ and /3 are the longitude and latitude of the star. 


61. Determine the positions of all stars such that when the 
aberration either in right-ascension or declination vanishes, the 
other shall be a maximum. 


52. li z = true zenith distance of a planet, ^ = its actual 
parallax in zenith distance, and P = horizontal parallax ; then 

tan(|+i?)=tan|tan(|^ + |). 


53. If = surface of a portion of the earth ABCD^ AB 
being an arc of the equator, and A O, BD two arcs of circles of 
latitude ; also if AB = c, AG = a, BD = &, then will 



. a 1) 
sin — 

a—'b 
cos 



2 



EXAMPLES AND PROBLEMS. 


387 


54, Having given the latitudes of two places on the earth’s 
surface, one of which is N.E. of the other, find the difference of 
their longitudes and their distance from each other, considering 
the earth a sphere. 


55. If X, X' be the latitudes of two stations on the same 
meridian, prove that the length of the arc included between 
them is 


&(X'~X) 




sin (X' — X)) 
V - X j ’ 


where 


a—b 

e = . 

a 


66. The angle of depression of the sun’s upper limb at 
setting is observed, from a certain position upon the mast of a 
ship, to be S ; the same observation is made soon afterwards from 
a position upon the mast li feet liigher, when the depression is 
found to be S' ; the ship is supposed stationary : prove that the 

earth’s radius = > approximately. 


57. Given tlie precession in R.A. of a star, find the cor- 
responding change in the angle of position. 

58. Explain the method by which the accurate values of 
the elements of a planet’s orbit may be found, when approximate 
values of those elements are known. 


59. Shew that the time occupied by the sun in passing 
througli the rth sign of the zodiac, reckoning Aries the 1st, is 
approximately, 

T,,. 24e sin 15^ . 

J/ jH- cos x30°)L 

where M Is the twelfth part of the year, B the angular distance 
of the solar perigee from the autumnal equinox, and e the excen- 
tricity of the earth’s orbit. 

60. If u be the excentric anomaly of a planet’s orbit, and 
a;, y, z the co-ordinates of its place at a given time, referred to 
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any rectangular planes passing through the sun’s centre, then 
the co-ordinates may be expressed as follows : 

a? = -4 sin {u + a) + i?, y — ^ sin (w + a') + J?, 

= J"sin( 2 ^ + a') + 5", 

where A, &c. are constants, 

61. If a be the angle of elongation of an inferior planet, 
when observed to be stationary, from another planet, shew that 
cot a = Vn'* + n ; where n is the ratio of the distance of the 
superior planet from the sun to that of the inferior ; the orbits of 
the planets being supposed circular, and in the same plane. 

62. Assuming the sun’s motion in longitude to be uniform, 
shew that if a, be the horary increments in right ascension 
and declination (expressed in solar measure), and a', /S' tlie 
horary variations of a and / 8 , then 

a' = 2 o^/ 3 tan S, yS' ^ sin 28 . 

63. When a planet is stationary shew, that its elongation 

from the sun is tan"^^ - , where n is the ratio of the radius 

Vl -f n 

of its orbit to that of the cartli. 

64. If the longitudes of a planet in three different points of 
its orbit be a, c; and its latitudes a, y 8 , 7 ; then will 

tan /3 sin (c — a) = tan a sin (c — &) + tan 7 sin (5 — a). 

65. If the sun’s longitude =c, and the obliquity of the 
ecliptic = Q), then will the equation of time arising from the 
obliquity of the ecliptic 

= tan® ^ sin 2c — ^ tan^ ^ sin 4c + ^ tan® ^ sin 6c — .. . 

^ 22 o 2 

66 . Find the perihelion distance of tlie comet, moving in 
the plane of the ecliptic, that remains the longest time within 
the earth’s orbit. 
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67. What must be the relation of the distances from the 
sun of a superior and inferior planet, that their synodic revolu- 
tions may be equal ? 

68. Compare the portion of the surface of the earth illumi- 
nated by the sun in perigee, with that illuminated in apogee, 
taking into account the magnitude of the sun. 

69. Given three distances of a planet from the sun, and the 
corresponding arguments of latitude, to find the place of the 
perihelion, and the true anomaly at the first observation. 

70. Two planets, P^, revolve in circular orbits at the dis- 
tances from the sun, and when they appear stationary to one 

another, the cotangent of P’s elongation seen from P^ = ^ tan 0 ; 
shew that 

r 1 0 ^ 

= - tan-, tan 0. 

^2 2 2 

71. If Z be the latitude of a place between the tropics, a 
and h the sun’s right ascension and declination ; the times when 
the ecliptic is vertical are determined by the equation 

A = a -f sin"* (sin a tan I cot 5). 

72. When that part {E) of the equation of time, which 
arises from the obliquity of the ecliptic (co), is a maximum, 

sin E = tan^ ^ . 

73. When Venus was very near conjunction it was ob- 
served that the bright visible crescent, instead of being a semi- 
circle, was 240^ of a circle; hence calculate the horizontal re- 
fraction produced by the planet’s atmosphere. 

74. Given the position of the moon’s nodes and the Inclina- 
tion of her orbit to the ecliptic, to find when her latitude and 
declination arc equal. 

75. At a given hour on a given night the moon is observed 
to rise in the east point ; determine the longitude of the node of 
her orbit, supposing its Inclination to the ecliptic known. 
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76. A ship leaves London at noon on a certain day, and 
arrives at New Orleans (90® west longitude) at noon local time 
on the 30th day afterwards — what is the actual time of passage? 

77. If two survey-stations upon the earth are mutually 
visible, their difference of longitude may be determined by 
reciprocal observations of azimuth. 

78. If the latitude of a place be determined by observing 
the altitude of the sun at 6 o’clock, and the tabulated declina- 
tion be affected by a small error, find the corresponding error in 
the latitude. 

79. Given the time of sunrise and the altitude of the sun 
when due cast on the same day, to find the latitude of the place, 
and the declination of the sun. 

80. Having given the contemporaneous altitudes of the sun 
and a known star, on a given day, and also the angular distance 
between them; find the latitude of the place and the hour of 
day. 

81. A known circumpolar star reaches its maximum 
azimuth at two different places at the same instant: having 
given the values of tlie maximum azimuth at the two places, 
find their latitudes, and the difference of longitude. 

82. Determine the latitude of the place of observation from 
the times of the rising of two known stars. 

83. Given the latitudes of two places, and their difference 
of longitude; determine the inclination of their horizons, and 
the day of the year on which the sun sets to both places at the 
same instant. 

84. Find the latitude from observing tlie angular distance 
of the extreme points of the horizon in which the sun appears at 
rising in the course of a year ; and, if a, /3 denote the distances 
of those points from the point in which the sun rises when the 
declination is 3, prove that sine of the obliquity 

sin \ (a + 

= sin S ■ n . mm , 

sin ^ (a - /S) 
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85. The zenith distances of a star (a, in the same vertical 
plane are observed ; the interval between the two observations 
expressed in angle being h. Shew that the latitude I of the 
place and the declination S of the star are given by the equa- 
tions 

cv . 7a , I3>-'0l 
cos 0 sin _ = sin - — - , 

^ A 


sin I cos 


/9 a 


= sin S cos 


/9 + a 
2 


86. The earth is touched by two equal conical surfaces, the 
planes of wliose bases coincide with that of the equator ; and its 
surface appears projected upon tliem, to an eye placed in its 
centre. Shew that by a proper assumption of the form of the 
cones, the earth’s surfaee may be thus projected on a plane 
circle. 


87. Assuming 13^ and 1® as the diurnal angular motions of the 

moon and sun about the earth, as the sine of moon’s horizon- 

60 

tal parallax, shew that the duration of a central solar eclipse very 

nearly = — ^ hours: and the duration of totality or 

2 — cos t sm 0 

annularity (as the case may be) = — hours : where a 

and /3 are the angular diameters of the sun and moon in parts of 
a degree, I the latitude of the place of observation, 0 the inclina- 
tion of the central line at that place to the meridian. 


88. Is it possible for a central eclipse to be total at one 
place and annular at another? 

89. If 6 and e be the semi-vertical angles of the earth’s 
umbra and penumbra, 8 the sun’s apparent diameter, then 

2 tan 8 = tan e + tan e'. 


90. Investigate an equation for determining the times of 
the year most advantageous for determining the parallax of a 
given fixed star by observations of its distance from a neigh- 
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touring star. If at one of these times u be the difference of the 
longitudes of the sun and star, X the latitude of the latter, B the 
angular distance between the two stars, and a the change of 
position of the line joining them in the course of half a year, 
shew that the parallax of the greater star 

= a sin S Vl 4* cos* u cot* 

91. In W’hat positions has a star (1) no aberration; (2) none 
in longitude; (3) a negative aberration in longitude only? 
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Euripides. By F. A. Paley, M.A. 3 vols. 3s. Qd. each. 
Herodotus. By J. G. Blakesley, B.D. 2 vols. 7s. 

Homeri Bias. T.-XII, By F. A. Paley, M.A. 2,s. firf. 
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Horatius. By A. J. Macleane, M.A. M. 

Juvenal et Fersius. By A. J. Macleane, M.A. 1«. 6d. 

Lucretius. By H. A. J. Munro, M.A. 2^. 

Sallusti Crispi Catilina et Jugurtha. By G. Long, M.A. is, 6(1. 
Terenti Comoediae. By W. Wagner, Ph.D. 3s. 

Thucydides. By J. G. Donaldson, D.D. 2 vols. 7s* 

Virgilius. By J. Conington, M.A, 3s. 6rf. 

Xenophontis Expeditio Cyri. By J. F. Macmichael, B.A. 2s. 6d. 

Novum Testameutum Graecum. By F. H. Scrivener, M.A, 4s. 6d. 
An edition with wide margin for notes, 7s. 6d, 


CAMBRIDGE TEXTS WITH NOTES. 

J Selection of the most usually read of the Greek and Latin Authors^ 
Annotated for Schools. Fcap 8i;o. 

Euripides. Alcestis. By F. A. Paley, M.A. Is. M, 

Medea. By F. A. Paley, M.A. Is. fyd. 

llippolytus. By F. A. Paley, M.A. 

- - Hecuba. By F. A. Paley, M.A. [In the press. 

iEschylus. Prometheus Vinctus. By F. A. Paley, M.A. Is. OcL 
Ovid. Selections. By A. J. Macleane, M.A. Is. Orf. 

PUBLIC SCHOOL SERIES. 

A Series of Classical Texts, annotated by well-known^Scholars, 
Croum 8vo. 

Aristophanes. The Peace. By F. A. Paley, M.A. 4s. 6rf. 

The Achamians. By F. A. Paley. [^Immediately, 

Cicero. The Letters to Atticus. Bk. I, By A. Pretor, M.A. 4s. 6d. 
Demosthenes de Falsa Legatione. By R. Shilleto, M.A. Cs, 

- The Oration against the Law of Leptines. By B. W. Beat- 

son, M.A. 

Plato. The Apology of Socrates and Crito. By W. Wagner, Ph.D. 
4s. 6d. 

• ■■ The Phffido. By W. Wagner, Ph.D. 5s. Gd* 

The Protagoras. By W. Wayte, M.A. 4s. 6d. 

Plautus. The Aulularia. By W. Wagner, Ph.D. [Immediately* 

■ Trinummus. By W. Wagner, Ph.D. 2nd Edition. 4s. 6d. 

Sophoclis Trachiniae. By A. Pretor, M.A. [In the press, 

Terence. By W. Wagner, Ph.D. 10s. 6</. 

Theocritus. By F. A. Paley, M.A. 4s. Gd. 

Others in preparation. 
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CRITICAL AND ANNOTATED EDITIONS. 

iEtna. By H. A. J. Monro, M.A. Ss. 6d. 

Arlstopbanis Comoedise, By H. A. Holden, LL.D. 8vo. 2 vols. 
235. 6({. Flays sold separately. 

- Pax, By F. A, Paley, M.A. Fcap. 8vo. 45. 6d. 

Euripides. Fabulae Quatuor, By J. H. Monk, S.T.P. Crown 

8vo. 125. 

Separately — Hippolytus, cloth, 55. Alcestis, sewed, 45. 6d. 
Horace. Quinti Horatii Flacci Opera. By H. A. J. Munro, 

Large 8vo. 12. l5. 

Livy. The first five Books. By J. Prendeville. 12mo. roan, 55. 

Or Books 1,-111. 35. 6d. IV. aud V. Sa. 6d. 

Lucretius. Titi Lucreti Cari de Rerum Natura Libri Sex. With 
a Translation and Notes. By H. A. J. Munro, M.A. 2 Vols. 8vo. Vol. I, 
Text, 165. Vol. II. Translation, 65 (Sold separately.) 

Ovid. P. Ovidii Nasonis Heroides XIV. By A. Palmer, M.A. 8vo. 65. 

Propertius. Sex. Aurelii Propertii Carmina. By F. A. Paley, M.A. 
8vo. Cloth, 95. 

Thucydides. The History of the Peloponnesian War. By Richard 
Shilleto, M.A. Book I. 8vo. 65. 6d. 11. in the prm,) 

^reek Testament. By Henry Alford, H.D. 4 Vols, 8vo. (Sold 
separately.) Vol. 1.12. 85. Vol. II. 12. 45. Vol.III.l85. Vol. IV. Part 1. 185.; 
Part II. 145.; or in one Vol. 325. 


LATIN AND GREEK CLASS-BOOKS. 

Auxilia Latina. A Series of Progressive Latin Exercises. By 
Rev. J. B. Baddeloy, M.A. Fcap 8vo, 25. 

Latin Prose Lessons. By A. J. Church, M.A. 2nd Edit. Fcap. 8vo. 

25. 6d. 

Latin Exercises and Grammar Papers. By T. Collins, M.A. Fcap. 

8vo. 25. 6c2. 

Analytical Latin Exercises. By C. P. Mason, B.A. Post 8vo. 3s. 6d. 

Scala Grseca: a Series of Elementary Greek Exercises. By Rev, J.W. 
Davis, M.A., and R. W. Baddeley, M.A. 3rd Edition. Fcap 8vo. 2s. 6d, 

Greek Verse Composition. By G. Preston, M.A. Crown 8vo. 4s,Crf. 

By the Rev. P. Frost, M.A., St. John’s College, Cambridge. 

Eclogsc Latinee ; or, First Latin Reading Book, with English Notes 
and a Dictionary. 16th Thousand. Fcap 8vo. 25, 6c2. 

Materials for Latin Prose Composition. 8th Thousand. Fcap 8vo, 

25. 6d. Key, 45. 

A Latin Verse Book. An Introductory Work on Hexameters and 
Pentameters. 6th Thousand. Fcap 8vo, S5. Key, 65. 

Analecta Grseca Minora, with Introductory Sentences, English Notes, 
and a Dictionary. 19th Thousand. Fcap 8vo. 35, 6d. 

Materials for Greek Prose Composition. 2nd Edit. Fcap. 8vo. 85 . 6d. 
Ke>, 55. 
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By the Eev. F. E. Gketton. 

A First C&eqne-Book for Latin Verse-makers. Is. 6d. 

A Latin Version for Masters. ‘.2 a. 6d. 

Beddenda; or, Passages with Parallel Hints for Translation into 
Latin Prose and Verse. Crown Svo. is. 6d. 

Reddenda Beddita (see next page). 

By H. a. Holden, LL.D. 

Foliorum Silvula. Part L Passages for Translation into Latin 
Elegiac and Heroic Verso. 6th Edition. Post Svo. 7s. 6d, 

' Part II. Select Passages for Translation into Latin Lyric 
and Comic Iambic Verse. 3rd Edition. Post Svo. 5s, 

Part III. Select Passages for Translation into Greek Verse. 

3rd Edition. Post Svo. 8«. 

Folia Silvulfie, sive Eclogfe Poetarum Anglicorum in Latinum et 
Grsecum conversas. Svo. Vol. 1. 10«, 6d. Vol. II. 128. 

Foliorum Centuriee. Select Passages for Translation into Latin and 
Greek Prose. 6th Edition. Post Svo. Ss. 


TRANSLATIONS, SELECTIONo, 

Many of the following books are well adapted for school prizes. 

iEschylus. Translated into English Prose by F. A. Paley, M.A. 
2nd Edition. Svo. 78. 6d. 

Translated by Anna Swan wick. Crown Svo. 2 vols. 12s, 

■ Folio Edition, with Thirty-three Illustrations from Flax* 

man’s designs. 21, 2s. 

Anthologia Graeca. A Selection of Choice Greek Poetry, with Notes. 
By Rev. F. St. John Thackeray. Fcap Svo. 78. 6ci. 

Anthologia Latina. A Selection of Choice Latin Poetry, from Naevius 
to Boethius, with Notes. By Rev, F. St. John Thackeray. Fcap Svo. 
68. 6d. 

Aristophanes; The Peace. Text and metrical translation. 

B. B. Rogers, M.A. Fcap 4to. 78. 6d, 

The Wasps. Text and metrical translation. By B. B. 

Rogers, M.A. Fcap 4to. 78. 6d. 

Corpus Poetarum Latinorum. Edited by Walker. 1 vol. Svo. iSs. 

Horace. The Odes and Carmen Smculare. In English verse by 
J. Conington, M.A. 6th edition. Fcap Svo. 68. 6d, 

- The Satires and Epistles. In English verse by J. Coning- 
ton, M.A 3rd edition. 68. 6d. 

— — * Illustrated from Antique Gems by C. W. King, M.A, The 
text revised with Introduction by H« A. J. Monro, M.A. Large Svo. ll. Is. 
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Mvssb EtonenseSj sive Carminvm Etonse Conditorvin Delectvs. By 
Bichard Okea. 2 vols. 8vo. 15s. 

Propertius. Verse translations from Book V., with revised Latin 
Text. By F. A. Paley, M.A. Fcap 8to. 3s. 

Plato. Gorgias, Translated by E. M. Cope, M.A. 8vo. 7s. 

Philebus. Translated byF. A. Paley, M.A. Small 8vo. is. 

Thesetetus. Translated by F. A. Paley, M.A. Small 8vo. 4s. 

Analysis and Index of the Dialogues. By Dr. Day. Post 

8vo, Us, 

Reddenda Reddita: Passages from English Poetry, with a Latin 
Verse Translation. By F. B. Gretton. Crown 8vo. 6«. 

SabrinsB Corolla in hortulis Regiae Scholee Salopiensis contexuerunt 
tres viri floribns legendis. Editio tertla. 8vo. 8«. 6d. 

Sertum Carthusianum Floribus trium Seculorum Contextum. By 
W. H. Brown. 8vo 14s. 

Theocritus. In English Verse, by C. S. Calverley, M.A. Crown 8vo. 
7a. 6d. 

Translations into English and Latin. By C. S. Calverley, M.A. 
Post'Svo. 7s, 6d. 

■ - into Greek and Latin Verse. By R. C. Jebb, 4to. cloth 

gilt. 10a. 6d. 

Virgil in English Rhythm. By Rev. R. C. Singleton. Large crown 
8vo. 7a. Od. 


REFERENCE VOLUMES. 

A Latin Grammar. ByT.H.Key,M.A. 6th Thousand. PostSvo. 8». 

A Short Latin Grammar for Schools. By T. H. Key, M.A., F.B..S. 

8th Edition, Post 8vo. 3a. 6tf. 

A Guide to the Choice of Classical Books. By J. B. Mayor, M.A. 
Crown 8vo. 2a. 

The Theatre of the Greeks. By J. W. Donaldson, D.D. Post 8vo. 
5a. 

A History of Roman Literature. By W. S. Teuffel, Professor at the 
University of Tubingen. By W. Wagner, Ph.D. 2 vols. Demy 8vo, 21a. 
Student’s Guide to the University of Cambridge. Revised and cor- 
rected. 3rd Edition. Fcap. 8vo. 6a. 6d. 

CLASSICAL TABLES. 

Greek Verbs. A Catalogue of Verbs, Irregular and Defective; their 
leading formations* tenses, and inflexions, with Paradigms for conjugation, 
Buies for formation of tenses, &c. &c. By J. 8. Baird, T.O.D. 2a. 6d, 

Greek Accents (Notes on). On Card, 6d. 

Homeric Dialect. Its Leading Forms and Peculiarities. By J. S. 
Baird, T.O.D. la. 6d. 

Greek Accidence. By the Rev. P. Frost, M.A. Is. 

Latin Accidence. By the Rev. P. Frost, M.A. la. 
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Latin Versification. 1«. 

Motabilia Qusdam ; or the Principal Tenses of most of the Irregular 
Greek verbs and Elementary Greek, Latin, and French Constructions. 
New edition. 1«. 6d. 

Richmond Rules for the Ovidian Distich, t&c. By J. Tate, M.A. Is. 6 
The Principles of Latin Syntax. Is. 


CAMBRIDGE SCHOOL AND COLLEGE 
TEXT-BOOKS. 

A Series of Elementary Treatises for the use of Students in the Umver- 
sities^ Schools, and Candidates for the Public 
Examinations. Fcap Svo. 

Arithmetic. By Rev. C. Elsee, M.A. Fcap. Svo. 7th Edit. 3s. 6d. 

Elements of Algebra. By the Rev. C. Elsee, M.A. 4th Edit. 4s. 

Arithmetic. By A. Wrigley, M.A. 3s. 6d. 

« ■ A Progressive Course of Examples. With Answers. By 

J. Watson, M.A. 3rd Edition. 28. Cri. 

An Introduction to Plane Astronomy. By P. T. Main, M.A. 2nd 
Edition. 4s. 

Conic Sections treated Greometrically. By W. H. Besant, M.A. 
2ud Edition. 4s. 6d. 

Elementary Statics. By Rev. H. Goodwin, D.D. 2nd Edit; 35. 

Elementaiy Dynamics. By Rev. H. Goodwin, D.D. 2nd Edit, 3s. 

Elementary Hydrostatics. By W. H. Besant, M.A. 7th Edit. 4s. 

An Elementary Treatise on Mensuration. By B. T. Moore, M.A. Ss. 

The First Three Sections of Newton's Prlncipiai with an Appendix; 
and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 6th Edition, 
by P. T. Main, M.A. 4s. 

Elementary Trigonometry. By T. P. Hudson, M.A. 3s. 

Geometrical Optics. By W. S. Aldis, M.A. 3s. 

Analytical Geometry for Schools. By T.G.Vyvyan. 3rd Edit. 45.6d. 

Companion to the Greek Testament. By A. C. Barrett, A.M< 3rd 
Edition, Fcap Svo, 6s. 

An Historical and Explanatory Treatise on the Book of Commoi 
Prayer. By W. G. Humphry, B.D. 5th Edition. Fcap, Svo. 45. 6d. 

Music. By H. C. Banister. 4th Edition. 6s. 

Others in Preparation, 


ARITHMETIC AND ALGEBRA. 

Principles and Practice of Arithmetic. By J. Hind, M.A. 9th Edit 

it. td. 

Clements of Algebra. By J. Hind, M.A. 6th Edit. Svo. 10<. Sd. 

See aho foregoing Seriei, 
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GEOMETRY AND EUCLID. 

Text Book of Geometry. By T. S. Aldis, M.A. Small 8vo. 4s. (Jd. 
Parti. 2». 6tf. Part II. 2s. 

The Elements of Euclid. By H. J. Hose. Fcap. 8vo. 4s, Qd. 

Exercises separately. Is. 

■ The First Six Books, with Commentary by Dr. Lardner. 

loth Edition. 8vo. 6«. 

- The First Two Books explained to Beginners. By C. P. 

Mason. B. A. 2nd Edition. Fcap 8vo. 28. M. 

The Enunciations and Figures to Euclid's Elements. By Bov. J. 
Brassc, D.D. 3rd Edition. Fcap. 8vo. Is. On Cards, in case, 6s. 6d. 
Without the Figures, 6d. 

Exercises on Euclid and in Modem Geometry. By J. McDowell, B. A. 
Crown 8vo. 8s. 6d, 

Geometrical Conic Sections. By W.H.Besant,M.A. 2nd Edit. 4s. 6c?. 
The Geometry of Conics. By C. Taylor, M. A. 2nd Edit. 8vo. 4s. 

Solutions of Geometrical Problems, proposed at St. John's College 
from 1830 to 1846. By T. Gaskin, M.A. 8vo. 12s. 


TRIGONOMETRY. 

The Shrewsbury Trigonometry. By J. C. P. Aldous. Crown 8vo. 2s. 
Elementary Trigonometry. By T. P. Hudson, M.A. 3s. 

Elements of Plane and Spherical Trigonometry. By J. Hind, M.A. 
5th Edition. 12mo. 6s. 

An Elementary Treatise on Mensuration. By B. T. Moore, M.A. 5s. 


ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Geometry. By W. P. Turnbull, 
M.A. 8vo. 12s. 

Treatise on Plane Co-ordinate Geometry. By M. O'Brien, M.A. 8vo. 
9s. 

Problems on the Principles of Plane Co-ordinate Geometry. By W. 

Walton, M.A. 8vo. 16s. 

Trilinear Co-ordinates, and Modem Analytical Geometry of Two Di- 
mensions. By W. A. Whitworth, M.A. 8vo. 16s. 

Choice and Chance. By W. A. Whitworth. 2nd Edit. Cr. 8vo. Os. 
An Elementary Treatise on Solid Geometry. By W. S. Aldis, M.A. 

2nd Edition, revised. 8vo. 8s. 

Geometrical Illustrations of the Differential Calculus. By M. B. Pell. 
8yo. 2s. 6d. 

Elementary Treatise on the Differential Calculus. By M. O'Brien, 
M.A. 8yo. 10s. 6d. 

Notes on Roulettes and GUssettes. By W. H. Besant, M.A. 8to 
Ss. 6d. 

Elliptic Functions, Elementary Treatise on. By A. Cayley, M.A. 

Demy, 15s, 
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MECHANICS & NATURAL PHILOSOPHY. 

Elementary Statics, By H. Goodwin, D.D. Fcap. 8vo. J^ndEdit. 85. 
Treatise on Statics. By S.Earnshaw, M.A. 4th Edit. 8vo. 10s. 6c?. 
A Treatise on Elementary Dynamics, By W. Garnett, B. A. Cr.Svo. 6s. 
Elementary Dynamics. By II. Goodwin, D.D. Ecap. 8vo. 2nd Edit. 

3s. 

Problems in Statics and Dynamics. By W. Walton, M.A. 8vo. 10s. 6d. 

Problems in Theoretical Mechanics. By W. Walton. 2nd Edit, 
revised and enlarged. Demy 8 vo. I 65 . 

An Elementary Treatise on Mechanics. By Prof. Potter. 4th Edit, 
revised. 8 ^. 6 d. 

Elementary Hydrostatics. By Prof. Potter. 7s. 6d. 

By W. H. Besant, M.A. Ecap. 8vo. 7th Edition. 4s. 

A Treatise on Hydromechanics. By W. H. Besant, M.A. 8vo. New 
Edition %n the press. 

Treatise on the Dsruamics of a Particle. Preparing. 

Solntions of Examples on the D^vnamics of a Bigid Body. By W. N. 
Griffin, M.A. 8 vo. 6 s. 6 tf. 

Of Motion, An Elementary Treatise. By J. R. Lunn, M.A. 7s.6rf. 
Geometrical Optics, By W.. S. Aldis, M.A, Ecap. 8vo, 3s. 

A Chapter on Presners Theory of Double Refraction. By W. S. 

Aldis, M.A. 8 vo. 241. 

An Elementary Treatise on Optics. By Prof. Potter Parti. 3rd Edit, 
9s, 6d, Part H. 12 s, 6 <f. 

Physical Optics; or the Nature and Properties of Light. By Prof. 
Potter, A.M. 6 s. 6 d. Part II 7s. 6d, 

Heat, An Elementary Treatise on. By W. Garnett, B.A. Crown 
8 vo. 25, dd. 

Figures Illustrative of Geometrical Optics. Erom Schelbach. By 
W. B. Hopkins. Folio. Plates. 10s. Gd, 

The First Three Sections of Newton’s Principia, with an Appendix; 

and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th Edit. 
Edited by P. T. Main, M.A, 4 s. 

An Introduction to Plane Astronomy. By P. T. Main, M A. Fcap. 

8 vo. Cloth. 4s. 

Practical and Spherical Astronomy. By B. Main, M.A. 8vo. 14s. 

Elementary Chapters on Astronomy, from the “Astronomie Phy- 
sique ” of Biot. By H. Goodwin, D.D. 8 vo. Ss. Gd. 

A Compendium of Facts and Formulae in Pure Mathematics and Natural 

PhUosophy. By G. R. Smalley, Fcap 8yo. 8s. Gd, 

Elementary Course of Mathematics. By H. Goodwin, D.D. 6th Edit. 

8 vo. 16s. 

Problems and Examples, adapted to the “Elementary Course of 
Mathematics.** 8 rd Edition. Bvo. 5s. 

Solutions of Goodwin’s Collection of Problems and Examples. By 
W. W. Hutt, M.A. 3rd Edition, revised and enlarged. 8 vo. 9 s. 
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jE lamfl ittary Examples in Pore Mathematics. By J. Taylor. 8vq. 
7«. 6d. 

Mechanical Enclid. By thelateW. Whewell, D.D. 6th Edition. 6«. 

Mechanics of Constmction. With numerous Examples. By S. Fen- 
wick, F.R.A.S. 8vo. lit. 

Table of Anti>Logaiithms. By H. E. Filipowshi. 3rd Edit. 8vo. 16s. 
Mathematical and other Writtogs of B. L. Ellis, M.A. 8vo. 16s. 

Notes on the Principles of Pure and Applied Calculation. By Bev. 
J. ChalUs, M,A. Demy 8to. 16s. 

The Mathematical Principle of Physics. By Bev. J. Ghallis, M.A. 

Demy 8vo. 6s. 


HISTORY, TOPOGRAPHY, &c. 

Borne and the Campagna. By K. Bum, M.A. With Eighty-five fine 
Engravings and Twenty-six Maps and Plans. 4to. SL 3«. 

The History of the Kings of Rome. By Dr. T. H. Dyer. 8vo. 16s 
A Plea for Livy. By T. H. Dyer. 8vo. I 5 . 

Roma Regalis. By T. H. Dyer. 8vo. 2s. 6d. 

The History of Pompeii j its Buildings and Antiquities. By T. H. 
Dyer. 8rd Edition, brought down to 1874. Post 8vo. 7s. 6d. 

Ancient Athens : its History, Topography, and Remains. By T. H. 
Dyer. Super-royal 8vo. Cloth. 12. 6s. 

The Decline of the Roman Republic. By 0*. Long. 5 vols. 8vo. 
14«. each. 

A History of England during the Early and Middle Ages. By C. H. 
Pearson, M.A. 2nd Edit., revised and enlarged. 8vo. Vol. I. 16«. 
Vol. II. 14s. 

Historical Maps of England. By C. H. Pearson. Folio. 2nd Edit. 

revised. 31«. 6d. 

A Practical Synopsis of English History. By A. Bowes. 4th Edit. 

8vo. 2s. 

Student’s Text-Book of English and General History. By D. Beale. 
Crown 8vo. 2». 6d. 

laves of the Queens of England. By A. Strickland. 6 vols. post 8vo. 
5s. each. Abridged edition. 1 vol. 6s. 6d. 

Outlines of Indian History. By A, W. Hughes. Small post 8vo. 
3«. 6d. 

The Elements of General History. By Prof. Tytler, New EditioUi 
brought down to 1874, Small post 8vo. 3s. 6d, 

Atiases. 

An Atlas of Classical Geography. 24 Maps. By W. Hughes and 
G. Long, M. A, New Edition. Imperial 8vo. 12fl, 6d. 

A Grammar-School Atlas of Classical Geography. Ten Maps selected 

flx)m the above. New Edition. Imperial 8vo. 5s. 

First Classical Maps. By the Rev. J, Tate, M.A. 8rd Edition. 
Imperial 8vo. 7s. 6d. 

Standard Library Atlas of Classical Geography. Imp. Svo. Ts. M. 
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PHILOLOGY. 

Mew Dictionary of the Dng^sta Language. Combining Explanation 

with Btymolofify, and copiously illustrated by Quotations flrom the best 
Authorities. By Dr. Ricnardson. Now Edition, with a Suijplement. 2 
yols. 4to. 41. I4jf. 6<2. ; half russia, 51. 15s. 6d. ; russia^ 61. 12s. Supple- 
ment separately. 4to. 12s. 

An 8yo. Edition, without the Quotations, 15s. ; half russia, 20s. ; russia, 
24s. 

A Dictionary of the English Language. By Dr. Webster. Re-edited 
by N. Porter and C. A. Goodrich. With Dr. Mahn's Etymology. 1 vol. 
21s. With Appendices and 70 additional pages of Illustrations, 31s. 6d. 

“ The best practical Enolish Dictionary extant.”— Revuw , 

The Elements of the English Language. By E. Adams, Fh. D. 

14th Edition. Post 8vo. 4s. 6d. 

Philological Essays. By T. H. Key, M.A., F.R.S. 8vo. lOs. M, 
Language, its Origin and Development. By T. H. Key, M.A., E.R.S. 

8vo. 14s. 

Varronianus. A Critical and Historical Introduction to the Ethno- 
graphy of Ancient Italy and to the Philological Study of the Latin 
Language. By J. W. Donaldson, D D. 3rd Edition. 8vo. 16s. 

Synonyms and Antonyms of the English Language. By Archdeacon 

Smith. 2nd Edition. Post 8yo. 5s. 

Synonyms Discriminated. By Archdeacon Smith. Demy 8vo. 16s. 

A Syriac Grammar. By G. Phillips, D.D. 3rd Edit., enlarged. 

8vo. 7s. M, 

A Grammar of the Arabic Language. By Rev. W. J. Beamont, M. A. 

12mo. 7s. 


DIVINITY, MORAL PHILOSOPHY, &c. 

Rovnm Testamentum Grsecum, Textus Stepbanici, 1550. Curante 

F. H. Scrivener, A.M., LL.D. 16mo. 4s. 6d. 

By the same Author • 

Codex Bezas Cantahrigiensis. 4to. 

A Full Collation of the Codex Sinaiticus with the Received Text of 
the New Testament, with Critical Introduction. 2nd Edition, revised. 
Fcap. 8vo. 6s. 

A Plain Introduction to the Criticism of the New Testament. With 

Forty Facsimiles from Ancient Manuscripts. New Edition. 8vo. 16s. 

Six Lectures on the Text of the New Testament. For English Readers. 

Crown 8vo. 6s. 


The New Testament for English Readers. By the late H. Alford, 
D.D. Vol. I. Part I. Srd Edit. 12s. Vol I. Part IT. 2nd Edit. 10s. 6d, 
Vol. II. Part I. 2nd Edit. 16s. Vol. II. Part 11. 2nd Edit. 16s. 
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The Greek Testament. By the late H. Alford, D.D. Vol, T. 6th 
Edit. hi. 8s. Vol. II. 6th Edit. ll. 4s. Vol. III. 5th Edit. 18s. Vol. IV. 
Part I. 4th Edit. 18s. Vol. IV. Part II. 4th Edit. 14s. Vol. IV., 1^. 12s. 

Companion to the Greek Testament. By A. C. Barrett, M.A. 3rd 
Edition. Fcap. 8vo. 5s. 

Hints for Improvement in the Authorised Version of the New 
Testament. By the late J. Scholefield, M.A. 4th Edit. Fcap. 8vo. 4s. 

laher Apologeticus. The Apology of Tertullian, with English 
Notes, by H. A. Woodham, LL.D. 2iid Edition. 8vo. 8s. 6d. 

The Book of Psalms. A New Translation, with Introductions, Arc. 
By Rev. J. J. Stewart Perowne, D.D. 8vo. Vol. I, 8rd Edition, 18s. 
Vol. II. 3rd Edit. 16s. 

- — — Abridged for Schools. Crown 8vo. 10s. 6^/. 

The Thirty-nine Articles of the Church of England. By the Ven, 
Archdeacon Welchman. New Edition. Fcap. 8vo. 2s. Interleaved, 3s. 

Pearson on the Creed. Carefully printed from an early edition. 
With Analysis and Index by E. Walford, M.A. Post 8vo. 5s. 

An Historical and Explanatory Treatise on the Book of Common 

Prayer. By Rev. W. G. Humphry, B.D. 6th Edition, enlarged. Small 
post 8vo. 4s. 6d. 

The New Table of Lessons Explained, By Rev. W. G. Humphry, 
B.D. Fcap. Is. 6d. 

A Commentary on the Gospels for the Sundays and other Holy Days 
of the Christian Year. By Rev. W. Denton, A.M. New Edition. 3 vols. 
8 VO. 54s. Sold separately. 

Commentary on the Epistles for the Sundays and other Holy Days 
of the Christian Year. 2 vols. 36s. Sold separately. 

Commentary on the Acts. VoL I. 8vo. 18s. Vol. II. in preparation. 

Jewel's Apology for the Church of England, with a Memoir. 32mo. 2s. 

Notes on the Catechism, By Rev. A. Barry, D.D. 2nd Edit. 
Fcap. 28. 

Catechetical Hints and Helps. By Rev. E. J. Boyce, M.A. 3rd 
Edition, revised. Fcap. 28. 6d. 

Examination Papers on Religious Instruction. By Rev. E. J, Boyce. 

Sewed. 1». 6d. 

The Winton Church Catechist. Questions and Answers on the 
Teaching of the Church Catechism. By the late Rev. J. S. B. Monsell, 
LL.D. 3rd Edition. Cloth, 38. ; or in Four Parts, sewed. 

The Church Teacher's Manual of Christian Instruction. By Rev. 

M. F. Sadler. 3rd Edition. 28. 6d. 

Brief Words on School Life. By Rev. J. Kempthorne. Fcap. 3s. 6d. 
Short Explanation of the Epistles and Gospels of the Christian Year, 

with Questions, Royal 32mo. 28. 6d. ; calf, 48. 6d. 

Butter’s Analogy of Religion ; with Introduction and Index by Rev. 
Dr. Steere. New Edition, Fcap. 88, 6d. 
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Butler’s Three Sermons on Human Nature, and Dissertation on 
Virtue. By W. Whewell, D.D. 4th Edition. Fcap 8vo. 2^. 6d. 

Lectures on the History of Moral Philosophy in England. By W. 
Whewell, B.D. Grown 8 vo, 8«. 

Elements of Morality, including Polity. By W. Whewell, D.D. New 

Edition, in 8vo. 165. 

Astronomy and General Physics (Bi-idgewater Treatise), New Edi- 
tion. 5s, 

Kent’s Commentary on International Law. By JT, T. Abdy, LL.D. 
8vo. 1C5. 

A Manual of the Roman Civil Law. By G. Leapingwell, LL.D. 8vo. 

125. 


FOREIGN CLASSICS. 

A sarivs for use in Schools, ivith English Notes, grammatical and 
explanatory, and renderings of difficult idiomatic expressions. 
Fcap. Hro. 

Schiller’s Wallenstein. By Dr. A. Buchheim. ‘2nd Edit. Gs. Od. 
Or the Lager and Piccolomini, 35. 6d. Wallenstein’s Tod, 35. Cd. 

Maid of Orleans. By Dr. W. Wagner. *h. Gd. 

Maria Stuart. By V. Kasiner. In the press. 

Goethe’s Hermann and Dorothea. By E. Bell, M.A., and E. Woifel. 

25. 6rf. 

German Ballads, from Uhland, Goethe, and Schiller. By C. L. 
Bidefekl. 35. (id. 

Charles XIT., par Voltaire. By L. Diroy. 3rd Edit. 3^. 6d. 
Aventures de Telemaque, par Pdnelon. By C. J. Delille, 2nd Edit. 

45. 

Select Fahles of La Fontaine. By F. E. A. Gaso. New Edition. 35. 
Picciola, by X- ]L Saintine. By Dr. Diibiu*. 4tli Edit. 35. Gd. 


FRENCH CLASS-BOOKS. 

Twenty Lessons in French. With Vocabulary, giving the Pronun- 
ciation. By W. Brcbner. Post 8vo. 45. 

French Grammar for Public Schools. By Rev. A. C. Clapin, M.A. 
Fcap. 8vo. 2iidEdit. 25. (id. Sepaiatoly, Part 1. 25.; Part II. I 5 . 6d. 

Le Nouveau Trdsor; or, French Student’s Companion. By M. E. S. 
16th Edition. Peap, 8vo, 35, 
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George Bell and 8ons^ 


F. E, A. Gasc*s French Course. 

First French Book. Fcap. 8vo. New Edition. Is. 6rf. 

Second French Book. New Edition. Fcap. 8vo. 2s. 

Key to First and Second French Books. Fcap. 8vo. 3s. 6rf. 

French Fables for Beginners, in Prose, with Index. New Edition. 
12nio. 25. 

Select Fables of La Fontaine. New Edition. Fcap. 8vo. 3s. 

Histoires Amnsantes et Instructives. With Notes. New Edition. 
Fcap. 8vo. 25. 6c2. 

Practical Guide to Modern French Conversation. Fcap. 8vo. 2s. (it/. 

French Poetry for the Young, With Notes. Fcap. 8vo. 2s, 

Materials for French Prose Composition ; or, Selections from the best 
English Prose Writers. New Edition. Fcap. 8vo. 4s. 6ti. Key, 6s. 

Prosateurs Contemporains. With Notes. 8vo. New Edition, revised. 
5s, 

Le Petit Compagnon; a French Talk-Book for Little Children. 
16mo. 2s. 6d. 

An Improved Modern Pocket Dictionary of the French and English 
Languages. 20th Thousand, with additions. 16mo. Cloth. 4s. 

Modem French and English Dictionary. Demy 8vo. In two vols. 
Vol. I. F. and E. 155. ; Vol. II. E. and F. IDs. 


Gombert’s French Drama. 

Being a Selection of the best Tragedies and Comedies of Moliere, 
Racine, Corneille, and Voltaire. With Arguments and Notes by A. 
Gombert. New Edition, revised by P. E. A. Gasc. Fcap. 8vo. I 5 . each; 
sewed, 6d, 

CONTEMTS. 

Moliere : — Le Misanthrope. L’Avare. Lo Bourgeois Gentilhomme. Le 
Tartuffe. Le Malade Imaginaire. Les Femmes Savantes. Les Fourberies 
de Scapin. Les Preciouscs Ridicules. L’Ecole des Femmes. L*Ecolo des 
Maris. Le Medecin malgre Lui. 

Racine ; — Ph5dre. Esther. Athalie. Iphigenic. Los Plaideurs. 

P. Corneille Le Cid. Horace. Cinna. press. 

Voltaire r—Zaire. 

Others in preparation. 


GERMAN CLASS-BOOKS. 

Materials for German Prose Composition. By Dr. Buchheim. 4th 
Edition revised. Fcap. 45. 6d. 

A German Grammar for Public Schools. By the Rev. A. C. Clapin 
and P, Holl Muller. Fcap. 2s, 6d, 

Kotzebue’S Der Gefangene. With Notes, by Dr. W. Stromherg. li. 
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ENGLISH CLASS-BOOKS. 

The Elements of the English Language. By E. Adams, Ph.B. 14th 
Edition. Post Syo. 4s. 6d« 

The ^Budiments of English Grammar and Analysis. By E. Adams, 
Ph.D. New Edition. Pcap. 8vo. 2s. 

By Rev. C. P. Mason, B.A. London. 

First Notions of Grammar for Young Learners. Fcap. 8vo. Cloth. Sd* 
First Steps in English Grammar for Junior Classes. Demy 18mo. 
New Edition. U. 

Outlines of English Grammar for the use of Junior Classes. Cloth. 
Is, ed, 

English! Grammar, including the Principles of Grammatical Ana- 
lysis. 20th Edition. Post 8vo. 3s. 6d. 

The Analysis of Sentences applied to Latin. Post 8vo. Is. Qd. 
Analytical Latin Exercises: Accidence and Simple Sentences, &c. 
Post 8vo. 35. 6d. 

Edited for Middle^Olass Examinatiom* 

With Notes on the Analysis and Parsing, and Explanatory Remarks. 
Milton’S Paradise Lost, Book I. With Life. 3rd Edit. Post 8vo. 25. 
■ Book II. With Life. 2nd Edit. Post 8vo. 2s. 

Book III. With Life. Post 8vo. 2s. 

Goldsmith’s Deserted Village. With Life, Post 8vo. Is. M, 
Cowper's Task, Book 11. With life. Post 8vo. 2s. 

Thomson’s Spring. With Life. Post 8vo. 2s. 

Winter. With Life. Post 8vo. 2s. 


Practical Hints on Teaching. By Rev. J. Menet, M.A. 4th Edit. 
Crown 8vo. Cloth, 2s. ; paper, 2s. 

Test Lessons in Dictation, Paper cover, Is. 6d. 

Questions for Examinations in English Literature. By Rev. W. W 

Bkoat. 2s. 6d. 

Drawing Copies. By P, H. Delamotte. Oblong 8vo. I2s. Sold also 
parts at Is. each. 

Poetry for the School-room. New Edition. Fcap. 8vo. Is. fid* 
Select Parables: from Nature, for Use in Schools. By Mrs. A. Gatty. 
Fcap, 8vo. Cloth. Is. 

School Record for Young Ladies* Schools, fid. 

Geographical Text-Book ; a Practical Geography. By M, E. S. 

12mo. 2s. 

The Blank Maps done up separately. 4to. 25. colourot 

A First Book of Geography. By Rev. C. A. Johns, B.A., F.L.S. 
&Q. Illustrated. 12mo. 25. 6d. 

Loudon’s^ (Mrs.) Entertaining Naturalist. New Edition. Revised by 
W. S. Dallas F.L.S. 5s, 

Handbook of Botany. New Edition, greatly enlarged by 

D. Wooster. Fcap. 2f. 6d. 
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The Botanist’s Pocket-Book. With a copious Index. By W. E. 

Hayward. Crown 8to. Cloth limp, 4*. M. 

Experimental Chemistry, founded on the Work of Dr. StSckhardt. 

By C. W. Heaton. Post 8vo. 65. 

Cambridgeshire Geology. By T. G. Bonney, F.G.S. &c. 8vo. 3s. 
Double Entry Elucidatect By B.W. Foster. 7th Edit. 4to. 8s. 6d. 
A New Manual of Book-keeping. By P. Crellin, Accountant. Crown 

Svo. Ss. 6<f. 

Picture School-Books. In simple Language, with numerous Illus- 

trations. Royal 16mo. 

School Primer. —School Reader. By J. Tilleard. Is,— Poetry Book 
for Schools. Is.— The Life of Joseph. Is.— The Scripture Parables. By the 
Rev. J, B. Clarke. Is —The Scripture Miracles. By the Rev. J. B. Clarke. 
Is.— The New Testament History. By the Rev. J. G. Wood. M.A. Is.— The 
Old Testament History, By the Rev. J. G. Wood, M.A. Is.— The Story of 
Runyan’s Pilgrim’s Progress. Is.— The Life of Christopher Columbus. By 
Sarah Crompton. Is, — The Life of Martin Luther. By Sarah Crompton. Is. 

By the jate Horace Grant. 

Arithmetic for Young Children. Is. 

Second Stage. IHmo. 3s. 

Exercises for the Improvement of the Senses. 18mo. Is. 
Geography for Young Children. 18mo. 2s. 

Books for Young Readers. In Eight Parts. Limp cloth, 8rf. each ; 

or extra binding, Is. each. 

Part T contains simple stories told in monosyllables of not more than four 
letters, which are at the same time sufficiently interesting to preserve the 
attention of a child P«att JI. exercises the pupil by a similar method in 
slightly longer easy words ; and tho remaining parts consist of stories 
graduated in difficulty, until the learner is taught to read with ordinary 
facility. 


BELL’S READING-BOOKS. 

FOB SCHOOLS AND PAROCHIAL LIBRARIES. 

The popularity which the Series of Reading-books, known as ** Books for 
Young Readers,” lias attained is a sufficient proof that teachers and pupils 
alike approve of tho use ot interesting stories, with a simple plot in x>lac6of the 
dry combination of letters and syllables, making no impression on the mind, 
of wliich elementary reading-books generally consist. 

The publishers have therefore thought it advisable to extend the application 
of this principle to books adapted for more advanced readers. 

iYow Ready, 

Masterman Ready. By Captain Marry at. Is. Gd, 

Parables from Nature (selected). By Mrs. Gatty. Fcap. 8vo. !«. 
Friends in Pur and Feathers. By Gwynfryn. l.s. 

Bobinson Crusoe. Jj. ad. 

Andersen’s Danish Tales. By E. Bell, M.A. Is. 

In preparation . — 

Grimm’s German Tales. ( Selections.) 


London: Printe lij John Stiianoeway8, Casl.u St Lisiccsti r S (. 









